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REVERSE JENSEN-MERCER TYPE OPERATOR INEQUALITIES*

EHSAN ANJIDANIT AND MOHAMMAD REZA CHANGALVAIY'

Abstract. Let A be a selfadjoint operator on a Hilbert space ‘H with spectrum in an interval
[a,b] and ¢ : B(H) — B(K) be a unital positive linear map, where K is also a Hilbert space. Let
m, M € J with m < M such that either m+ M <a+band A<m,orm+M >a+band A> M.
If f is convex on J, then the inequality

fmli + Ml — ¢(A)) 2 f(m)lk + f(M)1lc — ¢(f(A)),

is proved. A variant of this inequality is established for superquadratic functions. The results
obtained are used to prove some comparison inequalities between operators of power and quasi-
arithmetic mean’s type.

Key words. Jensen-Mercer operator inequality, Convex function, Superquadratic function,
Operator power mean, Operator quasi-arithmetic mean.
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1. Introduction. Throughout the paper, B(H) and B(K) denote C*-algebras
of all bounded linear operators on Hilbert spaces H and /C, respectively, and 1 denotes
the identity operator. For an interval J, we denote by C(J) the set of all real valued
continuous functions on J and by o(J) the set of all selfadjoint operators on H with
spectra in J and by sp(A) the spectrum of an operator A on a Hilbert space. The
Jensen-Mercer inequality

(1.1) fla+b=> wz; | < fla)+ f(b) = > wif(w:)
i=1 i=1
for convex function f : [a,b] — R, real numbers z1,...,2, € [a,b] and real numbers

n

w; > 0 with > w; = 1, was proved in [7]. The following operator variant of (L),
i=1

which is called the Jensen-Mercer operator inequality, was proved in [6]:

(12) f m1K+M1K—zn:‘I’j(Aj) Sf(m)11c+f(M)1ic—an@j(f(Aj)L

Jj=1
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where, f € C([m, M]) is convex on [m, M|, ®1,...,P, are positive linear maps from
B(H) into B(K) with > ®;(1y) = 1 and A4,..., A, € B(H) are selfadjoint op-
j=1

erators with the spectra in [m, M]. An other version of the Jensen-Mercer operator
inequality on finite-dimensional Hilbert spaces can be found in [5].

A variant of ([C2) for superquadratic functions, which is a refinement of the
Jensen-Mercer operator inequality for convex functions, reads as follows [3]:

f((m+ M)l - é ®;(45)) + ﬁ(i bj(Aj) —mlx)f(Mlx — é%‘(z‘lg‘))

J=1

e (M1k — i:l ¢;(A))f( ’il ¢;(A4;) —mlg)

J

-

< (f(M) + f(m) 1k — é $i(f(4) = 7= 2 65((Aj — mly) f(M1y — Aj))

1

J

s 3 65 (M= A (4 = mla)

where, 0 < m < M and f € C([0,00)) is superquadratic. A function f : [0,00) — R is
said to be superquadratic if for every x > 0 there exists a constant C, € R such that

fly) = f(@) = f(ly —=z|) > Ca(y — )

for all y > 0. Some basic properties and examples of superquadratic functions can be
found in [T} 2.

In this paper, we assume that the spectra of selfadjoint operators Ay,..., Ay do
not intersect the interval (m, M) and obtain reverse Jensen-Mercer type operator in-
equalities. In Section 2] we prove this type of inequalities for convex functions and
superquadratic functions. In Section Bl we use the reverse Jensen-Mercer type oper-
ator inequality for convex functions to derive some comparison inequalities between
operators similar to operator power and quasi-arithmetic means of Mercer’s type.

2. Main results. We start this section with our main result in which a reverse
Jensen-Mercer type operator inequality for convex functions is proved.

THEOREM 2.1. Let Aj,...,A; € B(H) be selfadjoint operators with spectra in
J = [a,b] and ¢1,...,¢r be positive linear maps from B(H) into B(K) such that

k
> 0i(1y) = 1. Suppose that f € C(J) is convex and m, M € J with m < M. Then
j=1
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we have
k k
(21)  f | mlx+Mlc =Y ¢;(A) | = (flm)+ (M)l = > 6;(f(4)))
j=1 i=1

if one of the following statements is satisfied:

k
(1) m+M =a+band Aj € o(J\ (m,M)) for every1 <j<kand > ¢;(4;) €

j=1
o(J\ (m, M));
(2) m+M <a+band for every 1 <j <k, Aj <m;
(8) m+M >a+b and for every1 < j <k, A; > M.

