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NOTES ON TWO RECENT RESULTS OF AUDENAERT"*

YAZHOU HAN' AND JINGJING SHAOf

Abstract. In this article, some inequalities for 7-measurable operators which are related to two
recent results of Audenaert are proved.
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1. Introduction. Let M,, be the space of n x n complex matrices. A norm |||- ||
on M, is called unitarily invariant if |||[UAV ||| = |||A]|| for all A € M, and all unitary
matrices U,V € M,,.

Let Ml be the positive part of M,,. In [I], Audenaert proved that if A;, B; € M}
(i=1,2,...,n), such that A;B; = B;A;, then
2

(1.1) zn:AiBi < zn:Afo < zn:Ai zn:Bi H‘
=1 =1 =1 =1

A special case of inequality (IT]) confirms a conjecture of Hayajneh and Kittaneh in
[9] and answers a question of Bourin.

In another paper [2], Audenaert proved that for X, Y € M, and 0 < ¢ < 1,
(1.2) IXY*|? < [[lgX"X + (1 = QY "V 1|1 - 9) X" X + qY"Y]].

As is explained in [2], inequality (I.2]) interpolates between the Arithmetic-Geometric
mean and Cauchy-Schwarz matrix norm inequalities. Very recently Lin [12] gave
another proof of inequality (1) and (T2).

Using the notion of the generalized singular numbers studied by Fack and Kosaki
[7], we show that the inequality (LI]) and (2] hold for the norm on noncommutative
L, spaces. Our idea of proof follows the one given in [12].
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2. Preliminaries. Unless stated otherwise, M will always denote a semifinite
von Neumann algebra acting on the Hilbert space H, with a normal faithful finite
normalized trace 7. We refer to [I4] for noncommutative integration. We denote the
identity of M by 1. A closed densely defined linear operator x in H with domain
D(xz) C H is said to be affiliated with M if u*zu = = for all unitary operators
u which belong to the commutant M’ of M. If x is affiliated with M, we define
its distribution function by As(x) = 7(ef(]z|)) and x will be called 7-measurable if
and only if A\y(z) < oo for some s > 0, where ey (|z]) = €(s,00)(|2]) is the spectral
projection of |z| associated with the interval (s,00). The set of all 7-measurable
operators will be denoted by Lo(M). The set Lo(M) is a -algebra with sum and
product being the respective closures of the algebraic sum and product. The measure
topology in Lg(M) is the vector space topology defined via the neighbourhood base
{N(g,0) :€,6 > 0}, where N(g,0) = {x € Lo(M) : T(e(c,00)(|7])) <0} and e(c o0)(|2])
is the spectral projection of |z| associated with the interval (g,00). With respect to
the measure topology, Lo(M) is a complete topological -algebra.

DEFINITION 2.1. Let x € Lo(M) and ¢ > 0. The t-th singular number (or
generalized singular number) of x, (), is defined by

pe(z) = inf {||ze| : e is a projection in M with 7(e*) < t}.

If 2,y € Lo(M), then we say that = is submajorized by y and write 2 < y if and
only if

/ pe()dt < / we(y)dt  for all a > 0.
0 0

We will denote simply by A(z) and p(z) the functions ¢ — A(z) and ¢ — p(x),
respectively. For 0 < p < oo, LP(M) is defined as the set of all densely-defined closed
operators z affiliated with M such that

lall, = (i) = ( / N m(m)f’dtf < 0.

As usual, we put L*°(M; 1) = M and denote by || - ||oc (= || - ||) the usual operator
norm. It is well known that LP(M) is a Banach space under || - ||, (1 < p < oc0). For
every € Lo(M), there is a unique polar decomposition z = u|z| where |z| € Lo(M)™
(the positive part of Lo(M)) and w is a partial isometry operator. Let r(z) = u*u
and I(z) = wu*. We call r(z) and I(z) the right and left supports of x, respectively.
Note that I(z) (resp., r(x)) is the least projection e of B(H) such that ex = x (resp.,
xe = x). If x is self-adjoint, then r(z) = I(z). This common projection is then said
to be the support of x and denoted by s(x). Let M = {z € M : z > 0}(i.e., the
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positive part of M). We write S(M)* = {z € MT : 7(s(x)) < oo}. Let S(M) be
the linear span of S(M)T. It is well known that (S(M), || - ||,) is dense on LP(M).
For further results about noncommutative L, spaces, the reader is referred to [7, [14].

