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A NEW ERROR BOUND FOR LINEAR COMPLEMENTARITY
PROBLEMS FOR B-MATRICES*

CHAOQIAN LIf, MENGTING GANT, AND SHAORONG YANGH

Abstract. A new error bound for the linear complementarity problem is given when the involved
matrix is a B-matrix. It is shown that this bound improves the corresponding result in [M. Garcia-
Esnaola and J.M. Pena. Error bounds for linear complementarity problems for B-matrices. Appl.
Math. Lett., 22:1071-1075, 2009.] in some cases, and that it is sharper than that in [C.Q. Li and
Y.T. Li. Note on error bounds for linear complementarity problems for B-matrices. Appl. Math.
Lett., 57:108-113, 2016.].
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1. Introduction. A linear complementarity problem LCP(M, ) tries to find a
vector x € R™ such that

(1.1) >0, Mx+q>0, (Mz+q)Tz=0,

where M = [m;;] € R"™" and ¢ € R". The LCP(M,q) has various applications
in the Nash equilibrium point of a bimatrix game, the contact problem and the free
boundary problem for journal bearing; for details, see [4 [5, [17].

It is well-known that the LCP(M, ¢) has a unique solution for any ¢ € R™ if and
only if M is a P-matrix [5]. Here, a matrix M € R™*" is called a P-matrix if all
its principal minors are positive [6]. In [3], Chen and Xiang gave the following error
bound of the LCP(M, ¢) when M is a P-matrix:

Iz = 2*|]oc < max [|(I =D+ DM)™||oo|lr(z)][oo,
delo,1]"

where z* is the solution of the LCP(M,q), r(z) = min{x, Mx + q}, D = diag(d;)

with 0 < d; < 1, and the min operator r(z) denotes the componentwise minimum of

two vectors. If M satisfies certain structure, then some bounds of dn[loax] [|(I - D+
c 71 n

DM)7 |« can be derived; for details, see [2, [7, I8, [I0, [14] and references therein.
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When M is a B-matrix introduced by Pena in [6] as a subclass of P-matrices,
Garcia-Esnaola and Pefia in [I0] presented the following upper bound which is only
related with the entries of M. Here a real matrix M = [m;;] € R™*" is called a
B-matrix [6] if for each i € N = {1,2,...,n},

1
(1.2) ka an n(ka> m;; for any j € N and j # i

keEN keEN

THEOREM 1.1. [10, Theorem 2.2] Let M = [m;;] € R™*™ be a B-matriz with the
form

(1.3) M =B"+C,
where
mn—rf mln—rf
(1.4) BY = by] = ;
Mp1 — 7,0 I
and r;7 = max{0,m;;|j #i}. Then
(1.5) max |[(I =D +DM) Vo < ——L_
' delo,1]n * = min{B,1}’

where 8 =min{B;} and B; = by — > |bij].
iEN j#i

As shown in [15], if the diagonal dominance of BT is weak, i.e.,

8= gfellj{}{ﬁz} = ?élj{[l bii — ; |bij|
JF

is small, then the bound (L)) may be very large when M is a B-matrix, which leads to
that the estimate in (I5) is always inaccurate, for details, see [15, [I6]. To improve the

bound (LX), Li and Li [I5] gave the following bound for dg[loai( /(I -D+DM) Y|

when M is a B-matrix.

THEOREM 1.2. [I5, Theorem 4] Let M = [m;;] € R™*™ be a B-matriz with the
form M = Bt + C, where BT = [b;;] is the matriz of (1.4]). Then

B _
(1.6) dg[loaicnﬂ(l D+ DM) ”°°<me{@ 1}1;[ 3 kz bjxl |,

=j+1
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where Bz = bii — Z |bijlli(B+ lk(B+) = Inax

j=i+1 k<l<n

Z |bi;| ¢ and
J¢7

i—1

]:[ 1+ Z|bjk| =1 ifi=1.

j=1 ] k=j+1

Very recently, when M is a weakly chained diagonally dominant B-matrix, Li
and Li [I6] gave a bound for dn[loai(] [|(I — D+ DM)™!||s. This bound holds true
€i0.1]n

for the case that M is a B-matrix because a B-matrix is a weakly chained diagonally
dominant B-matrix [16].

