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RIGHT GUT-MAJORIZATION ON My »*

ASMA ILKHANIZADEH MANESH?

Abstract. Let M, m, be the set of all n-by-m matrices with entries from R, and suppose
that R, is the set of all 1-by-n real row vectors. A matrix R is called generalized row stochastic
(g-row stochastic) if the sum of entries on every row of R is 1. For X, Y € My, m, it is said that X
is rgut-majorized by Y (denoted by X <rgut Y ) if there exists an m-by-m upper triangular g-row
stochastic matrix R such that X = Y R. In this paper, the concept right upper triangular generalized
row stochastic majorization, or rgut- majorization, is investigated and then the linear preservers and
strong linear preservers of this concept are characterized on R, and My m,.
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AMS subject classifications. 15A04, 15A21.

1. Introduction. Majorization is a pre-ordering on vectors by sorting all com-
ponents in non-increasing order, i.e., for each x, y € R™ the vector x is said to be
majorized by y and it is denoted by x < y, if Zle xf < Zle yi foralll <k<n
with eaquality for k = n, where ¥ = (:Ef, ..., x}) the non-increasing rearrangement
of a vector z = (x1,...,2,) € R™. The history of investigating majorization dates
back to Schur [I6] and Hardy et al. [9]. The reader can find that majorization has
been connected with combinatorics, analytic inequalities, numerical analysis, matrix
theory, probability and statistics in a book written by Marshall, Olkin, and Arnold
[15]. In 1989, Ando in a vital paper [I] that was about majorization, characterized
the structure of linear preservers of majorization. Dahl (1991) generalized the ma-
jorization concept to matrices. In 1994, Ando [2] gave a detailed survey of research
done in the theory of majorization. In 2005, Chiang and Li [§] introduced generalized
doubly stochastic matrices. In 2006, Salemi and Armandnejad used the generalized
stochastic matrices and they introduced the notion of generalized majorization for
matrices (see [6]). By introducing this notion many questions were raised, and some
of them have been answered. We refer the interested reader to [4], [5], and [12]-[I4].

A (not necessarily nonnegative) matrix R is called g-row stochastic if the sum
of entries of every row of R is 1. Some of our notations and symbols are explained
as the following.The set of all n-by-m real matrices is denoted by M,, ,,. The set
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of all n-by-1 real column vectors is denoted by R™. The set of all 1-by-n real row
vectors is denoted by R,,. The collection of all n-by-n upper triangular g-row stochas-
tic matrices is denoted by R¢“!. The n-by-n matrix with all of the entries of the
last column equal to one and the other entries equal to zero is denoted by E. The
standard basis of R™ is denoted by {ei,...,e,}. The standard basis of R, is de-
noted by {ei1,...,en}. The n-by-n matrix whose (i,j) entry is one and all other
entries are zero is denoted by FE;;. The submatrix of A obtained from A by delet-

ing rows nq,...,n; and columns my, ..., my is denoted by A(ny,...,nilmy,...,mg).
The abbreviation of A(n1,...,nin1,...,n;) is denoted by A(ni,...,n;). The n-by-m
matrix with columns zi,...,z, € R™ is denoted by [x1 | -+ | m]. The m-by-
n matrix with rows z1,...,2, € R, is denoted by [z1/--/zm]. The summation

of all components of a vector z in R,, is denoted by tr(z). The set of all n-by-n
permutation matrices is denoted by P,. The set {1,...,k} C N is denoted by Ny.
The transpose of a given matrix A is denoted by A!. The matrix representation of
a linear function T : R,, — R,, with respect to the standard basis is denoted by
[T]. The summation of all entries of i*" row of [T] is denoted by r;. The i*" col-
umn of the matrix representation of a linear function 7" is denoted by [T];. The set
N |meN, Y N =1,a;,€ A )\ €R, VieN,,}, where A C R,,, is de-
noted by aff(A). A linear function T : M,, ,, — M, ,,, preserves an order relation <
in My, p, it TX < TY whenever X <Y. Also, T is said to strongly preserve if for all
X, YeM,,

X <Y< TX <TY.

