Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 31, pp. 465-475, June 2016

http:/repository.uwyo.edu/ela

ON THE MATRIX EQUATIONS U;XV; =Wy,
FOR 1<I,J<K WITH I+J<K*

JACOB VAN DER WOUDET

Abstract. Conditions for the existence of a common solution X for the linear matrix equations
U; XV; = W;j for 1 < 14,5 < k with i + 5 <k, where the given matrices U;, V;, W; ; and the unknown
matrix X have suitable dimensions, are derived. Verifiable necessary and sufficient solvability con-
ditions, stated directly in terms of the given matrices and not using Kronecker products, are also
presented. As an application, a version of the almost triangular decoupling problem is studied, and
conditions for its solvability in transfer matrix and state space terms are presented.
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decoupling.
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1. Introduction. In this paper, we study a set of linear matrix equations of the
form

U XV; =W, for 1<i,j<k, with i+j<Fk, (1.1)

where k > 2 is some given integer, U;,V; and W;; are given matrices of suitable
dimensions over a field F, and X is the unknown matrix of suitable dimensions over
the same field.

The main result of this paper are necessary and sufficient conditions for the
existence of the common solution X for all the equations (II)) directly given in terms
of (matrices made up of) the matrices U;, V; and W; ;. This implies that the conditions
can be used in situations where it is relevant to maintain the context of the problem.

An example of such a situation is a version of the problem of almost triangular
decoupling, where the field involved is the set of rational functions, and the context is
to find conditions for the solvability of the problem in terms of a state space description
of the underlying system.

The results in this paper will be stated in terms of the notions of “image” and
“kernel” of a matrix. Of course, the results can equivalently be expressed in terms the
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so-called “column space” and “row space” of a matrix. However, in line of the system
theory application, where the notions of “image” and “kernel” are most common, we
have chosen to use the latter notions.

The present paper is largely based on an unpublished chapter of [6].

2. Main result. Let F be an appropriate field. We say that a matrix is injective
if it has full column rank. A matrix is called surjective if it has full row rank.

2.1. Some preliminaries. The following results are well-known and/or easy to
prove, cf. [4].

LEMMA 2.1. All matrices below have suitable dimensions.

1. IfU is a surjective matriz and V is an injective matriz, then for every matrix
W, there exists a matriz X such that UXV =W.

2. More general, given matrices U,V and W, there exists a matriz X such that
UXV =W if and only if im U 2 im W and ker V € ker W.

LEMMA 2.2. Let A,U,B andV be axb,cxb,axd and cxd matrices, respectively.
Further, let matriz X be a b x d matrixz such that B = AX.

1. Then, ker [A,B] C ker [U,V] <= ker [A,0] € ker [U,V —UX].
2. Moreover, ker [A,0] C ker [U,V —UX] = V =UX.
2.2. General formulation. For k € N, define k := {1,2,...,k}. Hence, k — 1 =
(1,2,...k—1}.

Let U; € F4*b V; € Fe*4 and Wy € F% >4 with 4,5 € k — 1 be given matrices
with entries in F. For all 7,5 € kK — 1, denote

Uy
U,
T B N (2.1)
U;
and
Wi Wi --- Wy
Waor Waa - Wy,
Fij = . . . . (22)
Wi Wi - Wy

Then the main result of this paper is the following.
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THEOREM 2.3. Given the matrices in (I1l), (21]) and (Z2), the following state-
ments are equivalent.

1. There exists a matriz X € F**¢ such that U;XV; = Wyj for all i,j € k—1
with i+ j < k.

2. Foralli €k — 1, there exists a matriz X € F°*¢ such that T;x_; = Ny X Ap ;.

3. Foralliek—1,im A; 2 im I'jk—; and ker A; S ker T—; ;.

Proof. From Lemma 2.1:2, it follows that statements 2 and 3 are equivalent.
Statement 1 is equivalent to the existence of a matrix X € F?*¢ such that T';p—; =
AN XAg_; for all i € k — 1. So, statement 1 implies statement 2. Hence, the proof of
the theorem is complete if we can prove that statement 2 or 3 implies statement 1.

