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TREES WITH GIVEN MAXIMUM DEGREE MINIMIZING
THE SPECTRAL RADIUS*

XUE DU' AND LINGSHENG SHI*

Abstract. The spectral radius of a graph is the largest eigenvalue of the adjacency matrix of
the graph. Let T*(n, A,l) be the tree which minimizes the spectral radius of all trees of order n with
exactly [ vertices of maximum degree A. In this paper, 7*(n, A, 1) is determined for A = 3, and for
1 < 3 and n large enough. It is proven that for sufficiently large n, T*(n,3,1) is a caterpillar with
(almost) uniformly distributed legs, T*(n, A, 2) is a dumbbell, and T*(n, A, 3) is a tree consisting of
three distinct stars of order A connected by three disjoint paths of (almost) equal length from their
centers to a common vertex. The unique tree with the largest spectral radius among all such trees
is also determined. These extend earlier results of Lovasz and Pelikan, Simi¢ and ToSi¢, Wu, Yuan
and Xiao, and Xu, Lin and Shu.
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1. Introduction. Throughout graphs are simple. For a graph G = (V, E) and
a vertex v € V', we denote the degree of v, that is the number of edges incident with
v, by d(v). We denote by A(G) the maximum degree of G. The adjacency matrix of
graph G is denoted by A(G), and its characteristic polynomial is denoted by ¢ (N),
or ¢¢ for short. The spectral radius of G, denoted by p(G), is defined as the largest
root of ¢¢.

As proposed by Brualdi and Solheid [2], an interesting problem in the spectra of
graphs is to determine the extremal graphs in some class with respect to the spectral
radius. In 1973, Lovdsz and Pelikdn [11] found that of all trees the star has the
largest spectral radius and the path has the smallest, respectively. In 2005, Simié
and Tosié¢ [14] determined the tree whose spectral radius has the largest value among
all trees of order n with a given maximum degree. This result together with [6]
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confirms a conjecture of Fischermann et al [5]. Meanwhile it is easy to show that the
broom has the smallest spectral radius, see [18]. In 2004, Wu et al. [17] determined
the extremal trees among all trees with at most three vertices of maximum degree
three. In 2008, Biyikoglu and Leydold [1] described the structure of graphs with the
largest spectral radius among all connected graphs with a given degree sequence. A
sequence 7 := (do,ds,...,d,—1) of nonnegative integers is called degree sequence if
there exists a graph of order n for which dy, dy, ..., d,_1 are the degrees of its vertices,
(and the degrees are enumerated in non-increasing order). As in [1], majorization
defines a partial ordering on degree sequences. More precisely, for two sequences
7 = (do,d1,...,dn—1) and ©" = (dj,d},...,d,,_1), @ # 7', we write 7 <7’ if and
only if Zg:o d; < Z{:O d; for all 5 =0,1,...,n — 1 (recall that the degree sequences
are non-increasing). Let G = (V, E) be a connected graph with a root vg. Then a
well-ordering < of the vertices is called breadth-first search ordering with decreasing
degrees (BFD-ordering for short) if the following holds for all vertices u, v, u;,v; € V:

e if u; < ug, then v; < vy for all children v; of uy and vs of ug, respectively;
e if v < u, then d(v) > d(u).

A connected graph that has a BFD-ordering of its vertices is called a BFD-graph.

LEMMA 1.1. [1] Let T denote the set of all trees with given degree sequence .
Then a tree T with degree sequence 7 has the largest spectral radius in T, if and only
if it is a BFD-tree. T is then uniquely determined up to isomorphism. Moreover, if
T" is the tree with the largest spectral radius in Tr with m <7, then p(T) < p(T").

As a consequence of Lemma 1.1, the following result is immediate.

THEOREM 1.2. The unique BFD-tree with the maximal (with respect to the ma-
jorization ordering) degree sequence mazximizes the spectral radius of all trees with
given number of vertices of maximum degree.

In this paper, we continue the study of trees with the smallest spectral radius of
all trees with given number of vertices of maximum degree. Let T*(n,A,l) be the
tree which minimizes the spectral radius of all trees of order n with exactly [ vertices
of maximum degree A. We determine T*(n, A, ) for sufficiently large n and A = 3 or
1 <3. Let T'(ky,ka, ..., k) (r is a nonnegative integer) denote the tree with maximum
degree three shown in Fig. 1.1, where k; denotes the number of vertices of degree two
between the i-th vertex and the i 4+ 1-th vertex of degree three ordered from the left
to the right.

THEOREM 1.3. Forl > 3 and n large enough, T*(n,3,1) = T(k1, ko, ..., ki—1)
satisfying

1.2L551J—1§ki§fs]+1f0r2§i§l—2 and LSESJ Sk’j<#for
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Fi1G. 1.1. The graph T (k1,k2,.. ., kr).

. _ 73 .
J=11-1, where s = 7= — 2;

2. 1<k —2k; <5 for2<i<l—2andj=1,1-1;
3 ki —kj| <1, for2<i,j<1-2.

In particular, if n — 50+ 7 is divisible by 2(l — 2), then

T*(n,S,l)%T(S—Qg,s,s,...,s,S3>;
and if n=2(k+2)(1—2)+2, k € N and 3 <1< 10, then
T*(n,3,0) = T(k — 1,2k +2,...,2k + 2,k — 1).

Moreover, p(T*(n,3,1)) — V2 + /5 as n — co.

COROLLARY 1.4. For n large enough, the following hold:

T*(n,3,3) 2 T(|n/2] —4,[n/2] — 4);

Tk—1,2k+2,k—1) for n =4k + 10,
T(k—1,2k+3,k —1), T(k 1,2k +2,k)
T*(n,3,4) =< or T(k,2k+1,k) forn =4k + 11,
T(k, 2k +2,k) forn =4k + 12,
T(k,2k + 3,k) for n =4k + 13;
Tk—1,2k+1,2k+1,k—1) for n =6k + 12,
Tk—1,2k+1,2k+2,k—1) for n =6k + 13,
Tk — 1,2k + 2,2k + 2,k — 1) forn = 6k + 14,
T*(n,3,5) =4 Te{T(k—1,2k+2,2k+3,k—1),
T(k— 1,2k + 2,2k +2,k), T(k, 2k + 1,2k +2,k)} for n = 6k + 15,
T(k, 2k + 2,2k + 2, k) for n =6k + 16,
T(k,2k + 2,2k + 3, k) forn =6k +17.

Corollary 1.4 shows that the bounds on k;’s in Theorem 1.3 are best possible,
although the number 1.88 in the upper bound can slightly be improved to 2 — 1n1(3% 2 ,
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____L_____
N—— N——

J
F1c. 1.2. The graph Y (A;i, j, k).

where A\g = /2 4+ V5 and 25 = (Ao + /A% —4)/2. Let Y(A;i,j,k) denote the tree
of order 3A +i+ 7+ k+ 1 with maximum degree A, consisting of three distinct stars
of order A connected by three disjoint paths of length 7 + 1,5 + 1, k + 1 respectively
from their centers to a common vertex as depicted in Fig. 1.2.