This paper is organized as follows. In Section 2, we first introduce the relation
<rgut 00 R, and we express an equivalent condition for rgut-majorization. Finally,
we obtain some results characterizing the structure of (strong) linear preservers of
this relation on R,,. One of the main results of this paper is to find the structure of
linear functions T': R,, — R, (T : R,, — R;,) preserving (resp. strongly preserving)
rgut-majorization. The last section of this paper studies some facts of this concept
that are necessary for studying the strong linear preservers of <4, on My, »,,. Also,
the strong linear preservers of <,g4,: on M, ,,, are obtained.

2. Rgut-majorization on R, and its (strong) linear preservers. When we
use the doubly stochastic matrices for majorization, since the transpose of a doubly
stochastic matrix is doubly stochastic too, we can obtain the concepts of left and right
majorization from each other by getting transpose on the equations. But when we use
the row stochastic matrices, we can not obtain the left and right majorization from
each other. So, in this case, the left and right concepts are investigated in different
manners. For example the concept of left matrix majorization and gw-majorization
were studied in [I0] and [7] respectively, but the right cases were investigated in [I1]
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and [3] respectively. In this paper, we study the right case of a concept which has
been investigated in [5].

In this section, we pay attention to the g-row stochastic upper triangular matrices
and we introduce a new type of majorization. We obtain an equivalent condition for
rgut-majorization on R,, and some preliminaries about <;.4.:. Also, we characterize all
linear functions T : R, — R,, (T : R,, — R,,) preserving (resp., strongly preserving)

'<7'gut-

DEFINITION 2.1. Let X,Y € M, ,,. The matriz X is said to be rgut-majorized
by Y (in symbol X <rgut Y) if X = YR, for some R € RI*.

The following proposition gives an equivalent condition for rgut-majorization on
R,,. We state that without proof.

PROPOSITION 2.2. Let x = (®1,...,%pn), Y= (Y1,---,Yn) € Ry. Then x <rgut ¥
if and only if tr(x) = tr(y) and x; € aff(0,y1,...,y:), for all i € N,,_1.

The following lemmas are useful for finding the structure of (strong) linear pre-
servers of rgut-majorization. Now, we may begin with the following lemma which is
essential in the text.

LEMMA 2.3. Suppose that T : R, — R,, is a linear preserver of <,gut, and let

[T] = [aij]. Then the following assertions are true.

a)ry = =7y

b) If agy1: = -+ = an; =0, for each i € Nj, and S : Ry, — Ry is the linear
function with [S] = [T)(1,...,k[1,...,1), then S preserves <,gus-

¢) The first column of [T is (an 0 --- O)t, or (an ayp - an)t.

d) If there exists i € Ny, such that for alll € N,_y [T]; = (au ay; - all)t,

t

then [T); = (a1; a2 -+ as) .

e) If there exists i € Ny, such that

a1 a2 aiz - a1i—1 ke K
ailp a2 azz - a2;—1 O
@11 Qazz asz - a3;—1 ke X
[T] = ;
a11 agz2 asz - Qj—2;—1 kX
a11 agz2 aszz - Qi—15—1 0k X

a1 az2 asz - Qi—14—1 * - X
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t
then [T]; = (au azi 0 Qi—13 Qi au‘)-

Proof. a) Let i € N,,. Since €; <pqut €1, we observe that Te; <,qut Te1, and
hence, r; = 1.

b) Let ' = (Tot1,---+%n)s ¥V = Wrt1s---,Yn) € Rp—g, and let 2/ <50 ¥

Proposition ensures that  := (0,...,0,Zk41,. .., Tn) <rgut ¥ = (0,...,0, Ypt1,

.., Yn), Where z, y € R,,, and hence, Tx <, 44t Ty. This implies that Sz’ <,gut SY'.
Therefore, S preserves <g,¢, as desired.

