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REVERSE JENSEN-MERCER TYPE OPERATOR INEQUALITIES∗

EHSAN ANJIDANI† AND MOHAMMAD REZA CHANGALVAIY†

Abstract. Let A be a selfadjoint operator on a Hilbert space H with spectrum in an interval

[a, b] and φ : B(H) → B(K) be a unital positive linear map, where K is also a Hilbert space. Let

m,M ∈ J with m < M such that either m+M ≤ a+ b and A ≤ m, or m+M ≥ a+ b and A ≥ M .

If f is convex on J , then the inequality

f(m1K +M1K − φ(A)) ≥ f(m)1K + f(M)1K − φ(f(A)),

is proved. A variant of this inequality is established for superquadratic functions. The results

obtained are used to prove some comparison inequalities between operators of power and quasi-

arithmetic mean’s type.

Key words. Jensen-Mercer operator inequality, Convex function, Superquadratic function,

Operator power mean, Operator quasi-arithmetic mean.
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1. Introduction. Throughout the paper, B(H) and B(K) denote C∗-algebras

of all bounded linear operators on Hilbert spacesH and K, respectively, and 1 denotes

the identity operator. For an interval J , we denote by C(J) the set of all real valued

continuous functions on J and by σ(J) the set of all selfadjoint operators on H with

spectra in J and by sp(A) the spectrum of an operator A on a Hilbert space. The

Jensen-Mercer inequality

f

(
a+ b−

n∑

i=1

wixi

)
≤ f(a) + f(b)−

n∑

i=1

wif(xi)(1.1)

for convex function f : [a, b] → R, real numbers x1, . . . , xn ∈ [a, b] and real numbers

wi ≥ 0 with
n∑
i=1

wi = 1, was proved in [7]. The following operator variant of (1.1),

which is called the Jensen-Mercer operator inequality, was proved in [6]:

f


m1K +M1K −

n∑

j=1

Φj(Aj)


 ≤ f(m)1K + f(M)1K −

n∑

j=1

Φj(f(Aj)),(1.2)
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where, f ∈ C([m,M ]) is convex on [m,M ], Φ1, . . . ,Φn are positive linear maps from

B(H) into B(K) with
n∑
j=1

Φj(1H) = 1K and A1, . . . , An ∈ B(H) are selfadjoint op-

erators with the spectra in [m,M ]. An other version of the Jensen-Mercer operator

inequality on finite-dimensional Hilbert spaces can be found in [5].

A variant of (1.2) for superquadratic functions, which is a refinement of the

Jensen-Mercer operator inequality for convex functions, reads as follows [3]:

f((m+M)1K −
k∑
j=1

φj(Aj)) +
1

M−m (
k∑
j=1

φj(Aj)−m1K)f(M1K −
k∑
j=1

φj(Aj))

+ 1
M−m (M1K −

k∑
j=1

φj(Aj))f(
k∑
j=1

φj(Aj)−m1K)

≤ (f(M) + f(m))1K −
k∑
j=1

φj(f(Aj))−
1

M−m

k∑
j=1

φj((Aj −m1H)f(M1H −Aj))

− 1
M−m

k∑
j=1

φj((M1H −Aj)f(Aj −m1H)),

where, 0 < m < M and f ∈ C([0,∞)) is superquadratic. A function f : [0,∞) → R is

said to be superquadratic if for every x ≥ 0 there exists a constant Cx ∈ R such that

f(y)− f(x)− f(|y − x|) ≥ Cx(y − x)

for all y ≥ 0. Some basic properties and examples of superquadratic functions can be

found in [1, 2].

In this paper, we assume that the spectra of selfadjoint operators A1, . . . , Ak do

not intersect the interval (m,M) and obtain reverse Jensen-Mercer type operator in-

equalities. In Section 2, we prove this type of inequalities for convex functions and

superquadratic functions. In Section 3, we use the reverse Jensen-Mercer type oper-

ator inequality for convex functions to derive some comparison inequalities between

operators similar to operator power and quasi-arithmetic means of Mercer’s type.

2. Main results. We start this section with our main result in which a reverse

Jensen-Mercer type operator inequality for convex functions is proved.