THEOREM 1.5. Forl <3, T*(n,A,l) is uniquely determined up to isomorphism
as follows:

1. T*(n, A, 2) consists of two stars linked by a path.
2. For A >4 and n large enough, T*(n,A,3) 2 Y (A;4,j, k) where i, j, k differ
by at most one.
Moreover, p(T*(n, A, 1)) — \/AA—;EQ as n — oo except for A =1=3.

The rest of the paper is organized as follows. In Section 2, we list some known
results which will be used later on. In Section 3, we use the technique of diagonal-
ization to evaluate the characteristic polynomial of trees and then prove Theorem 1.3
and Corollary 1.4. In Section 4, we use the limit point theory of Hoffman [7] to prove
Theorem 1.5. At last, we finish with some final remarks in Section 5.

2. Lemmas. In this section, we collect some known results which will be used
later on.

LEMMA 2.1. [4, 10] The following hold for graphs G1 and Gs.

1. If Gy is connected and Gy is a proper subgraph of G1, then p(G2) < p(G1).
Moreover, if V(G1) = V(G2), then ¢a,(N) > ¢a,(X) for X > p(Gr).
2. If ¢, (p(G2)) <0, then p(G1) > p(G2).

LEMMA 2.2. [12] The following hold for a connected graph G.

1. If e = uv is a bridge of G, then ¢¢ = ¢G—e — OG—u—v;

2. If v is not in any cycle of G, then ¢c = Npg—v — Y. PG—w—v-
weN (v)
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An internal path of a graph G is a sequence of vertices vy, vo, ..., v with k > 2
such that

e the vertices in the sequence are distinct (except possibly v; = vy);

e v; is adjacent to v;11 (1 =1,2,...,k—1);

e the vertex degrees satisfy d(vy) > 3, d(v2) = -+ - = d(vi—1) = 2 (unless k = 2)
and d(vg) > 3.

LEMMA 2.3. [8] Let uv be an edge of a connected graph G of order n, and denote
by Gu,v the graph obtained from G by subdividing the edge uv (that is, by inserting a
new vertex w and edges wu,wv in G —uv). Then the following hold:

1. If uwv does not belong to an internal path of G and G # C,,, then p(Gyp) >
p(G).

2. If uv belongs to an internal path of G and G # T*(n,3,2), then p(Gy.) <
p(G).

LEMMA 2.4. [7] Let A_1 be a principal submatriz of order n — 1 of a symmet-
ric matriz Ao of order n with non-negative entries. Define A; recursively by A; =
Ay e .
(eT ! 610 1> where e;_1 = (0,0,...,0,1)T. Assume further that 4hm p(A;) > 2.
i—1
Then hm p(A;) is the largest positive root of (X + VA2 —4)p(Ag) — ¢(A_1), where
o(A ) and @(A_1) are the characteristic polynomial of Ay and A_y, respectively.

LEMMA 2.5. [7] Let Gy and Gs be disjoint connected graphs, vi be a vertex
of degree at least 2 in G1, vy be a vertex of degree at least 2 in Ga, and (G, vi,n)
(i = 1,2) be the graph obtained from G; by appending a path of order n to v; in G;
and (G1,v1,n,v2,G3) the graph obtained from Gy and Gy by joining them by a path
of order n connecting v1 and vy. Define p(G;,v;) = nlggo p(Gi,viyn) fori=1,2 and
p(G1,v1,G2) = lim p(Gy,v1,n,v2,Ga). Then
n—oo

p(G1,v1,Ge) = max{p(G1,v1), p(G2,v2)}.

LEMMA 2.6. [15] Let Gy and Ga be connected graphs with a € V(G1) and b €
V(G2), and let Hy and Ha be the two graphs shown in Fig. 2.1, then p(Hy) = p(Hz).

Woo and Neumaier [16] examined the structure of graphs with spectral radius at
most 3/v/2. The resulting families of graphs resemble the knotted strings used by the
Incas for information storage. They therefore use their term quipus for these graphs.
An open quipu is a tree of maximum degree three such that all vertices of degree three
lie on a path. A closed quipu is a connected unicyclic graph of maximum degree three
such that all vertices of degree three lie on a cycle. A dagger is a path with a 3-claw
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a vi Uz V34 b vi v v3b
b a

Fic. 2.1. The graphs H1 and Ha.

attached to an end vertex.

LEMMA 2.7. [16] A graph whose spectral radius in (2,3/@ is either an open
quipu, a closed quipu, or a dagger.

According to Cioaba et al. [3], a Laundry graph is obtained from 7°(0,0,...,0)
and four additional distinct vertices by inserting a matching between the four vertices
and the four (left and right most) leaves of T(0,0,...,0), respectively.

LEMMA 2.8. [3, Corollary 3.10(c)] Let {G;};>1 be a sequence of graphs such that
G is the subgraph of a Laundry graph, let t; and l; be the number of vertices of degree
three and the minimal length of a mazimal internal paths in G;, respectively. If t; > 2

for all i and lim t;/l; = 0, then lim p(G;) = V2 + V/5.
1—> 00 71— 00

LEMMA 2.9. [9] Suppose G and Gy are two connected graphs satisfying G1—v1 =
G2 — vg for some vertices v1 € V(G1) and va € V(G2). If ¢, (p(G1)) > 0, then
p(G1) > p(Ga).

3. Minimal trees T*(n,3,1). It is hard to directly evaluate the characteristic
polynomial of graphs. We use the diagonalization introduced in [9]. The idea is the
following. Since only concerned with trees and every edge of a tree is a bridge, we can
view the expansion of the characteristic polynomial in Lemma 2.2 (1) with a pendent
edge e = uv or (2) with a leaf v as a linear recurrence of second order for trees. To
simplify the computation, we write it in a matrix (also of second order) form and it
then becomes a linear recurrence of first order for tree vectors:

(o) = () ()

¢G—'U 1 0 (bG—v—u

To do the iteration, we simply diagonalize the coefficient matrix to get its simi-
lar normal form diag(z1,z2), and meanwhile the tree vector (¢, da—o) is naturally
transformed to a new function vector, say (p(c,v), 4(G,v)), see Eq. (3.1). Then the

characteristic polynomial becomes a simple form in terms of the parameters x; for
i = 1,2, which makes it fairly easy to estimate its spectral radius, see Lemma 3.7.

We repeat the essential steps in [9] to make the diagonalization clear. Let P,
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Fic. 3.1. The graphs G1 and G2.

denote a path of order n. A rooted graph (G, v) is a graph G together with a designated
vertex v as a root. For ¢ = 1,2 and a given rooted graph (H,v’), we define a new
rooted graph (G;,v) by attaching a path P; to v’ and changing the root from v’ to v,
see Fig. 3.1.