Given z,y € Lo(M) and 0 < p < oo, from Theorem 4.2 of [7], we have

t t
[ wtavras < [ nwruords. oo
0 0

Let 0 < p,q,r < oo with % ==+ % If € LY(M) and y € L"(M), then the usual

Hoélder inequality implies that

1
q

1 1

([ us(xy)”dS); < ([T wtimaras) < ([ metoras)” ([~ watwrras)

That is

(2.1) lzylly < [lllqllyll:-

3. Main result. We start this section by two simple lemmas.
LEMMA 3.1. Let z1,22,...,2, € Lo(M)T and 1 < p < cc.

(1) If f is any nonnegative convex function on [0,00) with f(0) =0, then

>3

(2) If f is any nonnegative concave function on [0,00), then

b

n

> fla)

i=1

(3.1) <

p p

n

> fla)

i=1

<

p p

Proof. (1) If f(307, %) ¢ LP(M), then ||f(32;_, i)|l, = co. Thus, the in-
equality B.)) is clear. If f (-7, x;) € LP(M), it follows from Theorem 5.3 (i) of [6]

that
/0 s (Zf(%-)) ds S/O s (f <sz>> ds, t>0.

Then Theorem 2.1 of [4] tells us that

/Otus (if(:cn)pds < /Otus <f (Zz))pds 1> 0.
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Hence, || 3202, f(zi)llp < 1232y ) llp-

(2) The proof can be done similarly to (1) by using Theorem 5.3(ii) of [6]. The
details are omitted. O

The matrix version of Lemma Bl appears in [I1].

Let x,y,z € Lo(M). The block matrix ( roF ) is positive partial transpose

*

(i.e.,PPT)if(m* Z)ZOand(x i )20.
oy z

LEMMA 3.2. Let z,y € S(IM)T and z € S(M). If ( x* : ) is PPT and
oy
1 <p <oo, then [[2z[, < |lzyllp-

Proof. From the fact ( I* N ) is PPT, we deduce z = z%kly% and z* =
2y

x%kzgy%, where k1, ko are contraction operators. By Lemma 2 in [3] and Lemma 2.5
in [7], we have

This completes the proof. O
The matrix version of Lemma appears in [13].

Now, using Lemma 3.1l and Lemma [3:2] we get our first main result of this note.
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THEOREM 3.3. Let 1 < p,q,r < oo with % = %—i— % Fori=1,2,...,n, let

x; € LIM)T, y; € L"(M)T such that x;y; = yiz;. Then

n n 1 1 2 n n
ZIz‘yi < <Z $fyf> < <Z $z> <Z yz>
i=1 » i=1 . i=1 i=1

P
Proof. By inequality (Z1]), we obtain
> miyi € LP(M), (Zx) (Z;;) € LP(M).
i=1 i=1 i=1

11 11 11
Since z;y; = y;x5, we have 22y’ = y/x7. Thus, z;5; > 0 and z7y? > 0. From

Lemma [3.J] we deduce
LA
< | 2wl
i=1
P

n
S o
i=1
Let 0 < s < oo. It is well known that S(M) is dense in L*(M). Hence, there

exist

n 1 01\2
> (wfw)
i=1

p p

{zirtizes ikt {zipkiz: © SM)
such that

zi — zinllqg = 0, [lyi —vikllr =0, lzi = zikll2p = 0, & — oc.
Note that

3,3 3 3 * 3 3
ik L kYi €T, ; €T ;
< bk i,kJik ) — < ik Yik ) < ik Yik ) > 0.
2 2
YirLik Yik 0 0 0 0

L1
. Tik Yl .
It is easy to see that i1 LRI is PPT. Hence,
2 2
YirTik Yik

1 1
n ) n 3 3
( Doic1 Tik ) Zi:lxi,kyi,k )

1
n 3 3 n )
21 YikTik Dic1 Yisk

is PPT. It follows from Lemma that
i=1 i=1

n 2
(3.3) <Z :Efkyfk> <
i=1
P

P
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On the other hand, inequality (2]) implies that