Proof. It € J\ (m,M), then t < m or t > M. Suppose that ¢ < m. Hence,
M—-—t>M-—m,so00< % < 1. Now since f is convex on J, we have

M — — M — —
o) = 1 (e i=tar) < S0+ = an,
Hence, we obtain
t—m M—t
(22) F#) = S F(M) + 57— f(m)

Similarly, it is proved that the inequality ([2:2)) holds true for every ¢t > M.

Now suppose that the statement (1) is satisfied. Since m + M = a+ b, if t €
J\ (m, M), then M +m —t € J\ (m,M). Now it follows from (Z2]) that

M —t t—m

(2:3)  F(M+m—1) > ——f(M) + 7——

fm) (€ T\ (m, M)).
Since Z ¢i(A4;) € o(J\ (m, M)), then by using functional calculus, it follows from
23) that

k
M- > 05(4))
j=
M—m

f| (M A4m)lx — f(M)

||Ma~

k
Z()mlfc

(2.4) + = /)

On the other hand, since for every 1 < j < k, A; € o(J \ (m,M)), then by using
functional calculus, it follows from (22)) that

M1y — Aj
M—-—m

Aj — m].q.[

(23)  f(4) = S

fM) + Lfm) (1< j<k).
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Since for every 1 < j < k, ¢; is a positive operator, it follows from (23] that

¢;(f(4;)) 2 %(Ajj)\/[_ mqu(lﬂ)f(M) L+ Mo;(4) — ¢;(4))

—-m M—-—m

f(m))

and hence, we have

a S 6i(Ay) —mlk Ml — Y5, 6;(4;)
jz:;%(f(flj))Z AV —m f(M) + M f(m).

It follows that

k _ 3k (A
(D) + )i~ Y674 < T s )y

N i) ¢i(A;) —milk

(2.6) R

f(m).

Now using inequalities (Z4) and (2], we obtain inequality (21I).

If one of the statements (2) and (3) is satisfied, then the inequality ([2]) is proved
in the same way. O

REMARK 2.2. In fact, the proof of Theorem[ZIlshows that if one of the statements
(1),(2) and (3) is satisfied, then the following series of inequalities holds

k
Mg — Zl 0 (4;)
i=

M—-—m

k
f (M+m)1K—Z¢j(Aj) > f(M)

k
4_1¢j(Aj) —mlg

(2.7) ()

k
> (f(M) + f(m)lk — Z @5 (f(A7))-

EXAMPLE 2.3. The function ¢ : M2(C) — M3(C) defined by ¢(A) = DAD,

-1
here D =
where < 0 1

), is a unital positive linear map. The function f(t) = 2 is
1
-1

for an interval [m, M], a simple calculation yields

convex on R and for hermitian matrix A = ( 11 ) we have 0 < A < 2I. Now
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fmI + MI = ¢(A)) = [f(m)I + f(M)I - ¢(f(A))]

2.8) _(—6m—6M+2mM+12 6m +6M — 12 )

—2m —2M + 4 2mM + 2m + 2M — 4

Now for example, if [m, M] = [2,3], then the matrix (Z8) is equal to the positive
—6 18
—6 18

matrix —6 36
—12 42 )’

Now, a variant of inequality (2] is proved for superquadratic functions.

matrix < ) and if [m, M] = [3,5], then it is equal to the strictly positive

THEOREM 2.4. Let f € C([0,00)) be a superquadratic function and m, M € (0, 00)
with m < M. Suppose Ay, ..., Ax € B(H) are positive operators with spectra in [0, m]

k
and ¢1,. .., ¢x are positive linear maps with >, ¢;(1y) = 1. Then we have
j=1
- (M —m) -
f{mlc+ Ml — ;%(Aj) — 2 | e - ;%(Aj)
k
— [ mic =) 6i(4))
j=1

k k
> flm)Le + f(M)Lec = D 65(F(47) +D_ &5 (F(mln — A7),

Proof. Since f is a superquadratic function, by definition we have
fa+ (1 =X)b) <Af(a)+ (1 =N f(b) = Af((L=N)[b—al]) = (1= A)f(Ab—al)

for all a,b > 0 and all X € [0,1].