Let Ao = V/2++/5, and in this section, all A is considered only in the range
A > Xg. Let 21 and x5 be the two roots of the equation 2 — Az + 1 = 0, and let
z1 < x9. So we have

A-VAZ 4 A+VAZ 4

1 B) To = fa
and
T1+xo =\, 1129 = 1.

For any vertex v € V(G), as in [9] we define two functions of A: p(q ., ¢(a,v) satisfying
the following two conditions:

bc = Pav) T a0

PG—v = T2P(G ) T T19(G,v)s

which is equivalent to the following matrix form.

¢c \ _ (1 1 p(c,v))
(¢G—u) (IQ 561) (q(c,y) ' (8-1)
<p(G,v)) _ 1 <331 1 ) ( bc )
q(G,w) T2 —xp \ w2 —1 bG—v)

We also define two parameters d; and ds such that

Then we have

dy =X—a3 dy =23 — ),

and two matrices A, B such that

A:%O’B:1 di
0 €T To —T1 \—X2 d2
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The property dize — doxy = 2 follows easily from our definition. The following
examples claim the definition. Let v be the center of Psj41. Then

() = L (T5) ma (M) <a (1))
q(py,v) T2 —I1 €Ty q(ps,v) €Ty

REMARK 3.1. As in [9, Remark 1], it is easily seen that the following are equiv-
alent:

gy — 2x§k+3'
2 1 _p2kTa)

1
d2$§k+3 - d1$%k+3 = 2;
dy = dya "2
doxi ™ = dyah T,
5. dg = 21?k+3 + d1l‘?(2k+3).

Ll e

If “=” in Remark 3.1 is replaced by “>” everywhere, then they are still equivalent.

LEMMA 3.2. [9] Let G1 and Go be the graphs shown in Fig. 3.1. Then
(p(Gl,v)> _ A<p(H,'U’)) and (p(Gg,v)> _ B<p(H,’Ul)).
q(Gy,v) q(H,v") 4(G2,v) q(H,v")
LEMMA 3.3. [9] For any tree G and any vertez v,

lim Q(G,v)()\) = +00.

A—~+o00

Given two rooted graphs (Hi,v1) and (Ha, v2), we denote by (Hy,v1)- Py - (Ha,v2)
the graph consisting of graphs Hi, Ho and another vertex linking to v; and v, re-
spectively (as shown in Fig. 3.2).

LEMMA 3.4. [9] The following equality holds:
¢(H1,U1)'P1'(H271)2) = (22 — 1) (q(Hlavl)q(H27'U2) 7p(H1,U1)p(H2,U2)) :
LEMMA 3.5. [9] Let G, ; be the graph shown in Fig. 3.8 where i and j are the
numbers of included vertices, respectively. Then

i1 i1
¢Gi,j - ¢Gi+1,j—1 = (1‘1 - 1‘2) (p(H1,U1)q(H2,’U2)x% ‘ - q(Hl,’Ul)p(HLW):E]l ’ ) .
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H H
Ly R vy 12

FiG. 3.2. The gmph (Hl,’ul) - Py (HQ,UQ).

Hy 4 o ,_I_. ey Ha

—— ——
i J
Fic. 3.3. The graph G; ;.

LEMMA 3.6. Letr > 1 be an integer and p the spectral radius of T (k1, ka, ... k).
Then p — Mo and d2(p) — 0, dy — 221 as min{k; | i =1,2,...,r} — oo.

Proof. Let k = min{k; | i =1,2,...,r}. By Lemma 2.8, we have that p — Ao =
V2++/5 as k — oo. Since \g = /2 + /5, we have \§ — 43 — 1 = 0. Then

, 1 o\’
dg()\o):l‘g—)\ozg ()\04‘ )\3—4> —)\Q

1 3
%<>\3+>\0 /\34) - o

1 3
= %(Ag+1) 7)\()
1
= %(qu) (Ag—4X5 —1) =0.
Since dy is a continuous function of A\, we have that da(p) — d2(Ag) = 0 as k — oo,
and since dixo — dox1 = 2, we have that d; — 2x1 as k — oo. O

The tree T'(k,2k + 3,2k + 3,...,2k + 3, k) plays an important role in the proof
of Theorem 1.3. The following lemma shows that its spectral radius satisfies a simple
equation.

LEMMA 3.7. Let k € N. Then the spectral radius of the tree T'(k,2k+3,...,2k+
3, k) is the unique Toot paky3 of the equation
230%’”3

dy = ———
1 — g2+

in the interval (\/ 2 +/5,00).



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 335-361, June 2016
http:/repository.uwyo.edu/ela

344 X. Du and L. Shi

._IUO_ S I“l_'_' T I“j_—l_ __Ivj

e o e
ky k;
FiG. 3.4. The graph H(k1,ka,..., kj).

Proof. Let G =T(k,2k+3,...,2k+ 3, k) and v be the leftmost vertex. Let r be
one less than the number of vertices of degree three in G. Note that G' can be built
up from a single vertex with a series of two operations as specified in Lemma 3.2. By
Eq. (3.1) and Lemma 3.2, We have

2
oG = (1,1) (p(G’”) = (1,1)ABAF B A5 ... A%HBAkA(xé)
q(G,v) x5

2
)

— A(L, 1) ABA™ AFTI BARH2 gRH1 L AR+ g AR+2(4=1y2 (x%)

A 3 3 k+1 e =1 (1
212711 (d1—$2,d2+$1)(A+BA+) 1
. -1
)\ . p d1$2k+5 1 T 1
= d - 3 d 3 ! :
(@2 — 1) (dy — 25, da + 7) ( 1 dopa2F+3 1

By the definition of d; for ¢ = 1,2, we have x% —dy = dy —|—ac§’ = Mag — m1)2, and thus,

1
N
We first prove that pog3 is a root of ¢pg. At A = pary3, by Remark 3.1, we have that

24308 2k+3 2k+3
dQ = P;W and d2$2 —1= dlxl

)\2 dlx%k+3 1 ) r—1

= —7-(-1,1
(z)G (%2 — ml),«_g( ) ) ( 1 d2x§k+3

+ 1 are equivalent. Thus,

2
- Pak+3 2k+3 r—1 L _
¢G(p2k‘+3) - (CCQ _ xl)T._Q (dlxl + ]‘) (71} 1) <1) - 0

Next we prove ¢ (A) > 0 for any A > pary3. When A > pagt3, we have dglﬂgk+3 —-1>
dlac?’““r3 + 1. Then, by an induction argument on r, one can show

(1) >0

By Lemmas 2.3 and 3.6, we obtain that psgi3 is monotone decreasing in k and

p2k+3—>\/2+\/5ask:—>oo. 0

22 dy 2k t3 1 r—1
S A—— | 1
da() (-1, >( 0 d2x§k+3)

(1.2 _ xl)r72
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Let vg,v1,...,v, be the sequence of vertices of degree three in T'(kq, ko, ..., k)
from left to right. Let H(ki,k2,...,k;) be the graph shown in Fig. 3.4, and for
i=1,2,...,r—1,let L; = H(ky,ka,...,k;) (from the left direction); for j = 2,3,...,r,
let Rj = H(ky,kr—1,...,k;) (from the right). Moreover, let Ly be the path of order
three with the center vy and R,; be the path of order three with the center v,. In
view of Lemma 2.1 (1), the positivity of functions p and ¢ in the following lemma
mimics the property of the characteristic polynomial of subgraphs.