¢) First, we prove ag; = +-+ = ay,1. If there exist some j and k (2 < j < k <n)
such that aj1 # ag1, then by defining z :=¢; — ¢ and y :=e; + (-1 — %)5]’ +
J

(%)Ek, we see that © <rgur ¥, but T2 £,gue Ty, which is a contradiction. So
J

ag1 = -+ = ap1. If ag; = 0, then [T]; = (au 0o --- O)t. If as; # 0; since T
preserves <, gy if and only if aT preserves <;gqu1, for all o € R\ {0}, there is no loss
of generality in assuming az; = 1. By choosing z = (1 — a11)e2 and y = €1 — aq1€2,
we obtain & <ypgut ¥, but Tx A,gu¢ Ty, in contradiction to the hypothesis that T°

t
preserves <,gy¢. Therefore, [T = (au ayg - au) .

d) The proof is quite similar to (¢). Suppose that there exist j and k (2 < j < k <
n) such that a;; # ag;. Put v :=¢; —ep and y :=e1 + (—1 — Zi;_z;)sj + (ﬁ)sk
It easy to see that z <,gu v and Tx A,gue Ty, which would be a contradiction.

Therefore, ag; = -+ - = ay;.

e) If there exist some j and k (i < j < k < n) such that a;; # ag;, then
T =5 —ep <pgut Y= €1 + (—1 — LEE=E e 4 (L2l ey i hut Tx Argur Ty

Ak — g4 Aki—Qgjs
This contradiction implies that a;; = a;41; = -+ = ap;. O
Define

* * *

* * *
(2.1) Aj=lof oy - aof | €My,

0 0

0 0 0

where j > 1, o # 0, and (oﬂi oh o a{j) is the j*" row of A;.
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Next, note that k; is the number of columns of B;. Also, define

ol ol af,
(2.2) By = S Mn,k17
where of # 0, and
* * *
*k %k o *k
(2.3) Bj=|Fl B o By | € Mg,
ap @ a,
ol o] oy,
where j > 2, (ﬁ{ By - Bij) is the j — 1'" row of B;, and o # !, for each
xS Nkj-
LEMMA 2.4. Let T : R, — R, be a linear function such that r1 = --- = 1.

Suppose that one of the following conditions holds:
a) [T]=(B1 -+ B [T]n),
b) [T]=(B1 -+ Ba-1 * [T]m),

where By and Bj (j > 2) are the same as in Z2) and 23), respectively, and
Zl ki =m —1. Then T preserves <rgus.

j=1
Proof. Let us suppose that [T'] = (31 - Bpox [T]m). We know that B; €

M,, i,, for each j € N;. We prove that if | = n —1 or 25:1 k; = m — 1 (that is,
[T] = (31 -+ B [T]m)), then T" preserves <,.qy¢ . First, suppose that k; = - - -
k; = 1. Then

aix a2 @13 - Gim

a11 ag2 G23 -+ A2m

[T] = | @11 a2 az - a3m |

ail1 a2 asz - Gum
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and a11 # 0, a12 # ag2, agz # ass, and so on. Let z,y € R,,, and let <, 4yt y. Then

n -1 n n
Tx = | antr(z), a2z + az E Tifyeens E ax; + ay E Tifyeens E AimT; |,
i—1 i=l i—1

i=2
and
n -1 n n
Ty = <a11t7"(y)a a12y1 + az2 (Z yz‘) EER 72 aiyi + an <Z yz> e ,Z az‘m%‘)-
i=2 i=1 i=l i=1

We see that tr(T'z) = tr(Ty). If tr(y) # 0, then Tx <,4u¢ Ty. Otherwise, tr(y) =0,
and consequently, (T'z)s = (a12 — ag2)z1 and (Ty)2 = (a12 — age)y1. If (Ty)2 # 0,
then Tx <,gut Ty. If (T'y)2 = 0; this means that y; = 0, and so (T'x)2 = 0, and hence,
(T'z)3 = (a3 —asz)x2 and (Ty)s = (az3 — ags)y2. By continuing this, we immediately

observe that if one of ya,...,y # 0, then Tw <,gut Ty. If not; so yo =--- =4y, =0,
and then (T'z); = (Ty); = 0, for each i € N;. Thus, if [T] = (B -+ B, [T]m),
then Tz <ygut Ty. If I =n — 1, then [T] = (B1 -o+ Bp_1 % [T]m), and clearly,
Tx <rgut Ty.