Theorem 2.1. Let A1, . . . , Ak ∈ B(H) be selfadjoint operators with spectra in

J = [a, b] and φ1, . . . , φk be positive linear maps from B(H) into B(K) such that
k∑
j=1

φj(1H) = 1K. Suppose that f ∈ C(J) is convex and m,M ∈ J with m < M . Then
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we have

f


m1K +M1K −

k∑

j=1

φj(Aj)


 ≥ (f(m) + f(M))1K −

k∑

j=1

φj(f(Aj)),(2.1)

if one of the following statements is satisfied:

(1) m+M = a+ b and Aj ∈ σ(J \ (m,M)) for every 1 ≤ j ≤ k and
k∑
j=1

φj(Aj) ∈

σ(J \ (m,M));

(2) m+M ≤ a+ b and for every 1 ≤ j ≤ k, Aj ≤ m;

(3) m+M ≥ a+ b and for every 1 ≤ j ≤ k, Aj ≥M .

Proof. If t ∈ J \ (m,M), then t ≤ m or t ≥ M . Suppose that t ≤ m. Hence,

M − t ≥M −m, so 0 < M−m
M−t ≤ 1. Now since f is convex on J , we have

f(m) = f

(
M −m

M − t
t+

m− t

M − t
M

)
≤
M −m

M − t
f(t) +

m− t

M − t
f(M).

Hence, we obtain

f(t) ≥
t−m

M −m
f(M) +

M − t

M −m
f(m).(2.2)

Similarly, it is proved that the inequality (2.2) holds true for every t ≥M .

Now suppose that the statement (1) is satisfied. Since m +M = a + b, if t ∈

J \ (m,M), then M +m− t ∈ J \ (m,M). Now it follows from (2.2) that

f(M +m− t) ≥
M − t

M −m
f(M) +

t−m

M −m
f(m) (t ∈ J \ (m,M)).(2.3)

Since
k∑
j=1

φj(Aj) ∈ σ(J \ (m,M)), then by using functional calculus, it follows from

(2.3) that

f


(M +m)1K −

k∑

j=1

φj(Aj)


 ≥

M1K −
k∑
j=1

φj(Aj)

M −m
f(M)

+

k∑
j=1

φj(Aj)−m1K

M −m
f(m).(2.4)

On the other hand, since for every 1 ≤ j ≤ k, Aj ∈ σ(J \ (m,M)), then by using

functional calculus, it follows from (2.2) that

f(Aj) ≥
Aj −m1H
M −m

f(M) +
M1H −Aj

M −m
f(m) (1 ≤ j ≤ k).(2.5)
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Since for every 1 ≤ j ≤ k, φj is a positive operator, it follows from (2.5) that

φj(f(Aj)) ≥
φj(Aj)−mφj(1H)

M −m
f(M) +

Mφj(1H)− φj(Aj)

M −m
f(m),

and hence, we have

k∑

j=1

φj(f(Aj)) ≥

∑k
j=1 φj(Aj)−m1K

M −m
f(M) +

M1K −
∑k
j=1 φj(Aj)

M −m
f(m).

It follows that

(f(M) + f(m))1K −

k∑

j=1

φj(f(Aj)) ≤
M1K −

∑k

j=1 φj(Aj)

M −m
f(M)

+

∑k

j=1 φj(Aj)−m1K

M −m
f(m).(2.6)

Now using inequalities (2.4) and (2.6), we obtain inequality (2.1).

If one of the statements (2) and (3) is satisfied, then the inequality (2.1) is proved

in the same way.

Remark 2.2. In fact, the proof of Theorem 2.1 shows that if one of the statements

(1),(2) and (3) is satisfied, then the following series of inequalities holds

f


(M +m)1K −

k∑

j=1

φj(Aj)


 ≥

M1K −
k∑
j=1

φj(Aj)

M −m
f(M)

+

k∑
j=1

φj(Aj)−m1K

M −m
f(m)(2.7)

≥ (f(M) + f(m))1K −

k∑

j=1

φj(f(Aj)).

Example 2.3. The function φ : M2(C) → M2(C) defined by φ(A) = DAD,

where D =

(
−1 2

0 1

)
, is a unital positive linear map. The function f(t) = t2 is

convex on R and for hermitian matrix A =

(
1 −1

−1 1

)
we have 0 ≤ A ≤ 2I. Now

for an interval [m,M ], a simple calculation yields
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f(mI +MI − φ(A)) − [f(m)I + f(M)I − φ(f(A))]

=

(
−6m− 6M + 2mM + 12 6m+ 6M − 12

−2m− 2M + 4 2mM + 2m+ 2M − 4

)
.(2.8)

Now for example, if [m,M ] = [2, 3], then the matrix (2.8) is equal to the positive

matrix

(
−6 18

−6 18

)
and if [m,M ] = [3, 5], then it is equal to the strictly positive

matrix

(
−6 36

−12 42

)
.