LEMMA 3.8. For A > p(T(k1, ke, ..., k), the following hold:

1. pLiw) 20 and qr, 0 >0 fori=0,1,...,7r—1;
2. D(R;v;_1) = 0 and q(g; v;_,) 20 for j=2,3,...,r+ 1.

Proof. We denote p(r, v,)s 4(Li.vi)s P(Ryv;—1)s UR;w;—1) DY Pis Gis Py 5 TESpec-
tively for ¢ = 0,1,...,7r— 1 and j = 2,3,...,7 + 1. By our previous definition, for
A > Ao, we have

PO = Doy = P(Pyvg) = A7 >0,
qo = q;+1 = d4(P3,00) = XU% > 0.

We need consider other situations, namely pi,qi,p;-,qg- forv = 1,2,...,r — 1 and
J=2,3,...,r. Let u be the smallest number such that all p;(\), ¢;(A), pj(A), ¢;(N)
take non-negative values for A > p.

Now our task is to prove such p exists. By Lemma 3.3, we have \ 1ir4r_1 qi(\) = +0
— 400
and lim ¢j(A\) = +oo. Since lim po =
A—~+o0

lim Az? >0 and
A——+o00 — 400

A

pi = (d1$lfipi—1 + Igrlqz'q)

T2 —T1

by Lemma 3.2, we can get that Alim pi(A) = +oo by induction on i. Then p exists.

—+0o0
If u < p(T(k1, ko, ..., kr)), then it is done. Assume that pu > p(T'(k1, ke, ..., k).
It is easily seen that x is a root of one among p;(A), ¢:(A), P} (A), g5 ().
Case 1. There exists an i (1 < i <r — 1) such that p;(z) = 0. Note that
_ diziipi_1 + x5 gy
To — I '

We have p;—1(u) = ¢;—1(u) = 0. Applying Lemmas 3.2 and 3.4, we obtain

BTy sz ker) (1) = {(302 — 1) ($§i71qz'—1q;+1 - flfiilpi—lp;+1>} (n) =0,

which is contrary to pu > p(T(k1, ka, ..., kr)).
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Case 2. There exists a j (2 < j < r) such that p (1) = 0. This case is similar to
Case 1.

Case 3. There exists an ¢ (1 <4 < r — 1) such that ¢;(z) = 0. Again applying
Lemmas 3.2 and 3.4, we obtain

kit

-1 kiy1—1
Or (ks (1) = (22 = 21) (5 gl = 21 minl ) | (0) <0,

which contradicts p > p(T'(k1, ko, ..., kr)).

Case 4. There exists a j (2 < j <) such that ¢;(u) = 0. This case is similar to
Case 3. O

LEMMA 3.9. Letr > 1 be an integer and n be the order of T'(k1,ka, ..., k). Then
n—3
20y
n—3 _
-y

dg >

for all X > p(T(k1,ka, ..., k), where the equality holds if and only if k1 = k, and
ki =2k1+3 fori=2,3,...,r—1 and A = p(T(k1,ka, ..., k).

Proof. For i =0,1,...,7r—1and j = 2,3,...,r + 1, we define t; = ¢;/p; and
VN | /
t' = q;/p}. For any s > 0, define
o dg.ﬁ%st—wg dQIQt_I%S_Q

L(t) = 222 - L ¢t>0.
£ (@) acgé_lt + dy t+ dlac%‘s_l

So by Lemma 3.2, we have

Consider the fixed point of f,(t), which satisfies t? — (dawg — dy23° 1)t + 23572 = 0.
When

dy = 225 + dy %%, (3.2)

the above quadratic equation has a unique root xffl. We choose s = s()) to be the
root of Eq. (3.2). The line y = t is tangent to the curve y = fy(t) at t = 25 '
Because f4(t) is an increasing and concave function of ¢, we have f4(t) < ¢ for any

t > 0. Then fori=1,2,...,r — 1, we have

fi(t) = fo (6357 91) < af® (3.3)

By Lemmas 3.2 and 3.4,

k,.—1 / kr—1 /
BTy ko, by = (T2 — 1) (332 Gr—1Gp1 — T pr71pr+1) :
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Since ¢p (i, ks,... k) (A) > 0 for any X > p(T'(k1, k2, ..., k), we have

trqth qaa®r Y > (3.4)

Note that ¢, = to = g3/ps = 23. By Egs. (3.3) and (3.4),
1< ada2®=Vy
= 23 i (o (i (00)) )
< 2D 2019 209)

_ Zg[n—Qr—l—(r—l)s] :

as > . ki =mn—2r—4. Since x5 > 1 > z1, we get n —2r — 1 — (r — 1)s > 0.
Thus, s < % — 2, and the equality holds if and only if k1 = k. = %, k; = s for
1=2,3,...,r—1and A = p(T(k1, ko, ...,k-)). By the choice of s, we have

s 2s 77%:? -2 2(77?:13) —4
dy =227 + dix7® > 22 +dixy

Hence, by Remark 3.1, we get

n=3_o

r—1
d 2z
2 n—3

-1
r—1
1—x

v

for all A > p(T(k1, ko, ..., k). O

LEMMA 3.10. Let T™ be the tree minimizing the spectral radius of T'(k1, ka, ..., k)
of order n and fized integer v > 1. Then

2
dy < 51

[ V]
—
o
v+
i
[

11—z

_ * _ n—3
at X = p(T*), where s = 2= — 2.

Proof. (I) When |s] is odd, observe that we can always subdivide some edges on
internal paths of T' (%, Is],...,[s], %) to get a tree T := T'(k1, ka, ..., k) of

order n for some k;, i =1,2,...,r. By Lemma 2.3, we have
. s|—3 s|—3
p(T>§p<T>sP(T<%,LsJ,...7LsJ7“2 ))M
21\1‘SJ

By Lemma 3.7, p|) is the root of dy = T T
—xl

Ls]
Since dq is an increasing function and % is a decreasing function for A >
2 + /5, we have
Ls) L) 2| =] -1
N 2z 2z 2z
dg(p(T )) §d2(pLSJ): 1|_’J+1 = lLsJ-i-l = ! S+l
1—a; 1—x 2 =%
1 Pls) 1 p(T*) I—a p(T*)
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(IT) When | s] is even, observe that we can always subdivide some edges on internal
paths of T'(|s]/2—-2,[s]—1,...,[s]—1,[s]/2—2) to get a tree T" := T'(k{, kb, ..., k)
of order n for some k}, i =1,2,...,r. By Lemma 2.3, we have

p(T™) < p(T") < p(T(ls]/2=2,[s] = 1,..., [s] = 1, [s]/2 = 2)) = plsj—1-

23;1sz—1

By Lemma 3.7, p|4_; is the root of dy = T
ol

ls]—1
Since ds is an increasing function and ﬁ is a decreasing function for A >
—al

2+ \/5, we have

o L sHL|_q
* 9 lsl—1 ozlsl =1 QICQL =
d(p(T") < dalpraj—1) = T g = oy ¢
T gl TPy 13y p(T)

COROLLARY 3.11. Let T* and s be as in Lemma 3.10. Then

s+1 | _

218 <d<2me2J1
1 = 02 > S

e 1 2

s+1|_1
holds at A\ = p(T*). In particular, p(T*) = /2 +/5+ O ((@)L 2 2).