To prove that statement 3 implies statement 1, observe that A; = [A,_q,V;] for
all j € k — 1, where we define Aj to be void (a matrix with zero columns/ rows) and
im Ag = 0. Then it follows that im A;_; € im A; = [A;_1,V;] forall j € k—1.
Therefore, for all j € k — 1 there exists an injective matrix ‘N/j such that im ‘N/j c
im Vj, im A; = im Aj_;+ im ‘N/j and im Aj;_1n im ‘N/j = 0. Furthermore, for all
j € k — 1 there exists a square invertible matrix 7 such that V;T; = [‘7], ‘A/J] with im
‘7j C im A;_;. By induction it follows that im A; = im ‘714- im ‘72 4+ 1im ‘7J and
[171, Va,..., 17]] is an injective matrix for aHNj € k — 1. Therefore, it follows that for

~

all j € k — 1 there exist j — 1 matrices flj, Ty, ..., Tj—1; such that

j—1
Vi =Y ViT;.
=1

Also note that [‘71, ‘72, cee ‘N/k,l] is an injective matrix.

Analogously, we can conclude the existence of k£ — 1 square invertible matrices
S1,59,...,5k_1, and for each i € kK — 1, the existence of ¢ — 1 matrices S;1,S;2,...,

S;i_1, such that for all i e k — 1

0
~ o i1 (72
SZUz = gz 5 UZ = l:Z:l SZ'IU[, ker Az = ker B s
U;
and
]
Uz

is a surjective matrix.

Uk—1
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Next, define for i,j e k — 1

SiWijTj = l

I =
=3

Furthermore, for all 7,5 € k — 1, define

[ g1 ] [ V_Avlj le |
U1 le Wll .
HQ E/Qj Waj
A; — Ug , Q;j — ng WQ/ ,
Ui Wi, Wi
| U; | | Wij WZIJ |
N R R AR
and
[ V_A[;vll Wll E/IQ I//I\/IQ e V_A[/JvlJ le 1
Wi Wi |[Wig Wiy |- | Wy WY,
E/QI W21 KQQ W22 ot E/QJ W2j
U= | W Woy | Woo Way |- | Way; Wy,
| Wi Will Wia WiIQ W'L’J’ WIIJ i

Note that for all i,j e k —1

A; = [AI' 1|‘7jv‘7J] and ng = [F;j71|Q§j]'

CrAaM 2.4. Under the conditions of statement 3, we have for all i,j € k — 1 with
i+ j <k, that

Jj=1 i-1 i—1j-1
_ — . - , L
Wij = Y\ WaTiy, Wi = 5uWy, W= > STy
=1 =1 I=1t=1

Proof. Let j € k—1 be fixed and recall that ker A; € ker I',_; ;. Because the
matrices S1,S59,...,5k_1 and T1,Ts,...,Tr_1 are square and invertible, it follows
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that ker A; C ker F%_jj. Now recall that

J j—1

j—1
A = (85|75, T3] with T = 3 T, =0
=1

and
;cfjj = [ ;cfjj71|Q;cfjj]'
Next define
Wi 2y
Wy 7y
WQJ' Z2j
YA/ - . !
hejj = W 2 )
Wi—ji Zk-ij
| Wiis Zijj |

where for all i € k — j

Jj—1 j—1
Zij = Wij - Z Wilﬂj and Z:j = WZIJ — Z Wilﬂj-
=1 I=1

It follows that (see Lemma 2.2:1)
(ker A% =) ker [A}_ |, Vj, V] Sker [T}, 4, ;;](=ker I} )

if and only if

ker [A%}, Vj_1,0] S ker [T _; ;1,1
From Lemma 2.2:2, it is clear that Z‘j = 0 and Z,fj = 0 for all 7+ € k — j. Hence, for
alliek—j

e - Jj—1 N

Wij = >, WaTi; and W}, = > Wil

1=1 1=1

By a dual reasoning we can prove that for allie k—1 and je k — i,

i—1
Wij = D) SaWi.
=1

By combining the latter results, the proof of the claim can be completed. O
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Now define
U,
U, ~ ~ ~
vi=| | Ve T B T |
Up—1
and
V:Vn W:/m V:V1k—1
Wo1 Waa Wak—1
W= ) ) )
W11 Wiio Wi—1k-1

Recall that U is a surjective matrix and V is an injective matrix. Therefore, there
exists a matrix X such that UXV = W (see Lemma 2.1:1). We claim that the matrix

X satisfies the following:

CLAIM 2.5.
UXV;=W;; foralli,jek—1 with i+j <k.