11 101 1701 1 1 1 1
2 2 2 2 2 2 2 2 2 2
‘ iV — % Yik ‘ < ‘ 2 (yz - yzk) ‘ + H (xz - xi,k) Yi
2p 2p 2p
1 1 1 1 1 1
<‘$.2 ‘y?—y? —|—‘x?—x? ’ ‘y?
— [ 2 i i,k o [ i,k 2 i lgp
1 1 1 1 1 1
— 2 2 2 2 2 2
= |lzillg ||yi — v ’ + ‘ TP — @iy ’ llyal| 7
i 2r l2q

Put g(t) = t%, then ¢ is nonnegative and operator monotone. According to Theorem
1.1 in [5], we obtain

t . . t
/ s (acf - xfk) ds < / Ihs (|JcZ — xi,k|%) ds, t>0.
0 0

From the fact 2¢ > 1 and Theorem 2.1 of [4] and Lemma 2.5(iv) of [7], we get

t 1 1\2g ¢
/ Ihs (xf - xfk> ds < / ws(xi —xi)%ds, t>0.
0 0

This implies that

1 1 1
‘xf ~ Tk ’2 <o — ziklld =0, k— oo
q
Similarly,
1 1 1
2 2 2
vt = vt <l = vt =0, koo
T
11 11
2 2 2 2
Thus, &7y — o7y’ ’2;; — 0 as k — oo, and so

— 0, k— oo.

n n
1 1 1 1
2,2 _ 2 2
i=1 i=1

2p

11
Therefore, szd T2 Y2 , k — oo. Hence,

1 1
no 5.3
- sz':1 T;Y;

’2;0 ’2;0

n 2 n 2
+ L 11

(3.4) (Z xfkyfk> - (Z x} yf) , k— 0.

=1 i=1

p p
By an argument similar to the one presented above, we obtain
lziy; — xikyjklp — 0, k— oo.

It follows that

(32 (5] () (5

— 0, k— oo,

p
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which tells us that

(3.5) (Z xzk) <Z yzk) — || <Z :Ez) <Z yz) , k— oo.
i=1 i=1 » i=1 i=1 »
Combing F3) and @4) with B3], we have
n 2 n n
i=1 , i=1 i=1 »

Theorem includes a special case as follows.

COROLLARY 3.4. Let 1 < p,q,r < oo with % =
let v € L'Y(M)*T, y € L5"(M)T. Then

%Jr% and s,t > 0. Fort,s > 0,

12 4yl < Ml + ) (@ + y7)lp-

Proof. If we replace n,1,y1,22,y2 by 2,2, 2%, yt, y*, respectively, in Theorem
B3] we deduce that

[z + 5" < " + ") (=" +y7)llp- O

LEMMA 3.5. Let z,y € S(M)*T and 0 < ¢ < 1. If 1 < p < oo, then

%, < llgz + (1 = @)y|lp-

Proof. The result follows immediately from Theorem 3.3 of [§]. O
Now, using Lemma [3.5] we get our another main result of this note.

THEOREM 3.6. Let 1 <p < oo and 0 < q < 1. For all z,y € L**(M), we have

ley*[I2 < llgz*z + (1 = @y yllpll (1 — @)z*z + qy*yll -

Proof. Since S(M) is dense in L*(M)(0 < s < 00), then there exist
{za}iZe, {va}iz, € SIM)
such that

lzi —2ll2p = 0, [lyi —yllap = 0, k — oo.
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By inequality (2.1), Lemma 2 in [3] and Lemma 2.5 in [7], we have

o0 » E o0 » %
(/ #t(yifﬂﬁfﬂz‘yf)idt) = (/ #t(ﬂffﬂfiyf%)idt)
0 0
[e%e] 2
N </0 Mt((yi‘yi)q(w?xi)lq(%?fﬂi)"(yfyi)l")gdt)

Fy) (@) T (@) (i)

(viv:)' (a]
(iv)" (i)', Il ) iy,

sy 15

for all 0 < g < 1. It follows from Lemma that
1yi ya) (7 a) = p < lla(yiyi) + (1 — q)(@fzi)llp
and
(25 2a)? (i ya) '~ lp < lla(aizs) + (1= @) (w5 yi)lp-
Hence,
iy 17 < la(yiye) + (1= a)(@iza)llplla(erz:) + (1= a)(y7yi)llp-
A similar argument to the proof of Theorem shows that

eyl < laly™y) + (1 = @)@ @) [plalz") + (1 = @)y y)ll,- O
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