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NORM RETRIEVABLE FRAMES IN RV*

MOHAMMAD ALI HASANKHANI FARDf

Abstract. This paper is concerned with norm retrievable frames in R™. Some equivalent
conditions for the norm retrievable property in R™ are presented. It is also shown that the property
of norm retrievability is stable under small enough perturbations of the frame set only for phase
retrievable frames.
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1. Introduction. The concept of frames in a Hilbert space was originally in-
troduced by Duffin and Schaeffer in the context of non-harmonic Fourier series [11].
Frames are redundant sets of vectors in a Hilbert space, which yield one natural
representation of each vector in the space, but may have infinitely many different
representations for any given vector. It is this redundancy that makes frames useful
in applications. In signal processing, this concept has become very useful in analyzing
the completeness and stability of linear discrete signal representations. From the last
decade, various generalizations of the frames have been proposed such as frame of
subspaces, pseudo-frames, oblique frames, continuous frames, fusion frames, g-frames
and so on. The concept of equal norm Parseval frames on finite dimensional Hilbert
spaces was first introduced by Casazza and Leonhard in [§] and it has been developed
very fast over the last ten years, especially in the context of wavelets and Gabor
systems.

A sequence { fi}7 is called a frame for n-dimensional Hilbert space #,, if there
exist constants A > 0, B < oo such that for all f € H,,,

AIFIP < D01 f) P < Bl
k=1

The constant A is called a lower frame bound and B is called an upper frame bound.
If only an upper bound B exists, then {f;}7*, is called a B-Bessel sequence or simply
Bessel when the constant is implicit. If A = B, {fi}7, is called a tight frame and if
A= B =1, it is called a Parseval frame. The values {(f, fx)}}~, are the frame coef-
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ficients of the vector f € H,, with respect to the frame {f;}}",. The frame operator
is the bounded linear operator S : H,, — H,, defined by Sf = >, (f, fx) fx. The
frame operator S is known to be positive, self-adjoint and invertible operator.

Two frames {fi}7, and {gr}}7, are dual frames for H,, if

= f IR gk VfEHn

1

The frame {fk}}f:l defined by fr = S™1f} is a dual frame of frame {fr}7, that is
called canonical dual frame of {f}}" ;. For more information concerning frames refer
to [7, 10} 13} [15].

Signal reconstruction by frames has been an important and interesting problem
in physics and engineering. Some classes of tight frames for a Hilbert space which
allow signal reconstruction from the absolute value of the frame coefficients were
constructed in [4]. As a consequence, signal reconstruction can be done without using
phase. The process of reconstruction a signal without the use of phase is known as
phase retrieval. When we say that {fi}}, is a phase retrievable frame for #,,, it
means that any vector in H, can be reconstructed up to a constant phase factor
from the modulus of its frame coefficients. Phase retrievable frames have important
applications in X-ray crystallography, electron microscopy, speech recognition and
many other areas [5] [6] [12] [14].

The concept of norm retrievable frame is introduced in [I]. The authors showed
that this is what is necessary for passing phase retrieval to complements. They also ob-
tained the relationship between phase retrievable frames and norm retrievable frames.

In this article, we present some important properties of norm retrievable frames
in R™. We obtain equivalent conditions to norm retrievable frames in R™. Also
we study the stability of norm retrievable and phase retrievable frames under small
perturbation of the frame set.

2. Main results. Phase retrievable frames have many applications in physics
and engineering. The mathematical study of phase retrievable frames was started in
2006 in a landmark paper of Balan, Casazza and Edidin [4]. Also in [9], the authors
highlighted recently the major advances in phase retrievable frames.

DEFINITION 2.1. A frame F = {fx}72, in R” (or C") is called phase retrievable
frame if for all f,g € R"™ (f,g € C") satistying | (f, fx)| = | {9, fx)| for all k =
1,2,...,m, it holds that f = cg for some c € {—1,1} (c€ {z € C:|z| =1}).

Bahmanpour, Cahill, Casazza, Jasper and Woodland [I] defined norm retrievable
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frames:

DEFINITION 2.2. A frame F = {f;}}*, in R” (or C") is called norm retrievable
frame if for all f,g € R™ ( f,g € C") satistying | {f, fx)| = |{g, fx)| for all k =
1,2,...,m, it holds that || f| = ||g]|-

They showed that a frame F = {f,}, is phase retrievable frame if and only if
F ={T fr}}*, is norm retrievable frame for every invertible operator 7.

