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CYCLIC REFINEMENTS OF THE DIFFERENT VERSIONS
OF OPERATOR JENSEN INEQUALITY*

LASZLO HORVATH!, KHURAM ALI KHAN, AND JOSIP PECARICS

Abstract. Refinements of the operator Jensen inequality for convex and operator convex func-
tions are given by using cyclic refinements of the discrete Jensen inequality. Similar refinements are
fairly rare in the literature. Some applications of the results to norm inequalities, to the Hoélder-
McCarthy inequality and to generalized weighted power means for operators are presented.
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1. Introduction. In this paper, (H, (-,-)) denotes a complex Hilbert space. The
C*-algebra of all bounded linear operators on H will be denoted by B (H). We always
understand the norm of an operator A € B (H) as

[A]l:= sup [[Az].
llzf|<1

The identity operator on H is denoted by Iy. The spectrum of an operator A € B(H)
is denoted by sp(A). An operator A € B (H) is called positive, if (Az,z) > 0 for every
x € H, or equivalently, A is self-adjoint and sp(A)C [0,00[. An operator A € B(H)
is called strictly positive, if it is positive and invertible. For an interval J C R, S(J)
means the class of all self-adjoint operators from B (H ), whose spectra are contained
in J.

Let J C R be an interval, and f : J — R be a function. The function f is called
convex (on J) if

fQz+ (1 =Ny <Af(z)+(1-A) f(y)

for all z, y € J and for all 0 < A < 1. If f is continuous on J, and A € S(J), then
f (A) is defined by the continuous functional calculus for self-adjoint operators (see
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Rudin [14]). The function f is said to be operator monotone (increasing on J) if f is
continuous on J and A, B € S(J), A < B (i.e. B— A is a positive operator) implies
f(A) < f(B). The function f is called operator convex (on J) if f is continuous on
J and

fOA+ (=X B) <Af(A)+(1-A) f(B)
for all A, B € S(J) and for all X € [0, 1].

We say that the numbers p1,...,p, represent a (positive) discrete probability
n

distribution if (p; >0) p; >0 (1 <i<mn)and > p;, =1.
i=1

The following well known results are operator versions of Jensen inequality:
THEOREM 1.1. (Operator Jensens inequality for convex functions, [3, [I1]) Let
n
J CR be an interval. Let A; € S(J) and z; € H (i = 1,...,n) with 3 |Ja;||> = 1. If
i=1

f:J — R is continuous and convez, then

(1.1) f <Z <AiIi, Iz>> S

i=1

(f(Ai)s, i) -

n
i—1

3

THEOREM 1.2. (Operator Jensens inequality for operator convex functions, [12]
Let J C R be an interval, and K be a complex Hilbert space. Let A; € S(J) (i =
1,...,n), ®; : B(H) —» B(K) (i = 1,...,n) be unital positive linear maps, and
let p1,...,py represent a discrete probability distribution. If f : J — R is operator
convex, then

(1.2) f <sz@i (Az)> < sz@i (f (Ai))-

A linear map @ : B(H) — B(K) is positive if ® (A) is positive for all positive
A € B(H), and unital if ® (Iy) = ®(Ig). P is called strictly positive if ® (A) is
strictly positive for all strictly positive A € B(H).

It is given new cyclic refinements of the discrete Jensen inequality in the papers
Brnetié, Khan and Pecari¢ [2] and Horvath, Khan and Pecari¢ [5]. Moreover, we refer
[1] for numerical inequalities. In this paper, we obtain refinements of (1) and (L2])
in the spirit of [5]. Refinements of operator versions of Jensen inequality has been
less extensively studied than refinements of the discrete or the integral form of Jensen
inequality. For some results, we refer to the papers Khosravi, Aujla, Dragomir and
Moslehian [9], Niezgoda [I3], Khan and Hanif [7], Kian and Moslehian [§], and the
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book Horvath, Khan and Pecarié [4]. Some applications are also given: Refinements
of norm inequalities and the Holder-McCarthy inequality; introduction of some mixed
symmetric means for operators and investigation of their monotonicity properties.

2. Refinements of the operator Jensen inequality for convex functions.
In the sequel, we shall use the following convention: Let 2 < k < n be integers,
1€{l,....,n}and j €{0,...,k—1};if i+ j > n, then i + j means i + j — n.

Our first result a new refinement of the operator Jensen inequality for convex
functions:

THEOREM 2.1. Let 2 < k < n be integers, let x := (x1,...,2,) € H™ such that
n

2 #£0(=1,...,n) and 3. ||z;]|> = 1, and let X\ := (A1, ..., \r) represent a positive
i=1

discrete probability distribution. Let J C R be an interval, A; € S(J) i=1,...,n)
and A = (A1,...,Ay). If f: J — R is continuous and convez, then

f (i <Aixi7 $l>> S Dc = Dc (f, 1&7 X, )\)

i=1
n k—1 1 k—1
2
= ZAjJFl Hx“r]” f k—l— ZAjJFl <Ai+jxi+j7xi+j>
A > Aji oy l|* =0

j=0

<

(f (Ai) zi, i) .