THEOREM 1.3. [10] Corollary 1] Let M = [m;;] € R"*" be a B-matriz with the
form M = Bt + C, where BT = [b;;] is the matriz of (1.7]). Then

i—1

b;
max |[(I — D+ DM) -1 < 97 ,
defo,1]™ € oo ; mm{ﬁl,l}Jl_[1 BJ
where B; = bi; — Z |bij| > 0 and H L =14i=1.

Jj=1+1

In this paper, we also focus on the error bound for the LCP(M,q), and gave a

new bound for dn[loax [|(I = D+ DM)™!|| when M is a B-matrix. It is shown that
€10,

this bound is more effective to estimate dn[lax] [|((I — D+ DM)™!||s than that in
€lo, 1]

s

Theorem [[LT], and sharper than those in Theorems and [[3]

2. Main results. We first recall some definitions. A matrix A = [a;5] € C’"X” i

called a strictly diagonally dominant (SDD) matrix if for each i € N, |a;;| > Z |ai;|.

J#l
It is well-known that an SDD matrix is nonsingular [I]. A matrix A = [a;;] is called

a Z-matrix if a;; < 0 for any ¢ # j, and a nonsingular M-matrix if A is a Z-matrix
with A~! being nonnegative [I]. Next, several lemmas which will be used later are
given.

LeEMMA 2.1. [I8 Theorem 3.2] Let A = [a;;] € R™™™ be an SDD M-matriz.
Then

n

A e <3 (171% I H17u @ |

i=1
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n

where u;(A) = = Y |ai;], k(A) = max \a_lul > lagjl p and
i=F,

- \a”\

j=itr1 k<i<n =k
i = =
_— = i 1= .
[ Sy

LeEMMA 2.2. [18, Lemma 3] Let v > 0 and n > 0. Then for any z € [0,1],

1 1
(2.1) < —
1—2 4~z ~ min{y, 1}

nx <

(2.2) SRy
l—z4+vx v

LEMMA 2.3. [16, Lemma 5] Let A = [a;;] € R™*™ with

n
ai; > Z la;j| for each i € N.

j=it1
Then for any x; € [0,1], i € N,
1 —x +aux; < @i .
n — n
- +auz — >, lagles  auw— Y, laij]
j=it1 j=it+1

THEOREM 2.4. Let M = [m;;] € R™"™ be a B-matriz with the form M = BT +C,
where BY = [b;;] is the matriz of {I.7). Then

2. I-D+ DM) -1 <
(2:3) s (1= D+ loe me{ﬂ“l}ﬂ

where B; is defined in Theorem 1.2 and ]:[ f =1 i1=1.

Proof. Let Mp =1 — D + DM. Then
Mp=I-D+DM=1-D+ D(B"+C)= B}, +Cp,

where B, = I — D + DBT = [b;;]. Similarly to the proof of Theorem 2.2 in [I0],
we can obtain that BE is an SDD M-matrix with positive diagonal elements and
Cp = DC, and that

(24) |IMp oo <11+ (BB) ™' Cp) Hlsoll(BE) oo < (n = DI[(BS) ™ ||oo-
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By Lemma 21|
-1 - 1
(25) 1B5)™ o < ; ((1 — d; + bid;) (1 — ui(BS)li(BY))

i—1
X

1
1—ui(BH(BS) |’

j=1

where
n n
> bijld; 2 [bilds

j=it1 ’

k.
(Bf) = T Bp) = TR —
ui(Bp) 1—d; + byd;’ and Ix(B))) Rlign | 1— d; + byd;

By Lemma [2.2] we can easily get that for each k € N,
1
(2.6) (Bf) < max ¢ — Y b p = (BT) <1,

and that for each i € N,

1 1
. . d. — w:(BH)L(BE n
(1= di +bizd;) (1 — ui(BS)l(BP)) 1—di+bud; — > |bi|dili(BF)
j=it1
1

<
n
min{b“— > |bij|li(B+)71}
1

Jj=i+
1

(2.7) TR

Furthermore, by Lemma [2.3]
1 1—d; +b;d;
28) 1—w(BHL(B) Ca— =
ED/MAED L—d; +bud; — > |bij|dili(BY)
j=it+1

S
S

i

By (Z3), (Z0), &71) and [23), we have

1—1
bjj

(2.9) 2.

+y-1 1 n !
B3 = oy 2 ()

j=1

The conclusion follows from (24]) and [2.9). O
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The comparisons of the bounds in Theorems [[.2] [[.3] and 2.4] are established as
follows.