Let 0 <t <m. Then 0 < 4= < 1 and so

=
1o =1 (S 5=in)
< S0 4 T ) S ) = T (M m).
Hence, we have
(29) J()> 75— f(m) — =L F(M) 4 flm — 1) + 2 f(M —m)
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forall 0 <t <m.

M—m
t—m

Also, for every t > M, since 0 <

<1, we have

fwﬁfCMm+MmQ

t—m t—m
t—M M—-—m t—M M—-—m
< T m) T () — T f(M = m) = 2 (t— M),

and hence, it follows that

t—m t— M t—M
210) £ > L= p0n) - LM iy g - )+ L s ),

for every t > M. Now for every 0 < ¢t < m, we have m + M —t > M, and hence, it
follows from (ZI0) that

M —t m—t m—t
T F(M) = S () 4 fm — )+ S f(M — m).

(2.11) f(m+M—t)>

Now since 0 < Z?Zl ¢i(A;) < mlg, by using functional calculus, it follows from

(ZII) that

k
Mix = 32 6(4))
p

M—-—m

k
f (m+M)1]C—Z¢j(Aj) > f(M)

k
mlc — 3 ¢;(4;)
J=1

U —m f(m)
mlx = 32 05(45)
+ Mjilm f(M —m)
k
(2.12) +f m1,C—Z¢j(Aj)

Also, since 0 < A; < mly for every 1 < j <k, by using functional calculus, it follows
from (29) that

M].H —A; m].q.[ A
F(4y) = ==L f(m) — L (M)
m].';.[ A
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Applying positive operators ¢; and summing, we obtain

S oA > MR R ) ) b Do )
+ i 65 (Flm - 4y)) + Mzgjfj(/‘” (M —m).
Hence, we have _
fm)e + F(M 1K—Z¢g Z?‘lqj\z(fj;_ml'cf(m)
| M- sz_;qu(Aj) )
(213) - i B5(Fmln — Ay)

Using inequalities (Z12) and ([ZI3), we obtain

k k
f (ml;c—i—Mllc _Z¢j(Aj)) - % (mlic —Z@(Aj))

Jj=1
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3. Applications. In [6], the Jensen-Mercer operator inequality (L2]) is applied
to derive comparison inequalities between operator power and quasi-arithmetic means
of Mercer’s type. For A = (A4,..., Ay), where A; € B(H) are positive operators with
the spectra in [m, M] and ® = (¢4, ..., ¢r), where ¢; are positive linear maps with
Z§=1 ¢j(1n) = 1k and a strictly monotonic function ¢, the operator power mean of
Mercer’s type

(3.1) M, (A, ®) = (m"1;c+M’“1,sz§:1 rbj(A;'));, 40,
exp ((lnm)lic + (In M)1x — Z?Zl <Z>j(ln(Aj))) Cr=o,

and the operator quasi-arithmetic mean of Mercer’s type
. k
(32) My(A, @) = ¢! | p(m)lx +o(M)lc = > ¢;(0(4))) |,
j=1

are defined in [6]. Here, we assume that the spectra of selfadjoint operators A; do
not intersect the interval (m, M) and prove some comparison inequalities between
operators which are defined as B.1]) and (3:2). To do this we need some results about
the function order of positive operators based on Kantorovich type inequalities. For
power functions, we have the following theorem (see [4]).

THEOREM 3.1. Let A and B be positive operators on H such that A > B.

i) If p €[0,1], then AP > BP (Lowner-Heinz inequality).
i) If p>1 and B € o([m, M]), then

where a generalized Kantorovich constant K(m, M, p) is defined by

K(m,M,p) =

mMP — MmP (p—1 MP—mP b
(1 —=p)(M —m) p mMP — Mmp

In [8 [9], Mi¢i¢ and Pecari¢ and Seo proved some results about the function
preserving the operator order, under a general setting (see |8, Theorem 2.1] and [9]
Theorem 2.1]).

THEOREM 3.2. Let A and B be positive operators on a Hilbert space H satisfying
sp(B) C [m, M] for some scalars 0 < m < M. Let f € C([m, M]) be a convex function
and g € C(J), where J is an interval containing [m, M| U sp(A). Suppose that either
of the following conditions holds: (a) A > B > 0 and g is increasing convex on J, or
(b) B> A >0 and g is decreasing convex on J. Then for a given o > 0,

ag(A) + Bly = f(B)
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holds for
_ fM) — f(m), = Mf(m)—mf(M)
mmM{ Mom T Mewm Of

We apply Theorem to obtain the following result.