Next, assume that there exists k; for some j € N; such that £; > 1. In a similar
fashion the same as above, we can complete the proof. O

LEMMA 2.5. LetT : R,, — R,, be a linear function such that one of the following
conditions holds.

a) T]= (A -+ A, * [T]n), where A; (j € N,) is the same as in ZI)).
! .. /
b) [T] = (/(1)1 f(l)k ;) , where A € My, (j € Ni) is the same as in

1), and B € Mnfk,mfzletj can be the zero matriz, or one of the forms
(a) or (b) of Lemma 24

Ifri =--- =1y, then T preserves <rgut -

Proof. Let z,y € Ry, and let © <4t y. In all cases it easy to check that tr(Tz) =

tr(Ty). First, suppose that [T] = (A1 e A, % [T]m) . As we explained in the
proof of Lemma 2.4l we can suppose that t; = --- =t, = 1. So we have
ail a2 * e Q1m
gz  * -  A2m

=10 0 ax - an

0 0 - 0 anm
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where a1 # 0, ag2 # 0, and so on. Then

n
Tx = <a11$11, a12T1 + a22%2, .. ., E AinTi, *>7
i=1

and

n
Ty = <a11y11, ai2y1 + axny2,. .., Z inYi, *) .
i=1

If y1 # 0, then Tx <,gut Ty. Otherwise, let y1 = 0, and then (Tz)s = agaz2 and
(Ty)2 = azye. If y2 # 0, then there is nothing to prove. If yo = 0; so (T'x)y =
(Ty)2 =0, (Tx)s = assxs, and (Ty)s = assys. By continuing this, we see that if one
of ys,...,yn # 0, then Tz <, gyt Ty. If not; then y =0, and so Tz <gut Ty.

Next, assume that (b) holds. Without loss of generality we can suppose that
ti =---=tr = 1. Then

k
Tx = (au!ﬂu,auﬂh + azxa,.. ., E ;kT;, *)7
i=1

and

k
Ty = <a11y11, a2y + az2y2,. .., Zaikyi7 *)
i=1

In a similar fashion as in the proof of (a), if one of y1,...,yx # 0, then Tz <, gus T'y.
Otherwise, (T'z); = (Ty); = 0, for each i € Ni, and Lemma [2Z4] ensures then that
Tr <pgue Ty. O

We are now ready to prove one of the main theorems of this section.

THEOREM 2.6. Let T : R, — R,, be a linear function. Then T preserves < qut
if and only if 11 = --- = r, and there exists a permutation matriz P € P, such that
one of the following conditions occurs.

a) [T] =0,
) [T]=(B1 - By [Tlm)P,
d) [T] = (A1 . [T]m) P,
where Bi, B; (j > 2), and A; (j € N,) are the same as in 22), 3), @I,

respectively, in (b) S."" k; <m —1 and in (c) 22:1

j kam—l.
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e) [T] = 0 ... 0 B P, where A} € My, (j € Ny) is the same as in
@), and B € Mnfkymizletj can be the zero matriz, or one of the forms (a) or (b)
of Lemma 2.4]

Proof. Let us first prove the sufficiency condition. Clearly, if [T] = 0, then T
preserves =gyt - If (b) or (¢) holds from Lemmal[Z4] and if (d) or (e) holds by Lemma
20 then T preserves <, guy:-

To prove the necessity of the conditions, assume that 1" preserves <;q,: and
(a) does not hold. Suppose that the first nonzero column of [T] is the " col-
umn. Lemma 23 ensures that there are two possibilities, the first of which is [T]; =

(a1; a1i ... au)t. In this event, Lemma [Z.3] ensures that
t t
[T)it1 = (a1i41 arig1--- ariv1)  or [Tligr = (@141 a2i41 --- a2iq1) -

By continuing this process and from Lemma 23] (¢), we obtain

[T]:(B1 N [T]m)P, or [T]Z(Bl e By [T]m)P7

for some P € P,,, where B and B; (j > 2) are the same as in ([2:2) and (23]), respec-

tively, and 23:1 k; = m — 1. The second possibility is [T]; = (au 0o --- O)t.