-

i=1

Proof. Since

2
k—

. VA1 Titj .
Z o1 1/2 -
j=0 — 2

<ZO>\J'+1 l|lzi+s]] )
=

the operator Jensen inequality for convex functions yields

)

1
De= | > A lzissl?

n k—
i=1 i

0
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k—1

VAj+1Titj VAj+1Titj

f <A’i+j 1/2° 1/2>
j k—1 9 k—1 9
> Mg [zl > Mg il
=0 j=0

Il
=]

E
[

NIE

" k
N1 (f (Aigj) Tis, Tij) = (Z (f (Az)l'zal'z>> ZAJ'

0 i=1

<.
I

1J

(f (Ai) w4, 25) .

@
Il
N

|

Conversely, it is easy to check that
n k—1
2
DD Mg lligl? ] =1,

i=1 \ j=0

and therefore, the convexity of f implies

n k-1 n
D> f DY N (Aigjmiggminy) | = f < <Az'fﬂz'axi>> >N

i=1 j=0 i=1 j=1
n
= f <Z <Ai$i;$i>> . O
i=1
The following particular case is interesting.
COROLLARY 2.2. Let 2 < k < n be integers, let x € H with ||z = 1, and
let \1,...,Ar and p1,...,pn represent positive discrete probability distributions. Let

J C R be an interval, and A; € S(J) (i=1,...,n). If f:J — R is continuous and
convex, then:

(a)

n n k—1 k—1
1
f <<E piAi:E,IC>> < E E Aj1Ditsi | f “7<E )\j+1pi+in+jl'7x>
=1 =1 7

=0 > Ajr1piyy V=0
i=o

< <Zpif(Ai)x7x>'



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 125-133, March 2016
http:/repository.uwyo.edu/ela

Cyclic Refinements of the Different Versions of Operator Jensen Inequality 129

(b) In case of A:= A1 =--- = A,,

n k—1 k—1
1
((Az, z) E E ANjt1Pits | f | <§ :)‘j+1pi+ijvx>

Jj=0

=0 ZO Aj+1Pi+j
]:

(f (A)z,z).

IN

Proof. (a) Theorem 2] can be applied to the vectors z; := \/p;x (i =1,...,n).
(b) It is a special case of (a). O

Some norm inequalities can be obtained from Corollary 2.2 (a).

COROLLARY 2.3. Let 2 < k < n be integers, and let A1,..., \p and p1,...,pn
represent positive discrete probability distributions. Let J C [0, 00[ be an interval, and
A, e S(J) (i=1,...,n). If f:J — R is nonnegative, continuous, increasing and

convex, then

n n k—1 1 k—1
f< i ) < Z Z)\jﬂpiﬂ' L Bra— Z)\jJrlpiJrinJrj
=1 =1 \j=0 Z Aj+1Pi+j 1770

]—

> pif (Ai
=1

Proof. If A € B(H) is a positive operator, then ||A|| = sup (Az,z). By using
[lz]|=1
this, the continuity and the increase of f, and Corollary 2:2] (a), we have

f( ; " ) (Iilllpl <ZWM x>> " <<§2pr$>>

n k—1
1
sup E : E : )‘J-i-lp’t-‘rj =1 < E : )‘j+1pi+in+jx7 $>

2 -
=t > Aj+1Pig; V=0
=0

< sup <Zpif(f4i)xvx> = ‘ Zpif(A




Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 125-133, March 2016
http:/repository.uwyo.edu/ela

130 L. Horvédth, K.A. Khan, and J. Pecarié¢

REMARK 2.4. We consider now some special cases of Corollary2.3l Let2 < k <n
be integers, and let A1,..., A\ and p1,...,p, represent positive discrete probability
distributions. Let J C [0, 00[ be an interval, and 4; € S(J) (i =1,...,n).

(a) For a > 1,
R [ “
il = Z Z Aj+1DPitj Z Aj+1Pitj Ait; A
i=1 \ j=0 3=0

and for 0 < a < 1 the reverse inequalities hold. If the operators are strictly positive,
(27 is also true for a < 0.

(b) By choosing f = exp, we have

n n k—1 k—1
1
exp( Ai ) <Y DS N | e | || NitapiriAi
=1 i=1 \j=0 Z Aj1piss (1770

7=0

n
Zpi exp (A
i=1

From Corollary 22 (b) a refinement of the Holder-McCarthy inequality (see [6])
is derived.

COROLLARY 2.5. Let 2 < k < n be integers, let x € H be a unit vector, and
let \,..., x and p1,...,pn represent positive discrete probability distributions. Let
A € B(H) be a positive operator. Then the following hold:

(a) For every a > 1,

-«
n [k-1 k-1 @
(2.2) Ax x Z Z)\j+1pi+j <Z)\j+1pi+j14$,$> < <Aa$,$>
7=0

i=1 7=0

(b) For every 0 < o < 1,

-«
n f[k—1 k-1 «
Al‘ l‘ Z )\jJrlpiJrj <Z )\j+1pi+jA£L',,fL'> > <Ao‘gj’l‘> .

i=1 \j=0 7=0

(c) If A is strictly positive and oo < 0, then (23) also holds.
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3. Refinements of the operator Jensen inequality for operator convex
functions. In the next result, we obtain a new refinement for operator Jensen in-
equality for operator convex functions.