Proof. Let i,j € k —1 be such that i + 7 < k. With the invertible matrices .S;

and Tj; introduced before, note that

U; NN
SUXVT; = | o x| Vo=
i ~ J=1_
=1 o X —
SalU [ Y P ]
=1
_ O j:lj -
0 T,
0 0 0 I 0 0 0 Ti_1;
~ ~ UXV =1 =
Si Sio Siiii 00 0 I 0
0 0
| 0 0 |
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~ ~ ~ 0 Ty
Wi Wi - Wi, 0 f]
~ ~ g !
0 0 0 I Wa  Waz o o Wy o
Si1 Sio Siic1 0 : : : O 7
-~ —~— ~ 4_1 .
Wit Wiciz oo Wiy 7 JO !
- i1
W S Wl ~ o~
’ =1 ! _ Wi; Wi =S W, . T:
i1 o o~ i=lj=1 . _ W, W!. LAt
> SuWi o X X SuWiTy, J ¢
=1 I=1t=1

Because S; and T are invertible matrices, claim 2.5 is now immediate. O

In fact, we have proved statement 3 implies statement 1 and, consequently, we
have completed the proof of the theorem. O

From the proof of Theorem [2.3] the following corollary is immediate.

COROLLARY 2.6. Given the matrices in (I1l), (21)) and (Z3), the following
statements are equivalent.

1. There is a matriz X € F?*¢ such that for allie k —1: Tjp_i = Ai X ANp_jy.
2. For allie k —1, there is a matriz X € F°*¢ such that Tip_; = A X Ap_i.

3. Application. To present an application of the previous result we consider
the linear system

I(t) = AI(t) + Bu(t) + EieﬂGivi(t), (31)
y(t) = Cx(2), (32)
zi(t) = Hyz(t), i€ p, (3.3)

where 1 € N,y > 1. In the above, x(t) € R” denotes the state, u(t) € R™ the (control)
input, y(¢) € R? the (measurement) output, and A, B and C are matrices of suitable
dimensions. Further, v;(t) € R% denotes the i-th exogenous input and z;(t) € R™ the
i-th exogenous output, where ¢ € u. The matrices G; and H;, for ¢ € u, are matrices
of suitable dimensions. a a

We assume that the system [BIH3.3) is controlled by means of a compensator
w(t) = Kw(t) + Ly(t), (3.4)
u(t) = Mx(t) + Ny(t),

where w(t) € RF denotes the state of the compensator, and K, L, M and N are
matrices of suitable dimensions.
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The interconnection of the system (BIH33) and compensator [BAH3H]) yields a
closed loop system with p exogenous inputs and p exogenous outputs, described by

Te(t) = Aete(t) + LiepGievi(t), (3.6)
zi(t) = Hi,exe(t)v i€ 22

where

:c(t)] N :[A+BNC BM]
) e LC K b

and

Gi,e:|:G’L':|’ Hi’e:[Hi O], ZEM

Let T'(s) denote the transfer matrix of the closed loop system B.6H3.). Then
T'(s) can be partitioned according to the dimensions of the exogenous inputs and
outputs as T'(s) = (T;;(s)), i,j € p, where T ;(s) = H; o(s] — Ac)"'G} . denotes the
transfer matrix between the j-th exogenous input and the i-th exogenous output in
the closed loop system (B.6H3.T).

We denote the transfer matrices in the open loop system (3IH33) by

P(s) = C(sI—A)'B, M;(s) = C(sI—A)"'G,,
H,L(SI — A)ilB, K; (8) H,L(SI — A)ilGj,

h
<.
—~

»
~—

|

where 4, j € p1, and the transfer matrix of the compensator(3.2H3.5)) by
F(s) =N+ M(sI — K) 'L.
An easy calculation shows that in the closed loop system (B.6H3.1)

Tij(s) = Kij(s) + Li(s) X () M;(s), 4,5 € p,

where X (s) = (I — F(s)P(s)) 1 F(s).

Note that the inverse in the latter expression exists as a rational matrix because
I — F(s)P(s) is a bicausal rational matrix (cf. [2]). A bicausal rational matrix is a
proper rational matrix with a proper rational inversell A proper rational matrix is
bicausal if and only if its determinant does not vanish at infinity. It is clear that here
X (s) is a proper rational matrix and that F(s) = X (s)(I + P(s)X(s))"!.

1We call a matrix a (proper) rational if all its entries are in the set of (proper) rational functions,
and similarly for vectors.
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In this section, we study the following problem, see [3] for a related problem,
where || - ||, denotes the H,, norm for stable (proper) rational matrices.

DEFINITION 3.1. The almost triangular decoupling problem by measurement feed-
back, denoted ATDPM,, for system BIH33) consists of finding, for all ¢ > 0, a
measurement feedback compensator ([B.4H3.H) such that in the closed loop system
B.8H3.7) there holds ||T;;(s)|| < € for all 4,5 € p with i < j.