In this section, we will concentrate on norm retrievable frames in R™. In the next
theorem, using the span of the frame elements we give a characterization of norm
retrievable frames in R™. The related theorem for phase retrievable frames can be
found in [4, Theorem 2.8].

THEOREM 2.3. A frame F = {fi}7, C R™ is norm retrievable frame if and only
if for any partition {Ij}?zl of [m] :={1,2,...,m}, ,S'pcm{fk}klej1 1 Span{fk}kiejz.
Proof. Let Span{fr}ics, L Span{fi}icy,, for any partition {I;}3_, of [m] and
|<fafk> | = | <gafk>| for all k = 1a27"'am' Then <fafk> = :F<gafk> for all k € [m]
Let I = {k € [m] : <f7fk> = - <gafk>} and Iy = [m] \ L. ThUS, f +g €
,S'pcm{fk}klel1 and f —g € Span{fk}kleb. Now by assumption, we have
= FI1” = llgll® = {f, 9) + (g, f)
= I/ = llgll%,

and hence, ||f|| = ||g]|- Note in the case that Iy = @ or I = ), we have f = Fg and
hence | f]| = [|gl-

Conversely, let F = {fx}i.; C R™ be norm retrievable frame and let {I;}3_,
be a partition of [m]. Now for any f € Span{fi}ic; and g € Span{fr}ic;, we
have (f, fx) = 0 for all k € I and (g, fx) = 0 for all k € I,. Thus, (f +g, fx) =
—(f—g,fryforallk € I, and (f + g, fx) = (f — g, fx) for all k € I5.

Now [{f +g,fx) | = [{f — g, fi) | for all k € [m], and hence, ||f + g[| = [/ — gl
by the norm retrievability of { fz}7* ;. Thus,
LI+ llgll* +2(f. 9) = IIf + gl?
=|f-gql?
=17+ llgl* = 2(f,9) -
This implies that (f,g) = 0, and hence, Span{ fi}ic;, L Span{fi}icy,- O

Two equivalent conditions for norm retrievable frames are given in the next the-
orem. The related theorem for phase retrievable frames can be found in [3, Theorem
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2.4].

THEOREM 2.4. Let F = {fi}}, be a frame for R™. Then the following are
equivalent.

(1) {fu}¥, is a norm retrievable frame.

(2) For any non orthogonal vectors f,g € R™, there exist k € [m] such that

<f7fk> <g7fk> 7é 0.

(3) For all nonzero real numbers € # 0, there is a positive real number Cy > 0 so
that for all f,g € R™, we have

(21) Re(£,9) = 1{F,9) = ellFNlgll® + D1 i) Plgs fi) P = Coll AP llgl1*.

k=1

Proof. (1) = (2). If there exist non orthogonal vectors f,g € R™ such that

(f, fr) (g, fu) = 0 for all k € [m], then f € Span{fi}ic;, and g € Span{fi}ticy,,
where I := {k € [m] : (f, fr) =0} and I := [m] \ I but (f,g) # 0. Thus, {fr}},
is not a norm retrievable frame by Theorem

(2) = (3), Let € # 0 be given. The map F, defined by F.(f,g) := | {(f,g) — €|* +
S I fr) 12 (s fr) 12, for all f,g € R™ is a continuous map on R™ x R™.

Let Co := min s, genxnFe(f,9), where N is the compact set N := {f € R" :
£l =1}. Now Cy > 0 by (2). Thus, for all nonzero vectors f, g € R™, we have

I 9
£ Mgl

If either f = 0 or g = 0, then 2] holds true.

&%QWWM%% )ZQWWM?

(3) = (1). If {fx}, is not a norm retrievable frame, then there exist partition
{I;}3_, of [m] and nonzero vectors f € Span{ fr}ier,» 9 € Span{ fr}jey, such that
(f,g9) # 0. Now for nonzero real number € := H(f}|”|+”gg” we have R.(f,g) = 0. Thus,
Co = 0 by 2] and this is a contradiction. O

The stability of the phase retrieval property under perturbations of the frame set
is given in the next theorem. This result was proved in [2] for the complex case.

THEOREM 2.5. If {fe}}", is a phase retrievable frame for R™, then there exists
a A > 0 such that any set { fi}', satisfying maxi<p<m ||fx — fL|| < A is also a phase
retrievable frame for R™.