THEOREM 3.1. Let 2 < k < n be integers, and let A := (A1,...,A\g) and p =
(p1,-..,pn) Tepresent positive discrete probability distributions. Let J C R be an
interval, A; € S(J) (i = 1,...,n) and A = (A1,...,An). Let K be a complex
Hilbert space, ®; : B(H) — B(K) (i = 1,...,n) be unital positive linear maps, and
® = (Dy,...,P,). If f: J — R is operator convez, then

f (Zptq)l (Az)> S Doc = Doc (f7Aa(Papa)‘)
i=1

k=1
> Ajr1Pitj it (Aitj)

n k—1 “
=
=D DIp T N 1
=0

' D Ajr1Disj
=0

Proof. The operator Jensen inequality for operator convex functions shows that

n k—1

Doc <D > Xj1pir; ®irj (f (Aigy))
i=1 j=0

= (Zpi‘bi (f (Az'))>

k n

Nl =) pi®i (f(A)).

1 =

J

Since
n k—1
Aj+1Pitj | =1,
i=1 \ j=0
we can apply the operator Jensen inequality for operator convex functions again, and
have

n k—1 n
Doc > f [ DD Napir @iy (Aigy) | | = f (Zpi‘bi (Az)> -0
i=1 \ j=0 i=1
In the following variant of the previous result, the maps @4, ..., ®,, are defined

directly in terms of unitary operators.
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COROLLARY 3.2. Let 2 < k < n be integers, and let A :== (A1,..., ;) and
p := (p1,...,pn) represent positive discrete probability distributions. Let J C R be
an interval, A; € S(J) (i = 1,...,n) and A := (Ay,...,A,). Let C; € B(H)
(i=1,...,n) be unitary operators. If f : J — R is operator convez, then

k-1
n n k-1 ;) Aj1Piti Oy Ay Oy
f (ZZHQ—"&Q) < Z ZMHPH;’ = P
i=1 \ j=0

=1 > Aj+1Dity
Jj=0

<Y piCi f (4) Ci
i=1

Proof. For every i = 1,...,n, the map ®; : B(H) — B (H) defined by
o, (A) =CrAC;
is a unital positive linear map, and hence Theorem [3.1] can be applied. O

As an application, we present some monotonicity results for operator means.

Let A; € B(H) (i = 1,...,n) be strictly positive operators, A := (Aq,...,Ay),
and let p := (p1,...,pn) represent a positive discrete probability distribution. Let
K be a complex Hilbert space, ®; : B(H) — B(K) (i = 1,...,n) be unital strictly
positive linear maps, and ® := (®4,...,P,,). The generalized weighted power mean
of the operators A; (i =1,...,n) is defined by (see [10] )

M,[LO‘] (A, ®,p) = MJ%O‘] (Ay, .., An; @1, .0, PP, - ooy D0)
n 1/«
= (Zp@i (A;")) , acR\{0}.

i=1

THEOREM 3.3. Let 2 < k < n be integers, and let XA := (A1,...,A\g) and p =
(p1,...,pn) represent positive discrete probability distributions. Let A; € B(H) (i =
1,...,n) be strictly positive operators, A := (Ay,...,A,). Let K be a complex Hilbert
space, ©; : B(H) — B(K) (i = 1,...,n) be unital strictly positive linear maps, and
P .= (Dy,...,D,). Then

n 1/«
<Zpiq)i (A?)>

IN

M'r[La”ﬁ] o M,,[la’ﬁ] (A, (I)apv >‘)

. g/a\ /P

3

1
1 2 Njr1Piti®itj (AF;)
]:
Aj+1Pi+j =
0 > Aj+1Pitj
=0

k—
(3.1)

i=1 =
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1/8

n
< Zpiq)i(Af) ;

i=1
ifeithera<f<—-lorl<pg<—-aorl<fanda<f<2au.

The reverse inequalities hold in (31) if either 1 < 8 < a or —a < < —1 or
< —1and2a < <a.

Proof. The following properties of the function g : ]0,00[ — R, g(z) = 2" are
well known (see [3]): It is operator convex if either 1 <r <2or —1 <r <0, and —g
is operator convex if 0 < r < 1; g is operator monotone increasing if 0 < » < 1 and
operator monotone decreasing if —1 < r < 0.

By using these properties, Theorem 3] can be applied to the function f : |0, co[ —
R, f (x) = 25/ and the operators A® (i =1,...,n). O

REMARK 3.4. M%a,ﬁ] can be considered as the mixed symmetric mean corre-
sponding to D, in Theorem [B.11
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