LEMMA 3.12. Let T* = T(k1,ka, ..., k) be the minimal tree as in Lemma 3.10
and let po = p(T*) and ¢ = (po + \/pg + 4d1dz)/2. Then at X\ = po,

cac’f"'Jr1 <dy < cxlfﬁl fori=23,...,r—1; (3.5)
cm?(kjﬁ) <dy < cx?(kﬁl) for j=1,r. (3.6)
Proof. We also use our former notation L, p;,qi,ti, Rj, p},q;,t; for i = 0,1,

..,r—1land 7 =2,3,...,7r4+ 1 and fs(¢), which are introduced from Lemmas 3.8
and 3.9. By Lemma 3.4, we have

tith aaF T — 1 (3.7)

at A= pg fori=1,2,...,r — 1. Note that at A = po,

dowot; y — 23 ¥V
ti = fr,(tic1) = - 3.8
( ) ti71 + dlsz% ! ( )
Combining Egs. (3.7) and (3.8), we get
dozati_1 — g2 ki1 2(kip1—1
Lty =1 (3.9)

ti,1 + dllﬂl
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Let T =T(k1,...,ki+1,kiy1 —1,..., k). We conclude that ¢7(pg) <0, lest we
are led to the contradiction with the minimality of 7™ by applying Lemma 2.9 to T
and T

Applying Lemma 3.5 and evaluating the difference at A = pg, we get

(b1 — d1)(po) = [(391 — x2) (piflq'£+2x2 i - Qi—1Dj oy 1)} (po) > 0.
Then at A = po,
t; kip1—k
2 < :C?( A iil). (3.10)

li—1
In the rest of our proof, all expressions are evaluated at A = py.

(I) By Eq. (3.10), we get t; 5, < ti,lx?(k"’“*kﬁl). Substituting this to Eq. (3.9)
and simplifying, we have

dot? | — m%kipot,-_l — dlxéfk"’ > 0.
As ¢ = (po + \/pt + 4di1dz) /2, solving the quadratic inequality, we get
tio1 > cax?®i/dy, i=1,2,...,7r—1.
By symmetry, we have

2k; .
tiyg >cayfdy, 1=2,3,...,m

(II) Again by Eq. (3.10), we have
Loy >t pzp TR, (3.11)
By Eq. (3.9), we obtain that

2k; —1 2(kit1—k;
b gy (3.12)
il dot! 2kip1—1 : :
2ti+2£C2 -1

Combining Egs. (3.11) and (3.12) and simplifying, we get
dot? o — x?(k"'+171)p()t§+2 - dl:czll(k"“*l) > 0.
It follows that
thy <crt® Vg, =12, r—1.
Hence,

o <ert® TV dy i=2,3,. . r
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Similarly, we have
tig <cat PV dy =12, r—1.
In short, we obtain
ca?® Jdy < tiy <cat PV dyi=1,2,.. 01, (3.13)
i fdy <t < cxt™ TV Jdyi = 2,3, (3.14)
By Lemma 3.4, we have
tiath s =1 (3.15)

Then Eq. (3.5) follows easily from Egs. (3.13), (3.14) and (3.15). Eq. (3.6) follows
easily from cze" /dy < to = tho =13 < cm?(krl)/dg forj=1,r. 0

Proof of Theorem 1.3. By Lemma 2.7, T*(n,3,1) must be an open quipu. Then
by Lemmas 2.1 (1) and 2.3, we have that T*(n,3,1) = T(k1, ko, ..., ki—1) for some
ki €Ny i=1,2,...,1—1. Let r = [ —1. All expressions in the proof will be evaluated
at A = pg := p(T*(n,3,1)).

Proof of Item 1. By Lemma 3.12, for 2 <7 <r — 1, we have
cac’f"'Jr1 <dy < cxlf"fl.
By the definition of ¢, we have

2d2$12€i_1 S Lo + \/p% -+ 4d1d2 S 2d2$§i+1.

Combining the property dize — doxy = 2 we mentioned before, after solving for ds
and simplifying, we obtain

ki+1 2k;+3 ki—1 2k;—1
port T+ 207" pory’ 427
2(ki+2) <dy < 2k;
1—a] L—ay™
Since poz1 = 1+ 2% < 2 < pg, we get
2:C11€i+1 polflﬁ-l-l + 21.?’%4-3
7 2 3
171.71€+ 1—$?(k +2)
and
po:c]fi_l + 21%]”_1 235]1“_2 + 239?’“_1 2:511“_2 + 239?’“_3 _ 2x]f7'_2
=2 -2 e R
So, for2 <i<r—1,
2:c’fi+1 2:511“_2
) <dgy < PR — (316)

1—a3 1—a3
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By Corollary 3.11, we obtain that when |s]| is odd,

s Ls]
2x7 27
1_7xi+1 S d2 < W (3.17)
Combining Eqs. (3.16) and (3.17), we have

Zm’f”l Qx%SJ
1-— x]f7'+2 1-— x%sHl ,

2212 225

ki—1 s+1°
1—a7 1—x

Therefore, when |s] is odd, we get |s] — 1 < k; < s+2for 2 <i <r—1, and thus,
|s] <k; <[s]+1. Similarly, one can show that when |s] is even, [s]—1 < k; < [s]+1

for2<i<r—1,and thus, 2|33} | -1 <k; < [s]+1for2<i<r—1.

For j = 1,r, combining Egs. (3.6) and (3.17), we obtain that when [s]| is odd,

2l
S D
2 1-— acls
cm?(kjﬂ) x5
- 1 .
2 11—t

By Lemma 3.6, we get that do — 0, di — 2x1, and ¢ — \g as n — oco. Note that
% =0.119---. For n large enough, we have 229t < \g < 229'2 and then

2k;+3.9 ls]  2k;j+1.88 s
x <o, x) > a7

Thus, when |s] is odd, we obtain that ([s]|—3)/2 < k; < (s—1.88)/2. Similarly, when
|s] is even, we have [s|/2—2 < k; < (s—1.88)/2. So [(s—3)/2] < k; < (s—1.88)/2
for j =1,7.

Proof of Item 2. By Lemma 3.12, we have

c:c’f"H <ds < cx]f'_l fort=2,3,...,7r—1,

c:c?(kﬁQ) <dy < c:c?(kﬁl) for j = 1,r.