THEOREM 2.5. Let M = [m;;] € R™™"™ be a B-matriz with the form M = BT+C,
where BY = [b;;] is the matriz of (I.4). Let B; and j3; be defined in Theorems[IZ and
[Z3 respectively. Then

n n—1 i— 1 n
b
Z min {Bz,l} H Z min {5171} H BJ k§1| o
n n—1 i—1 b]]
; mln{ﬁlal}_]l_[l BJ

Proof. Note that

Bi = by — Z lbijl,  Bi = bii — Z [bij 1l (B™)

Jj=i+1 Jj=i+1

+) —
and I, (B*) = ax

n ~ —
5l ; |bij| p < 1. Hence, for each i € N, 3; < f3; and
JJ;%,
1 1
= 2 =
min{3;,1} — min{j;, 1}
Meantime, for j =1,2,...,n—1,

(2.10)

@11 1+ 3 |b]k|<1+ S oyl = i Bt S o] =22
J k=j+1 B; k=j+1 Bi k=j+1 Bi
By @I0) and (ZI1]), we have
@1 Y o H N ST ol =ty L
7 min {5;, 1} - 5] St = \ min{3;,1} ;-1 5
Moreover, for j =1,2,...,n—1,

n n
i1 big— >0 bkl (BT) + X2 [bjkll;(BY)

bij _ H k=j+1 k=1
Bi 4 Bj
_ n
Bi+ > |bwlly(BY)
k=j+1

B
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n

> [bll;(BT)

k=j+1
-1+ _
Bi
. 2 ) [bji|
o [ N —
Bi
this implies
n n—1 i— 1 n
(2.13) ” |bj|
Zmln{ﬁz, } H Zmln{ﬁl,l} H ﬂj k_zj;rl J
The conclusion follows from (ZI2)and (ZI3)). O
EXAMPLE 2.6. Counsider the family of B-matrices in [I5]:
1.5 0.5 04 0.5
—0.1 1.7 0.7 0.6
M =
g 0.8 —0.17 1.8 07|’
0 0.7 0.8 1.8
where k > 1. Then M = B,:r + C%, where
1 0 —0.1 0
B;r _ —-0.8 kl 0 —-0.1
0 015 -08 1 —01
—-0.8 —0.1 0 1
By Theorem [Tl (Theorem 2.2 in [I0]), we have
max [[(— D+ DM) oo < L =300k +1).
defo,1]4 ~ min{p,1}

It is obvious that
30(k+1) - +oo when k — +oo.

By Theorem [[.3] we have

4 1—1
3 b,
maX I—D+DM) s < — 2 TT12 ~15.2675.
e ) oo g mm{ﬁ“l}n

By Theorem [[2], we have

2.97(90k + 91)(190k + 192) + 6.24(100k + 101)?
deo,1] 0.99 (90k + 91)
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and

2.97(90k 4 91)(190k + 192) + 6.24(100k + 101)2
0.99 (90k + 91)*

< 15.2675, for any k > 1.

By Theorem 2.4], we have

_ 2.97(90k + 91)(190k + 191) + 5.97(100k + 100)2
deo,1] 0.99 (90k + 91)

)

and

2.97(90k + 91)(190k + 191) + 5.97(100k + 100)2
0.99 (90k + 91)°
_ 2.97(90k + 91) (190k + 192) + 6.24(100k + 101)°
0.99 (90k + 91)° '

In particular, when k =1,

2.97(90k + 91)(190k + 191) + 5.97(100k + 100)?

- ~ 13.6777,
0.99 (90k + 91)
and
2.97(90k + 91)(190k + 192) + 6.24(100k + 101)2
(90 + 91)(190k + 192) + - (100k + 1017 1) 1044,
0.99 (90k + 91)
When k = 2,
2.97(90k + 91)(190k + 191) + 5.97(100k + 100)* . o
0.99 (90k + 91)° o
and
2
2.97(90k + 91)(190k + 192) + 6.24(100k + 101)° . o

0.99 (90k + 91)*

In these two cases, the bounds in ([ are equal to 60 (k = 1) and 90 (k = 2),
respectively. This example shows that the bound in Theorem [2.4] is sharper than
those in Theorems [I.1] and [[L3]

3. Conclusions. In this paper, we give a new bound for drr[lax] |(I — D +
clo,1]n

DM)7!|oo when M is a B-matrix, and show that it improves the bound of The-
orem 2.2 of [I0] in some cases, and that it is always sharper than those of Theorem 4
of [15] and of Corollary 1 of [16].
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