Now, a variant of inequality (2.1) is proved for superquadratic functions.

Theorem 2.4. Let f ∈ C([0,∞)) be a superquadratic function and m,M ∈ (0,∞)

with m < M . Suppose A1, . . . , Ak ∈ B(H) are positive operators with spectra in [0,m]

and φ1, . . . , φk are positive linear maps with
k∑
j=1

φj(1H) = 1K. Then we have

f


m1K +M1K −

k∑

j=1

φj(Aj)


− 2

f(M −m)

M −m


m1K −

k∑

j=1

φj(Aj)




− f


m1K −

k∑

j=1

φj(Aj)




≥ f(m)1K + f(M)1K −

k∑

j=1

φj(f(Aj)) +

k∑

j=1

φj(f(m1H −Aj)).

Proof. Since f is a superquadratic function, by definition we have

f(λa+ (1− λ)b) ≤ λf(a) + (1 − λ)f(b)− λf((1− λ)|b − a|)− (1− λ)f(λ|b − a|)

for all a, b ≥ 0 and all λ ∈ [0, 1].

Let 0 ≤ t ≤ m. Then 0 < M−m
M−t ≤ 1 and so

f(m) = f

(
M −m

M − t
t+

m− t

M − t
M

)

≤
M −m

M − t
f(t) +

m− t

M − t
f(M)−

M −m

M − t
f(m− t)−

m− t

M − t
f(M −m).

Hence, we have

f(t) ≥
M − t

M −m
f(m)−

m− t

M −m
f(M) + f(m− t) +

m− t

M −m
f(M −m),(2.9)
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for all 0 ≤ t ≤ m.

Also, for every t ≥M , since 0 < M−m
t−m ≤ 1, we have

f(M) = f

(
t−M

t−m
m+

M −m

t−m
t

)

≤
t−M

t−m
f(m) +

M −m

t−m
f(t)−

t−M

t−m
f(M −m)−

M −m

t−m
f(t−M),

and hence, it follows that

f(t) ≥
t−m

M −m
f(M)−

t−M

M −m
f(m) + f(t−M) +

t−M

M −m
f(M −m),(2.10)

for every t ≥ M . Now for every 0 ≤ t ≤ m, we have m+M − t ≥ M , and hence, it
follows from (2.10) that

f(m+M − t) ≥
M − t

M −m
f(M)−

m− t

M −m
f(m) + f(m− t) +

m− t

M −m
f(M −m).(2.11)

Now since 0 ≤
∑k

j=1 φj(Aj) ≤ m1K, by using functional calculus, it follows from

(2.11) that

f


(m+M)1K −

k∑

j=1

φj(Aj)


 ≥

M1K −
k∑
j=1

φj(Aj)

M −m
f(M)

−

m1K −
k∑
j=1

φj(Aj)

M −m
f(m)

+

m1K −
k∑
j=1

φj(Aj)

M −m
f(M −m)

+ f


m1K −

k∑

j=1

φj(Aj)


 .(2.12)

Also, since 0 ≤ Aj ≤ m1H for every 1 ≤ j ≤ k, by using functional calculus, it follows

from (2.9) that

f(Aj) ≥
M1H −Aj

M −m
f(m)−

m1H −Aj

M −m
f(M)

+ f(m1H −Aj) +
m1H −Aj

M −m
f(M −m).
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Applying positive operators φj and summing, we obtain

k∑

j=1

φj(f(Aj)) ≥
M1K −

∑k

j=1 φj(Aj)

M −m
f(m)−

m1K −
∑k

j=1 φj(Aj)

M −m
f(M)

+

k∑

j=1

φj(f(m1H −Aj)) +
m1K −

∑k

j=1 φj(Aj)

M −m
f(M −m).

Hence, we have

f(m)1K + f(M)1K −

k∑

j=1

φj(f(Aj)) ≤

∑k
j=1 φj(Aj)−m1K

M −m
f(m)

+
M1K −

∑k

j=1 φj(Aj)

M −m
f(M)

−

k∑

j=1

φj(f(m1H −Aj))(2.13)

−
m1K −

∑k

j=1 φj(Aj)

M −m
f(M −m).