Therefore,

ki+1 2(k;+1)
cxy 1 ,

< cx

2(k;j+2 _
c:cl( it2) < c:c]f* 1,

fori=2,3,...,r—1and j=1,r. So, we get 1 < k; —2k; <5.
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Proof of Item 3. Again by Lemma 3.12, we have c:c]fj—|r1 < ds < cx]f'_l for
2 <i,j <r—1. This implies that |k; — k;| <2 for 2 <4i,j <r —1. Now we show it
is impossible that |k; — k;| = 2 for any ¢ and j. If not, without loss of generality, we
assume there exist such two indices ¢ and j with k;—k; = 2, suchthat 2 <¢ < j <r-1
and j — ¢ is as small as possible. Let k = k;. Then k; = k+ 2 and k, = k + 1 for
i < h < j. Applying Lemma 3.12 to k; and k;, we have

caltt = ekt < dy <eay Tt = et

Combining this with Egs. (3.13) and (3.14), we have dy = cai !, t; =t/ ; = 2§71,
and tj_1 =t = i+t

Now we consider the function f(t) := fi(22¥t) = %. Note that

+ /P +4did
x§+1:c/d2:p0 Po 192
2ds

It is easy to verify that f(xé”‘l) = :c’f"’l.

Next, by induction, we show that

th =2k fori <h<j—1. (3.18)

For h = i, we have
ti = frl(ticn) = frlah™') = flaf™h) =it
By the induction hypothesis on h > i, we get
th = frrr(thor) = frpa (27" = flag5™) = 2™

This completes the proof of (3.18).

+1

By Lemma 3.4, we have t; otfx3" = 1. Ast; 5 = T we get th = ¥~ But

we also have
t; = fra(tiyr) = frra(@)™h) = f(@572) # a7
This contradiction completes the proof of Item 3.
In particular, if n — 5] + 7 is divisible by 2(I — 2), then

s—3 1 (n—-20+1 n—>5+7
< ) 3> -2 <N

2 2

By the above results, we get k; = % for j =1, —1, and s < k; < s+ 1 for
1=2,3,...,1 — 2. Also note that

-1

D ki=n-21-2=(-2)s-3.

=1



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 31, pp. 335-361, June 2016
http:/repository.uwyo.edu/ela

Trees With Given Maximum Degree Minimizing the Spectral Radius 353
Then we obtain that 7%(n,3,1) 2 T (552,s,...,s, 552).

Ifn=20k+2)(—2)+2, keNand 3<1[<10, then

B b
5188%< —920+1

1

Thus, k; =k —1for j =1,1 — 1. For [ > 3, we have

n—20+1 1
s+1 1 /n—-20+1 [—3
\‘ 2 —{5(712 +1)J_\‘k+2_72(12)J_k+1.

Thus, 2k +1 < k; <2k +3fori=2,3,...,1 —2. Also note that

-1
dki=n-20-2=2k+1)(1-2) -4

=1

Then we get that T*(n,3,1) 2 T(k—1,2k+2,...,2k+ 2,k —1).

Moreover, it follows from Corollary 3.11 that p(T*(n,3,1)) — V2 ++/5 as n —
oo. O

In order to simplify the proof of Corollary 1.4, we introduce the following short



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 335-361, June 2016
http:/repository.uwyo.edu/ela

354 X. Du and L. Shi
notation with expressions which can be obtained by Lemma 3.2.
) (22)-+()
qo0 q(Lo,vo) Z% ’
(k—1) (k=1),01) A dyai ™t 4 ok
(Q(k 1)) (Q(H(k 1), Ul)) To — 1 (dgl‘k+1 — x’f)’
D(k) PH A d1$1f+2 + Ik+1
(Q(k)) (Q(H(k) 1)1)) Ty — Iy (d2$§+2 - ]erl)’
(k—1,2k+3) P(H(k—1,2k+3),v2)
(Q(k 1 2k+3)) (QH((k 1,2k+3), 1;2))

1 2
(d2 3k+ + d1xlf+3 + dz:cgk+3 — x§+ )

3k44 k+3 3k+3 _ k2

T (@2 —a1)? —xl) A3t — dows ™ — dya TP - it

P(k,2k4-2) P(H(k,2k+2),v2
(Q(k 2k+2)) Q(H(k 2k+2), m))
d3ay Shtd 4 dlac’f"’l + d2x3k+3 —zk
(x2 — 931) (d% S — doaf T — P k)’

— o
<p(k,2k+3)) - <p(H(k,2k+3),v2))
q(k,2k+3) q(H (k,2k+3),v2)
A 3T dy T dyadk bt
= m <d2 3k+5 d2$§+2 _ dlxi,k+4 _ xllc+1>

2T

Proof of Corollary 1.4. We consider T*(n, 3,1) for I = 3,4,5 one by one. Firstly,
The case of | = 3 follows easily from Theorem 1.3.

Next consider | = 4, the case for n = 4k + 10, 4k + 13 can directly be achieved
by Theorem 1.3. Then we only need to check two cases according to the value of n.

Case 1. n =4k + 11.

By Theorem 1.3, we know that 7*(n, 3,4) is isomorphic to one of the three trees
T(k—1,2k+3,k—1), T(k—1,2k+2,k), and T'(k, 2k + 1, k). For brevity, we denote
them by T, Ts, and T5, respectively. Next we prove p(T1) = p(Ts) = p(T5).

By Lemma 2.6, we have p(T1) = p(T'(k —1,k)) = p(T5). By Lemma 3.4, we have

o1, = (z2 — 21)25" 2

Qk 1)~ p(k 1)%’“r )7
o1, = (22 — 21)25" (qu—1ya) — P—1yP(kyz1"2)
o, = (22 — xl)fﬂ%k (q(Qk) _p%k)x‘fk> :

Let p = p(Th) = p(T3) and p’ = p(Tz). Then p is the root of both equations q(Qk_l) -
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p%k,l)wilk+4 =0 and q(Qk) — p%k)x‘llk = 0. Thus, at p,

Ak—1)4(k) = p(k—1)p(k)f1lk+2-

It follows that ¢, (p) = 0 and p’ > p.

If p > p, then ¢r,(p') > 0 and ¢r,(p") > 0. It follows that at p', q—_1) —
p(k,l)m?kw > 0 and q) — p(k)x%k > 0. Thus,

o1, (p') = (22 — 21)23" ! (qe—1yar) — Pe—1yP) 1" 2) > 0,

which is contrary to p’ = p(T%). This gives that p = p'.
Case 2. n =4k + 12.

By Theorem 1.3, we know that 7" (n, 3,4) is isomorphic to either T'(k—1, 2k+3, k)
or T(k,2k + 2,k). For brevity, we denote them by Ty and Ts, respectively. By
Lemma 3.5, we have

o1y — d1y = (21 — 22) (Poq(eyz5 ™ — qopay 2y ™)
=\? [:clfﬂ (dlx’f” + :cé““) — :cé““ (dg:c’;JrQ — :c’f“)}

= A2 (dy 2713 — dp3F T 4 2).