COROLLARY 3.3. Let A and B be positive operators on a Hilbert space H such
that B € o([m,M]), where 0 < m < M. Suppose f > 0 is a continuous convex
function on an interval J, where [m, M| U sp(A) C J. Suppose that either of the
following conditions holds: (a) A > B > 0 and f is increasing, or (b) B> A > 0 and
f is decreasing. Then

C(m, M, f)f(A) = f(B),

where

C(m,M, f) == max

m<t<M

fM)—f(m) 4 + Mf(m)—mf(M)
M—m M—m
{ 1) }

Proof. Let a = C(m, M, f) and g = f. Then by Theorem [3.2] we obtain
C(maMa f)f(A) + 617{ > f(B)7

where

8= max
m<t<M

Since f > 0 and

J;<fw0ﬂm)

FO\ i m M= m
we have
OO~ ), MI0) =0T e, p)70) om< 1< ),

and hence, § < 0. Therefore, C(m, M, f)f(A) > f(B). 0O
Now, we prove a comparison theorem for quasi-arithmetic means for operators.

THEOREM 3.4. Suppose A = (Au,...,Ar), where A; € B(H) are selfadjoint
operators with spectra in [a,b] and ® = (¢1,...,¢k), where ¢; are positive linear
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k
maps such that > ¢;(1y) = 1. Let @, € C([a,b]) such that ¢ is strictly increasing
j=1

1

and 1~ is operator increasing and 1 o ¢~ is convex on [¢(a),p(b)]. Then

M,(A,®)

(S 65((A) — )L
= ( (1) — o)

(3.3) > My (A, ®),

if one of the following statements is satisfied:

(1) p(m) + (M) < p(a) + ¢(b) and aly < A; <mly,
(2) p(m) +o(M) > p(a) + ¢(b) and M1y < Aj < bly.

Proof. Suppose that the statement (2) is satisfied. Since M1y < A; < bly and
¢ is strictly increasing on [a, b], it follows that (M)1y < p(A;) < ¢(b)1y for every
1< j <k. Hence, o(M)1x < Zle i (p(4;)) < p(b)lk and so

pla)le < p(m)lx + (M)l — o(b)1k
k

< p(m)lx + p(M)lx — Z¢j(so(Aj))

< p(m)lk.

Now applying the inequality ([27)) to the convex function ¢ o¢@~!

and M by ¢(A4;), p(m) and ¢(M), respectively, we obtain

and replacing A;, m

k
Yo [ w(m)lx + (M)lx — Z 0;((A5))

S 6(0(A))) — p(m)1k .
> SO0) — o(m) Yo (p(m))

P(M)Lc — Y5y 65 (e(4;))
(M) — p(m)

Yo (p(M))

k
> o He(m)lk + o (e(M))lx — Z«m(w o~ (p(A45))).
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Hence, we have

k
¥ [ e(m)lc +@(M)1c — Z 05 (p(A;))

o 2o 05(9(45) — w(m) i

ST R e (O

k
> p(m) 1l + (M)l — Z 05 ((A)).

Now since 1! is operator increasing, we obtain the inequality (B.3).

If the statement (1) is satisfied, then the inequality (33) is proved in the same
way. O

In the following theorem, we apply Corollary 3.3 to obtain some comparison

results for the operator quasi-arithmetic means when ¢ is strictly increasing, ¢~! is

1

increasing convex or decreasing convex and 1 o ¢~ " is convex.

THEOREM 3.5. Suppose A = (Au,...,Ar), where A; € B(H) are selfadjoint
operators with spectra in [a,b] (0 < a < b) and ® = (¢1,...,0r), where ¢; are

k
positive linear maps such that Y ¢;j(1y) = 1. Let ¢, € C([a,b]) such that ¢ is
j=1

strictly increasing and 1 o ¢~ ! is convex on [p(a),p(b)]. Suppose that m, M € [a,b)

with m < M and o(m) + (M) < ¢(a) + ¢(b) and aly < A; < mly for every
1< j <k. Then the following statements hold:

(1) If =1 is increasing convexr and (M) > 0 and (m) + (M) < 9(a) + 1 (b),
then

C (¥(M),9p(m) + (M) —p(a), ™) My(A, ®) > My(A, ®).