Using inequalities (2.12) and (2.13), we obtain

f


m1K +M1K −

k∑

j=1

φj(Aj)


 −

f(M −m)

M −m


m1K −

k∑

j=1

φj(Aj)




−f


m1K −

k∑

j=1

φj(Aj)




≥
f(m)

M −m




k∑

j=1

φj(Aj)−m1K




+
f(M)

M −m


M1K −

k∑

j=1

φj(Aj)




≥ f(m)1K + f(M)1K −

k∑

j=1

φj(f(Aj))

+

k∑

j=1

φj(f(m1H −Aj))

+
f(M −m)

M −m


m1K −

k∑

j=1

φj(Aj)


 .
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3. Applications. In [6], the Jensen-Mercer operator inequality (1.2) is applied

to derive comparison inequalities between operator power and quasi-arithmetic means

of Mercer’s type. ForA = (A1, . . . , Ak), where Aj ∈ B(H) are positive operators with

the spectra in [m,M ] and Φ = (φ1, . . . , φk), where φj are positive linear maps with∑k

j=1 φj(1H) = 1K and a strictly monotonic function ϕ, the operator power mean of

Mercer’s type

M̃r(A,Φ) =





(
mr1K +M r1K −

∑k
j=1 φj(A

r
j)
) 1

r

, r 6= 0,

exp
(
(lnm)1K + (lnM)1K −

∑k

j=1 φj(ln(Aj))
)
, r = 0,

(3.1)

and the operator quasi-arithmetic mean of Mercer’s type

M̃ϕ(A,Φ) = ϕ−1


ϕ(m)1K + ϕ(M)1K −

k∑

j=1

φj(ϕ(Aj))


 ,(3.2)

are defined in [6]. Here, we assume that the spectra of selfadjoint operators Aj do

not intersect the interval (m,M) and prove some comparison inequalities between

operators which are defined as (3.1) and (3.2). To do this we need some results about

the function order of positive operators based on Kantorovich type inequalities. For

power functions, we have the following theorem (see [4]).

Theorem 3.1. Let A and B be positive operators on H such that A ≥ B.

i) If p ∈ [0, 1], then Ap ≥ Bp (Löwner-Heinz inequality).

ii) If p > 1 and B ∈ σ([m,M ]), then

K(m,M, p)Ap ≥ Bp,

where a generalized Kantorovich constant K(m,M, p) is defined by

K(m,M, p) =
mMp −Mmp

(1− p)(M −m)

(
p− 1

p

Mp −mp

mMp −Mmp

)p
.

In [8, 9], Mićić and Pečarić and Seo proved some results about the function

preserving the operator order, under a general setting (see [8, Theorem 2.1] and [9,

Theorem 2.1]).

Theorem 3.2. Let A and B be positive operators on a Hilbert space H satisfying

sp(B) ⊆ [m,M ] for some scalars 0 < m < M . Let f ∈ C([m,M ]) be a convex function

and g ∈ C(J), where J is an interval containing [m,M ] ∪ sp(A). Suppose that either

of the following conditions holds: (a) A ≥ B > 0 and g is increasing convex on J , or

(b) B ≥ A > 0 and g is decreasing convex on J . Then for a given α > 0,

αg(A) + β1H ≥ f(B)
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holds for

β = max
m≤t≤M

{
f(M)− f(m)

M −m
t+

Mf(m)−mf(M)

M −m
− αg(t)

}
.

We apply Theorem 3.2 to obtain the following result.

Corollary 3.3. Let A and B be positive operators on a Hilbert space H such

that B ∈ σ([m,M ]), where 0 < m < M . Suppose f > 0 is a continuous convex

function on an interval J , where [m,M ] ∪ sp(A) ⊆ J . Suppose that either of the

following conditions holds: (a) A ≥ B > 0 and f is increasing, or (b) B ≥ A > 0 and

f is decreasing. Then

C(m,M, f)f(A) ≥ f(B),

where

C(m,M, f) := max
m≤t≤M

{
f(M)−f(m)

M−m t+ Mf(m)−mf(M)
M−m

f(t)

}
.

Proof. Let α = C(m,M, f) and g = f . Then by Theorem 3.2, we obtain

C(m,M, f)f(A) + β1H ≥ f(B),

where

β = max
m≤t≤M

{
f(M)− f(m)

M −m
t+

Mf(m)−mf(M)

M −m
− C(m,M, f)f(t)

}
.