Next we prove T*(n, 3,4) = T5. Assume to the contrary that T*(n,3,4) = Ty. Then
by Lemma 3.12, dy = c:c?k+2 at A = p(Ty) and by Lemma 3.6, ¢ — A9, d1 — 2z as
n — oo. Note that 1 < 1 < 3. When n is large enough, we have ¢p, (p(T4)) > 0.
By Lemma 2.9, we get p(Ty) > p(T5), contrary to the minimality assumption of T}.
So T*(n,3,4) =2 T(k,2k + 2, k).

At last, we consider [ = 5. The case when n — 6k = 12,13, 14, 15 can directly be
achieved by Theorem 1.3. Then only two cases are left.

Case I. n = 6k + 16.

By Theorem 1.3, we know that 7%*(n, 3,5) is isomorphic to one of the four trees
T(k—1,2k+3,2k+3,k—1), T(k—1,2k+2,2k+3,k), T(k—1,2k+3,2k+2,k), and
T(k,2k+2,2k+ 2, k). We also denote the four trees by G;, i = 1,2, 3,4, respectively.
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By Lemma 3.5, we have

k k
b, — b, = (1 — 2) (Ph—1,2k+3)20TL > — Pod(r—1,2%43)75 ")

A2 . .
_ [ (B 1 dy D 4 dpad S — g5+2)
T1 — T2
k+1 (72 3k+4 k+3 3k+3 _  k+2
—xy T (dyay T = daa T — dy )™ — 2y
N 4k+5 2k+4 2k+2 2, 4k+5
p— (B2 + dia ™ + dox3™ P — 2y — d3ay™t

+d2x§k+4 + dlx%k” + xl) ,
bc, — by = (21— 22) (P—1)400) — Ah—1)P(k))
11)\212 [(chﬂclfJrl + xé) (d2$§+2 — x’f*l)
— (day ™ = af) (o} ™ + 2571
= A2(dydy + 1) (21 — x2),
GGy — bca = (X1 — T2) (PoG(r.2kt2)Th > — QoD 2b+2)Th )

A2 .
k1 (g2, 3k+4 k41 3k+3 _ .k
pr— (a5t (323t — dpal ™ — dya?™ P — af)

k1 (g2 3k+4 k+1 3k+3 _ k
—ay T (e T 4 dia T+ doay™ T — )|
)\2
2, 4k+5 2k+2 2k+2 g2 4k+5
p— (d325"° — 2dpa3™? — 2dy 27" 4? — A2 i**° + 21 — 22) .

Then ¢, (p(G3)) < 0, and by Lemma 2.1, we get p(Gz2) > p(Gs).

Next we prove that 7*(n, 3,5) can neither be isomorphic to G nor to G3. Assume
to the contrary that T*(n,3,5) = G1. Then by Lemma 3.12, dy = cac%k+2 at A =
p(G1), and by Lemma 3.6, ¢ — Ao, d1 — 2x7 as n — oo. Also note that 1 < 1 <
x9. For n large enough, ¢¢,(p(G1)) > 0. Thus, by Lemma 2.9, we get p(Gy) >
p(Gs), contrary to the minimality of G;. Assume that T%(n,3,5) =& Gs3. Then by
Lemma 3.12, we also get do = cacfl“r2 at A = p(G3), and by Lemma 3.6, ¢ — Ao, d1 —
2r1 as n — 0o. Again note that 1 < 1 < zo. For n large enough, ¢, (p(Gs)) > 0.
Thus, by Lemma 2.9, we get p(Gs) > p(G4), contrary to the minimality of Gs.

Therefore we must have that T*(n, 3,5) =2 G4 = T'(k, 2k + 2,2k + 2, k).
Case II. n = 6k + 17.

By Theorem 1.3, we know that 7*(n,3,5) is isomorphic to either T'(k — 1,2k +
3,2k+3,k) or T'(k,2k+2,2k+3, k). We also denote them by G5 and G, respectively.
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A

i J
F1G. 4.1. The graph R(A;1, 7).

Similarly as above, we have

_ k+3 k+3
bas — PG = (301 - 302) (pOQ(k,2k+3)302 — qoP(k,2k+3)L1 )
A2 .
k+1 (g2, 3k+5 k42 3k-+4 k41
= [ac2+ (d2x2 O dows ™ — dyaiF Tt — 2t )
Ty — T2
k+1 (32, 3k+5 k+2 3k+4 k+1
—zi P (dfa* 0 + dya T 4 dpad Tt — 2]
)\2

_ 2, 4k+6 2k+3 2k+3 _ g2, 4k+6
l— (323" = 2dpadt? — 2d1 27" 7 — da ") .

Next we prove T*(n, 3,5) = Gg. Assume to the contrary that 7*(n,3,5) = G5. Then
by Lemma 3.12, dy = cac%k+2 at A = p(Gs), and by Lemma 3.6, ¢ = A, di — 227 as
n — oo. Again note that x; < 1 < x9. For n large enough, ¢, (p(G5)) > 0. Thus,
by Lemma 2.9, we get p(G5) > p(Gg), contrary to the minimality of G5. Hence, we
have that T*(n,3,5) = T'(k,2k + 2,2k + 3,k). O

4. Minimal trees T*(n, A, 3). In this section, we characterize the minimal trees
with at most three vertices of maximum degree. Let Ty(A, k) denote a broom of order
A + k with maximum degree A, i.e., a path with a star attached to an end vertex.
Then Ty(4, k) is a dagger for instance. Let T1(A, k) denote a tree consisting of a path
of length 2k with a star of order A — 1 the center of which is attached to the center
of the path. Let R(A;i,j) denote the tree obtained by linking two distinct brooms
To(A,4) and To(A,j) to the center of a star as depicted in Fig. 4.1. It is clear by
the definitions that Ty(A, k) is a subgraph of T1 (A, k) which in turn is a subgraph of
R(A; k, k).

LEMMA 4.1. For each integer A > 2, the following holds:

. A-1 ——

Proof. This follows easily by solving the algebraic equation Ax = px for the
spectral radius p and its eigenvector x > 0, noting that = has equal entries for ver-
tices equivalent under a symmetry of the graph. For details, applying Lemma 2.4 to
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To(A, k) with
0 e 0 e O
A_q = ( T O) and Ag=|eT 0 1],
c 0 1 0

where e = (1,1,...,1)7, together with ¢(Ag) = A271(A2 — A) and ¢(A_1) =
AA72(\2 — A +1), we get klim p(To(A, k)) is the largest root of
— 00

FO) = 5 (A + VA= 1) 6(40) ~ (A1),

Let A =2seca, o € (0,7/2). Then

1
FO) = X872 A2 = 4) (A+ VA —1) =200 = A +1)]
= (2seca)? 2 [2sec a4 sec’ v — A)(seca + tan ) — dsec® a+ A — 1]
= 2872502 [2(4 — Acos® @) (1 + sina) — 4cos® a + (A — 1) cos” o
= 28725622 [(4 — Acos® @) (2 + 2sina — cos® a) — cos” a
=28 2gec? 20 [(4 = Acos® )(1 +sina)® — (1 —sin” )]
= 2872 gecA 12 a(l +sin a)2 [4 — Acos® o — (1 —sin O‘)Q}
= 287 250c22 (1 + sin )2 [(A —1)sin® a4 2sina + 3 — A]
— 28724506842 (1 1 sina)?[(A — 1)sina + 3 — Al.