The following corollary is immediate.

COROLLARY 3.2. The ATDPM,, is solvable if and only if for all € > 0 there
exists a proper rational matriz X (s) such that ||K;;(s) + Li(s) X (s)M;(s)|| < € for
all i,j € p with i < j.

Hence, the ATDPM,, is solvable if K ;(s) + Li(s)X (s)M;(s) = 0 for all 4,j € p
with ¢ < j are approximately solvable over the proper rational matrices.

From [4] it is known that solvability of a linear rational matrix equation over the
rational matrices is equivalent to approximate solvability of the same equation over
the proper rational matrices, see also [6] or [7]. Therefore, the following corollary is
obvious.

COROLLARY 3.3. The ATDPM,, is solvable if and only if there exists a rational
matriz X (s) such that K;;(s) + Li(s)X (s)M;(s) = 0 for all i,j € p with i < j.

Taking F equal to the field of rational functions, Theorem [Z3] can be used to
express the solvability of the ATDPM,, in terms of easily verifiable conditions using
transfer matrices, or, as it turns out, certain specific subspaces in state space.

To see how these conditions look like, we introduce some terminology and sub-
spaces, see [I], [4], [5] and [6], formulated for a system given by & = Az + Bu.

e We say that xp has a (£, w)-representation if there are rational vectors £(s)
and w(s) of appropriate sizes such that xg = (sI — A)¢(s) — Bw(s).

e In this section, we will use the following largest almost controlled invariant
subspace related to ker H, defined as V) (ker H; A, B) := {xg € R"|zo has a
(&, w)-representation such that H¢(s) = 0}.

e Also we will use the following smallest almost conditioned invariant subspace
related to im G, defined as Sj*(im G; A, C) := (Vi (ker GT; AT,CT))*, where
L means the orthogonal complement.

e We recall that both subspaces can be computed by means of recursive algo-
rithms only requiring a finite number of iterations.

Using the notation

K(s)=H(sI —A)'G, L(s)=H(sI-A)"'B, M(s)=C(sI -—A)'G.
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we recall the following important theorem from [5].

THEOREM 3.4. There is a rational matriz X (s) such that K(s)+L(s)X (s)M(s) =
0 if and only if im G < V}(ker H; A, B) and S;(im G; A,C) < ker H.

The theorem is crucial in the translation of the solvability conditions in terms of
transfer matrices into certain subspace inclusions in state space terms.

To present the solvability conditions for the ATDPM,,, we define for i e y —1

Ll(s)
. Ly(s o
Bwem | P K= [ M) Musls) - Mulo) 1.
Li(s)
Kiiv1(s) Kiipa(s) - Kiu(s)
o Koit1(s) Kaipa(s) -+ Kipu(s)
Li(s) := ) ) )
K;itv1(s) Kiiyo(s) --- Kiu(s)

Note that forie p—1

~ ~ ~

Ai(s) = Hi(sI — A)'B, Ai(s) = C(sI —A)""H;, Ty(s) = H;(sI — A)"'G,,

where
H,y
o H, o
H; = : ) Gi:[Gi+1 Giya -+ Gu]-
H;

With this notation it follows from Corollary B3] that the ATDPM,, is solvable if
and only if there exists a rational matrix X (s) such that T';(s) + A;(s) X (s)Ai(s) =0
forallve u—1.

From Corollary 2.6] (and some renumbering) it follows that that the ATDPM,, is
solvable if and only if for all ¢ € ;x — 1 there exists a rational matrix X (s) such that

Li(s) + Ai(s)X (5)Ai(s) = 0.
By Theorem [B4] the latter can be rewritten in state space terms as follows.

THEOREM 3.5. The ATDPM,, is solvable if and only if for all i € p—1 there
holds im Gy C Vi (ker ﬁi;A,B) and S (im Cv?i;A, C) < ker .
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Hence, the solvability of the ATDPM,, can be checked by means of state space
inclusions requiring subspaces that computed iteratively by means a finite number of
iterations.

4. Concluding remarks. In this paper, we have derived necessary and suffi-
cient conditions for the existence of a common solution of the set of linear matrix
equations U; XV; = W;;, where 1 < 4,5 < k with i + j < k. The conditions are
easily verifiable and are formulated in terms of images and kernels of (matrices of)
the matrices themselves. We have illustrated the solvability conditions by means of
a version of the almost triangular decoupling problem and obtained, starting from
a transfer matrix (rational matrix) description, solvability conditions in state space
terms that would not be easily derived directly using a state space setting only.
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