Since f > 0 and

1

f(t)

(
f(M)− f(m)

M −m
t+

Mf(m)−mf(M)

M −m

)
≤ C(m,M, f) (m ≤ t ≤M),

we have

f(M)− f(m)

M −m
t+

Mf(m)−mf(M)

M −m
≤ C(m,M, f)f(t) (m ≤ t ≤M),

and hence, β ≤ 0. Therefore, C(m,M, f)f(A) ≥ f(B).

Now, we prove a comparison theorem for quasi-arithmetic means for operators.

Theorem 3.4. Suppose A = (A1, . . . , Ak), where Aj ∈ B(H) are selfadjoint

operators with spectra in [a, b] and Φ = (φ1, . . . , φk), where φj are positive linear
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maps such that
k∑
j=1

φj(1H) = 1K. Let ϕ, ψ ∈ C([a, b]) such that ϕ is strictly increasing

and ψ−1 is operator increasing and ψ ◦ ϕ−1 is convex on [ϕ(a), ϕ(b)]. Then

M̃ϕ(A,Φ)

≥ ψ−1

(∑k

j=1 φj(ϕ(Aj))− ϕ(m)1K

ϕ(M)− ϕ(m)
ψ(m) +

ϕ(M)1K −
∑k

j=1 φj(ϕ(Aj))

ϕ(M)− ϕ(m)
ψ(M)

)

≥ M̃ψ(A,Φ),(3.3)

if one of the following statements is satisfied:

(1) ϕ(m) + ϕ(M) ≤ ϕ(a) + ϕ(b) and a1H ≤ Aj ≤ m1H,

(2) ϕ(m) + ϕ(M) ≥ ϕ(a) + ϕ(b) and M1H ≤ Aj ≤ b1H.

Proof. Suppose that the statement (2) is satisfied. Since M1H ≤ Aj ≤ b1H and

ϕ is strictly increasing on [a, b], it follows that ϕ(M)1H ≤ ϕ(Aj) ≤ ϕ(b)1H for every

1 ≤ j ≤ k. Hence, ϕ(M)1K ≤
∑k

j=1 φj(ϕ(Aj)) ≤ ϕ(b)1K and so

ϕ(a)1K ≤ ϕ(m)1K + ϕ(M)1K − ϕ(b)1K

≤ ϕ(m)1K + ϕ(M)1K −

k∑

j=1

φj(ϕ(Aj))

≤ ϕ(m)1K.

Now applying the inequality (2.7) to the convex function ψ ◦ϕ−1 and replacing Aj ,m

and M by ϕ(Aj), ϕ(m) and ϕ(M), respectively, we obtain

ψ ◦ ϕ−1


ϕ(m)1K + ϕ(M)1K −

k∑

j=1

φj(ϕ(Aj))




≥

∑k
j=1 φj(ϕ(Aj))− ϕ(m)1K

ϕ(M)− ϕ(m)
ψ ◦ ϕ−1(ϕ(m))

+
ϕ(M)1K −

∑k

j=1 φj(ϕ(Aj))

ϕ(M)− ϕ(m)
ψ ◦ ϕ−1(ϕ(M))

≥ ψ ◦ ϕ−1(ϕ(m))1K + ψ ◦ ϕ−1(ϕ(M))1K −

k∑

j=1

φj(ψ ◦ ϕ−1(ϕ(Aj))).
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Hence, we have

ψ


ϕ−1


ϕ(m)1K + ϕ(M)1K −

k∑

j=1

φj(ϕ(Aj))






≥

∑k

j=1 φj(ϕ(Aj))− ϕ(m)1K

ϕ(M)− ϕ(m)
ψ(m) +

ϕ(M)1K −
∑k

j=1 φj(ϕ(Aj))

ϕ(M)− ϕ(m)
ψ(M)

≥ ψ(m)1K + ψ(M)1K −

k∑

j=1

φj(ψ(Aj)).

Now since ψ−1 is operator increasing, we obtain the inequality (3.3).

If the statement (1) is satisfied, then the inequality (3.3) is proved in the same

way.

In the following theorem, we apply Corollary 3.3 to obtain some comparison

results for the operator quasi-arithmetic means when ϕ is strictly increasing, ψ−1 is

increasing convex or decreasing convex and ψ ◦ ϕ−1 is convex.