So the largest root of f satisfies sinow = £=2, and leH;O p(To(A k) =2seca = AA—_12.
Similarly, applying Lemma 2.4 to T1(A, k) with
0 e 0 e O
A= (eT O) and Ay=|[el 0 2
0 1 0
together with ¢(A4f) = A272(\2 — A) and ¢(A" ) = \273(\2 — A +2), we get
klim p(T1(A, k)) is the largest root of
—00
1
g =5 (A+ VA= 1) 6(4f) - 6(AL).
Let A =2secp, 8 € (0,7/2). Then
1 .
g = 527 [A(AQ —A) ()\ Vo 4) 22— A+ 2)}
= (2secB)A3 [2sec B(4 sec? B — A)(sec 8+ tan B) — 4sec? B+ A — 2]
= 2873 gecAt! B(1 + sin B)? [(A —2)sin® B +4sinf+2 — A] .
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So the largest root of g satisfies

i+ (A=2)2-2

sin g = N ,

and therefore,

lim p(Tl(A,k)):Qsecﬁ:\/QJr 4+ (A—-2)2. O
k— 00

LEMMA 4.2. For A>3 and j—i>2, Ai,j,k €N, p(Y(Asi,§,k)) > p(Y (Ayi+
L,j—1k)).

Proof. Recall that P; is a path of order ¢. By Lemma 2.2, we have

brya = A2 (A, — (A= 1)¢p,),
D1y (a0 0To(A.g) = N7 [Nop,, bp,,, — (A= DA (bp,,0p, + ép,0p,,,)
+(A = 1)*¢p,¢p,]
Oro(2,i41) 0Ty (A, j—1) = N7 [N2op,0p, — (A — D)X (¢p.abp,_, + Opy, dp,)
+(A = 1)*¢p,,,0p,_, ] -

By induction, it is easy to verify that ¢p,¢p, — ¢p,_,¢p;,, = ¢p,_, for j —i > 0.
Thus,

OTo(8,i41) DT (8,5-1) ~ PTo(8,0) PTo(5)
— \2(Aa-2) [)\QC//)Pj,i,z —(A-1)A (¢pj7i73 + ¢ijq,71) + (A - 1)2¢Pj—i—2]
_ )\2(A_2) [(2 o A))\Q + (A — 1)2] ¢Pj7i72'

By Lemma 2.2, we also get

OV (Asijk) = PTo(AR)PT* (2A+i4j+1,A,2) — PTo (A PTo(A,5)PTo (A k—1)>

OY (Ajit1,5—1,k) = PTo(AK)PT* (2A+i+i+1,A,2) — OTo(A,i+ 1) PTo(A,j—1) PTo (A, k—1)-

Taking the difference, we obtain

By (Asiik) — Y (Asit1i—1,8) = OTy(ak—1) (STo(a,i01)PTo(A,5-1) — DT (8,0 OTo(A.9))
= N2 (2 - AN + (A = 1] ¢p,_,_, b1y (2 ,5-1)-

Note that To(A, k) is a proper subgraph of the subdivision of Y (A;4, 7, k). By Lem-
mas 2.3 and 4.1, we have p(Y (A;4,4,k)) > \/AA—_—EQ. Since Pj_;—9 and To(A, k — 1) are
both proper subgraphs of Y(A;i 4 1,5 — 1,k), we have ¢p,_, ,(p(Y(A;i + 1,5 —
1,k))) > 0 and ép,ak—1)(p(Y(A;i + 1,5 — 1,k))) > 0 by Lemma 2.1. Thus,

by (asi gk (P(Y(Asi 41,5 —1,k)) <0, and the result follows from Lemma 2.1 (2). O
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Proof of Theorem 1.5. (1) Tt follows easily from Lemmas 2.1 and 2.3 that
T*(n,A,2) consists of two stars linked by a path. By Lemmas 2.5 and 4.1, we have

Jim p(T (. 8,2)) = Jlim To(8m) = ity

(2) The three vertices of maximum degree are either on a path or connected by
three distinct paths to a common vertex. Hence, by Lemmas 2.1 and 2.3, T*(n, A, 3)
must be of type either R(A;i,j) or Y(A;i,5,k). Let S(i,j,k) denote the starlike
tree consisting of three distinct paths of length i, j, k respectively with a common
end. Then S(i, j, k) is a subgraph of Y (A;4,j, k). As a special case of [13, Remark],
Jim p(S(k,k,k)) = 3/v/2. By Lemma 2.1, if h < i,4,k < I then p(S(h,h,h)) <

—00
p(S(i,7,k)) < p(S(l,1,1)), so the limit of p(S(i, j, k)) exists and
lim p(S(i,j.k)) = lim p(S(k,k.k)) = 3/V2.
—00

i,j,k—00

By Lemmas 2.5 and 4.1, we obtain that for A > 4,

N}

i,7,k—00 A —

< \/2 + 4+ (A —2)2 =max lim p(T;(A,k))

1=0,1 k— o0
lim p(R(A:i, j)).

i, —+00

A—-1
lim  p(Y(A;4,7,k)) = max { lim Tp(A, i), lim S(i,7, k)} =
4,j,k—00 i—00 ]

This implies that if i, j, k are all large enough, then p(Y(A;4,4,k)) < p(R(A;4, j")).
Thus, T*(n, A, 3) is of type Y (A;4,j,k). Then the result follows from Lemma 4.2. O

5. Final remarks. Since every connected graph has a spanning tree as a sub-
graph, by Lemma 2.1, for n > IA, T*(n,A,!l) also minimizes the spectral radius of
all connected graphs of order n with exactly [ vertices of maximum degree A. So it is
also interesting to know which graph maximizes the spectral radius of all connected
graphs instead of all trees considered in this paper.

By the result of Wu et al. [17] or Corollary 1.4, T*(n, 3,3) 2 T(|n/2| —4, [n/2]—
4). Meanwhile, T*(n,A,3) = Y(A;4,j,k) for A > 4 by Theorem 1.5. This shows
that the minimal trees have a phase transition at the maximum degree changing from
three to four for exactly three vertices of maximum degree. Actually the phase tran-
sition also occurs for any number of vertices of maximum degree greater than three.
Analogous to the proof of Theorem 1.5 for instance, we can show that 7*(n, 4,4) must
be a subdivision of the tree consisting of 7'(0) and four 3-claws each attached to a
leaf of T'(0). Also analogous to Lemma 4.2, one can show that 7*(n,4,4) has some
symmetry. However, we are unable to figure out which subdivision it is. It can be
shown that there are exactly | — 2 vertices of degree three in T*(n, 4, 1), and it can also
be imagined that T*(n,A,l) must all be symmetric in some sense. To characterize
them for A, [ > 4, however, remains open and definitely needs some new idea.
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