(2) If = is decreasing convex and 1(b) > 0 and ¥(a) + ¥(b) < (m) + (M),
then

C (¥(m),(a), ") My(A, @) > My(A, ®).

Proof. By the same reasoning as in the proof of Theorem [3.4] we obtain

k
¥ (Mo(A, ) = wim)Le + v (M) = 3 65 (0(A)).

Let B =¢(m)lc + (M)l — 21 b5 (1 (Ay)).
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We prove the statement (1). Since ¢! is an increasing function, so is ¢ and
hence

0 <y(M) < B < (M) +p(m) —(a).
It follows that

sp(B) C [$(M), (M) +¢(m) — v(a)] € (M), $(b)].
Now by Corollary B3] we obtain
C (¥(M), (m) + $(M) = p(a), ") My(A, @) > My(A, ).
The proof of statement (2) is similar. O

Now, the following monotonicity property of power means of Mercer’s type for
operators can follows directly from Theorems [3.4] and 3.5 by setting power functions.

THEOREM 3.6. Let0 < m < M and 0 < r < s. Suppose A = (A1,..., Ar), where
A; € B(H) are positive invertible operators with A; < mly and ® = (¢1,...,¢x),

k
where ¢; are positive linear maps such that Y ¢j(1y) = 1. Let
j=1

m; = HirHlfl(Ajac,ac) (1<j<k)

and
a = min{mq,...,my}.
Then the following statements hold:
(1) If 0 <r and 1 < s, then
(3.4) M. (A, ®) > M,(A,®).
(2) If0<r<s<1, then
(3.5) C(MS,mS+MS fas,ti) M.(A, ®) > M,(A, ®).

Proof. If r > 0 and 1 < s, then define the functions ¢, € C((0,00)) by p(t) =t"
and 1(t) = t*. It is clear that ¢ is strictly increasing and 9 o p~1(t) = ¢+ is convex.
Also, the function 1~! is operator increasing by Lowner-Heinz inequality. Hence, by
Theorem [34] we obtain the inequality (3.4)).

If r =0 and 1 < s, then by applying Theorem [34] for the functions ¢(¢) = Int
and ¢(t) = t°, we obtain the inequality (B.4).
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If 0 < r < s <1, then applying Theorem for the strictly increasing function

©(t) = t” and the increasing convex function ¢~ () = ¢*, we obtain desired inequality

B3).

Finally, for r = 0 and 0 < s < 1, consider the functions ¢(¢) = Int and ¥ ~1(¢) =

¢+ and apply Theorem 3.5 O

Acknowledgment. The authors would like to thank the referee for very helpful

comments and suggestions which improved the paper.

REFERENCES

S. Abramovich, G. Jameson, and G. Sinnamon. Inequalities for averages of convex and su-
perquadratic functions. J. Inequal. Pure Appl. Math., 5(4):Article 91, 2004.

S. Abramovich, G. Jameson, and G. Sinnamon. Refining Jensen’s inequality. Bull. Math. Soc.
Sci. Math. Roumanie, 47:3-14, 2004.

J. Barié¢, A. Matkovié, and J. Pecari¢. A variant of the Jensen-Mercer operator inequality for
superquadratic functions. Math. Comput. Modelling, 51:1230-1239, 2010.

T. Furuta, J. Mié¢i¢ Hot, J. Pecari¢, and Y. Seo. Mond-Pecari¢ method in operator inequalities.
Element, Zagreb, 2005.

M. Kian and M.S. Moslehian. Refinements of the operator Jensen-Mercer inequality. FElectron.
J. Linear Algebra, 26:742—753, 2013.

A. Matkovié¢, J. Pecari¢, and I. Perié. A variant of Jensen’s inequality of Mercer’s type for
operators with applications. Linear Algebra Appl., 418:551-564, 2006.

A. McD. Mercer. A variant of Jensen’s inequality. J. Inequal. Pure Appl. Math., 4(4):Article
73, 2003.

J. Miéi¢, J. Pecarié¢, and Y. Seo. Function order of positive operators based on the Mond— Pecarié¢
method. Linear Algebra Appl., 360:15-34, 2003.

J. Pecari¢ and J. Mi¢i¢. Some functions reversing the order of positive operators. Linear Algebra
Appl., 396:175-187, 2005.