Proof. Since {fr}}*, is a phase retrievable frame for R", there is a constant
Co > 0 such that R(f,g) > Collf|I?|lgl|?, for all f,g € R™ by [3, Theorem 2.4], where
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R(f.g) =350 | (f fu) 12 (g, fu) |2 Let

A Co
WmB’ e < JB+ \/m) ’

where A, B are respectively the lower and upper frame bounds of frame {f,}7",.
Now we show that the sequence {f}}7-, satisfying maxi<k<m || fx — fr]| < A is also a
phase retrievable frame for R™. It is known that each frame set is stable under small
perturbations by [10, Corollary 15.1.5]. However for all f € R™ we have

SO
k=1

A < min

(fofuy = (s fo— f) P

-
>N 1 fe) | *2Z|f7fk||<f7fk*fk>|
k=1 k=1
zZ|<f,fk>|22<Z|<f,fk>|2> <Z|<f,fkf,;>l2>
k=1 k=1 k=1
zZ|<f,fk>|2—2<Z|<f,fk>|2> (Z ||fk-fzi||2|f|2>
k=1 k=1 k=1

> A|lfI? = 22vm | f] (ZI £ fi) | )

k=1

> (A-20/mB) |2,

and hence, {f;}}", is also a frame. Also for all f € R"™ we have

ST P Z|ffk (o fi = fe) 1P
k=1

<2 <Z|<f7fk> P+ 1 fe = S |2>
k=1 k=1

<2(B+mX\?) ||f|?

A2+432
< ——|IfI1%

/\

and hence, B’ < %, where B’ = SUp|| =1 S 1 {f, fi) |? is the optimal upper
frame bound of frame {f,}7",.

Let R'(f.9) := > ey | (fs fi) 1 g, f}) |?, for all f,g € R™. Thus, for any f,g €
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R"™, we have

m

| (F, Fi) P £6) 12 = D1 £ Pl g, £ 1)

1 k=1

NE

|R(fag) 7R/(fag)| - |

<

Mz 7

k

Il
—

tnqs

L f) g fi) L+ T £ | s )]
o B g F) | = [ i) | g Fad 1]

=

X
— =

Now

:|<fafk><gafk7fllg>+<fafk*f]/c><gafllc>|
< WMLl = S0+ W NN e = Sl

Hence, for any f,g € R", we have

k=1

[R(f,9) = R'(f.9)| < AVB+ VB ||f||||g|< | (fo fi (g fid |+ D 1(F S g,fk>|>
< MVB+VB)|fllgl {

Z' f7fk <Z<gafk>|2>

k=1

(Zlffk ) (ngk ) ]
<MVB+VB)(B+B)|fI*gl*

Therefore, for any f,g € R”, we have

R'(f,9)

2
2

R(f,9) = XVB + VB)(B + B)||fPllglI
(Co = AWB +VB)(B + B)| I ]9]1

A? + 6B? [ A2 + 482
Cof>\ 2B \/§+ QB

and {f;}7, is a phase retrievable frame for R™ by [3, Theorem 2.4]. O

>

111191

The next theorem states that the norm retrievable property is not necessarily
stable under small perturbations of the frame set.
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THEOREM 2.6. Suppose that {fi}}", is a norm retrievable frame for R™. If
{fr}i, is not a phase retrievable frame for R™, then { fi.}}'., does not preserve the
norm retrievable property under perturbations.

Proof. If {fx}}", is not a phase retrievable frame for R™ , then there exists a
I C [m] such that Span{fi}rer # R™ and Span{fi}rerc # R™ by [4, Theorem 2.8].
Thus, there exist 0 # f € Span{fi}ic; and 0 # g € Span{ fi}7c ;.. Using the norm
retrievability of { fr}}*., we have (f,g) = 0 by Theorem [Z3] Now let A > 0 be given.
We define the sequence {f;}7, by

M9 f :
f= 4 e RS
fi it keI

where B is the upper frame bound of {f;}7 ;. Now maxi<p<m ||fx — 1] < A

If {f,}7, is not a frame for R™, then {f;}}", is not a norm retrievable frame
for R™.

If { f/.}7 is a frame for R", then we show that {f;}7", is not a norm retrievable
frame for R™. Indeed, It is easy to show that <2‘/F% + Ag, f,'€> =0forall kel
and (g, fi) = 0 for all k € I°. Also we have

<2\/§|g||f

+Ag.9 ) = Allgll* > 0.

17 >

Thus, Span{f}}ie; is not orthogonal to Span{f}}#c ., and hence, {f;}1, is not a
norm retrievable frame for R™ by Theorem O

Since every phase retrievable frame is also a norm retrievable frame, the following
remark is immediate from Theorem and Theorem

REMARK 2.7. The norm retrievable property is stable under small perturbations
of the frame set only for phase retrievable frames.
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