Theorem 3.5. Suppose A = (A1, . . . , Ak), where Aj ∈ B(H) are selfadjoint

operators with spectra in [a, b] (0 < a < b) and Φ = (φ1, . . . , φk), where φj are

positive linear maps such that
k∑
j=1

φj(1H) = 1K. Let ϕ, ψ ∈ C([a, b]) such that ϕ is

strictly increasing and ψ ◦ ϕ−1 is convex on [ϕ(a), ϕ(b)]. Suppose that m,M ∈ [a, b]

with m < M and ϕ(m) + ϕ(M) ≤ ϕ(a) + ϕ(b) and a1H ≤ Aj ≤ m1H for every

1 ≤ j ≤ k. Then the following statements hold:

(1) If ψ−1 is increasing convex and ψ(M) > 0 and ψ(m) +ψ(M) ≤ ψ(a) +ψ(b),

then

C
(
ψ(M), ψ(m) + ψ(M)− ψ(a), ψ−1

)
M̃ϕ(A,Φ) ≥ M̃ψ(A,Φ).

(2) If ψ−1 is decreasing convex and ψ(b) > 0 and ψ(a) + ψ(b) ≤ ψ(m) + ψ(M),

then

C
(
ψ(m), ψ(a), ψ−1

)
M̃ϕ(A,Φ) ≥ M̃ψ(A,Φ).

Proof. By the same reasoning as in the proof of Theorem 3.4 we obtain

ψ
(
M̃ϕ(A,Φ)

)
≥ ψ(m)1K + ψ(M)1K −

k∑

j=1

φj(ψ(Aj)).

Let B = ψ(m)1K + ψ(M)1K −
k∑
j=1

φj(ψ(Aj)).
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We prove the statement (1). Since ψ−1 is an increasing function, so is ψ and

hence

0 < ψ(M) ≤ B ≤ ψ(M) + ψ(m)− ψ(a).

It follows that

sp(B) ⊆ [ψ(M), ψ(M) + ψ(m)− ψ(a)] ⊆ [ψ(M), ψ(b)].

Now by Corollary 3.3, we obtain

C
(
ψ(M), ψ(m) + ψ(M)− ψ(a), ψ−1

)
M̃ϕ(A,Φ) ≥ M̃ψ(A,Φ).

The proof of statement (2) is similar.

Now, the following monotonicity property of power means of Mercer’s type for

operators can follows directly from Theorems 3.4 and 3.5 by setting power functions.

Theorem 3.6. Let 0 < m < M and 0 ≤ r < s. Suppose A = (A1, . . . , Ak), where

Aj ∈ B(H) are positive invertible operators with Aj ≤ m1H and Φ = (φ1, . . . , φk),

where φj are positive linear maps such that
k∑
j=1

φj(1H) = 1K. Let

mj = inf
‖x‖=1

〈Ajx, x〉 (1 ≤ j ≤ k)

and

a = min{m1, . . . ,mk}.

Then the following statements hold:

(1) If 0 ≤ r and 1 ≤ s, then

M̃r(A,Φ) ≥ M̃s(A,Φ).(3.4)

(2) If 0 ≤ r < s < 1, then

C
(
M s,ms +M s − as, t

1

s

)
M̃r(A,Φ) ≥ M̃s(A,Φ).(3.5)

Proof. If r > 0 and 1 ≤ s, then define the functions ϕ, ψ ∈ C((0,∞)) by ϕ(t) = tr

and ψ(t) = ts. It is clear that ϕ is strictly increasing and ψ ◦ ϕ−1(t) = t
s

r is convex.

Also, the function ψ−1 is operator increasing by Löwner-Heinz inequality. Hence, by

Theorem 3.4, we obtain the inequality (3.4).

If r = 0 and 1 ≤ s, then by applying Theorem 3.4 for the functions ϕ(t) = ln t

and ψ(t) = ts, we obtain the inequality (3.4).
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If 0 < r < s < 1, then applying Theorem 3.5 for the strictly increasing function

ϕ(t) = tr and the increasing convex function ψ−1(t) = t
1

s , we obtain desired inequality

(3.5).

Finally, for r = 0 and 0 < s < 1, consider the functions ϕ(t) = ln t and ψ−1(t) =

t
1

s and apply Theorem 3.5.
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