In this event, Lemma 23] ensures that [T];11 = (aMH agiy1 a2i+1)t or
t t

[T)iv1 = (arig1 azizr 0 -+ 0) . If [T)iy1 = (a1i41 a2ip1 -+ agip1) , then

A/
[T] = ( 01 :) P, for some P € P,,, where A} € M;. Herelet S : R,,_1 — Ry,_1

be the linear function with [S] = [T](1]1). Lemma ensures then that S preserves
=<rgut- S0 [S] can be the zero matrix or one of forms (a) or (b) of Lemma[Z4l Other-
wise, [T]i+1 = (aliJrl agiy1 0 -+ O)t. By continuing this, we observe that there
exists some k € N,, such that [T] = (A1 e Ay x [T]m) P, for some P € P,,,
where A; (j € Ny) is the same as in ([2.). If & = n, then we have (d). If not,

!/

then k£ < n. Consider A; = (%J), where A% € My, (j € Ng) and consequently

T — Al A;c * P Let SR R Lo the i et
7] = 0 ... 0 )t € P Rn—k = Rp_yk 4, be the linear function
with [S] = [T(1,...,k[1,..., Z?Zl tj). Lemma 233 ensures then that S preserves

=< rgut, and so [S] can be the zero matrix or one of forms (a) or (b) of Lemma 24 O
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For better understanding of the preceding theorem we bring the following exam-
ples.

10 2 7 1 -1 5 14
1 1 2 8 =2 4 0 15
E 2.7. Let [T = . Th 2.0l
XAMPLE 2.7. Let [T 11928 3 9 2 3 eorem (b)
11 2 8 3 6 8 0
ensures that T' preserves <rgut -
3 0 2 1
31 2 0
EXAMPLE 2.8. Let [T]= |3 1 2 0|[. Then by Theorem[20l(c), T preserves
3 1 2 0
3 1 2 0
'<7'gut-
1 2 0 0
01 0 2
EXAMPLE 2.9. Let [T] = 00 1 2| Theorem [2.0] (¢) then ensures that T
0O 01 2
preserves <rgut -
1 01 0 8
1 2 3 1 3
EXAMPLE 2.10. Let [T]= |1 2 3 2 2]. We see that x = (0,0,1,-1,0)
1 2 3 4 0
1 2 3 0 0
<rgut ¥ = (0,1, —%, %, 0), but Tz £,gut Ty. Then T does not preserve <4y . Notice
that this case is from the form [T] = (By --- By % [I,,) P, where I # n — 1.
We see that 2221 k; < m — 1. By Theorem [Z6] T' does not preserve <,quy:.
1 01 0 8
1 5 3 1 3
ExaMpLE 2.11. Let [T]= |1 5 3 2 2|. We see that x = (0,0,1,—1,0)
1 5 3 4 0
1 5 3 4 0

<rgut Y = (0,1,—2,1,0), but T2 #A,gut Ty. Then T does not preserve <,gus . Notice
that [T] = (B1 By By [T]m). We observe that some of the middle B;s could not
be void. By Theorem [Z6] T does not preserve <,gy:.

REMARK 2.12. Let T : R, — R,, be a linear preserver of <,g,, and let [T] =
[a;;]. If there exists k € N,,_q such that the first column of [T](1,...,k — 1) has the
form (a,...,a)t then T is not invertible.
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Now, we focus on finding strong linear preservers of <,g,+ on R,,. We need the
following lemma to prove the next theorem.

LEMMA 2.13. Let T : R,, — R, be a linear function. If T strongly preserves
<rgut, then T is invertible.

Proof. Let x € R,,, and let Tx = 0. Since Tx = T0 and T strongly preserves
~<rgut, this implies that <4+ 0. So = 0, and thus, 7' is invertible. O

In the following theorem, the structure of linear functions 7' : R, — R,, strongly
preserving rgut-majorization will be characterized.

THEOREM 2.14. Let T : R, — R, be a linear function. Then T strongly
preserves <rgu if and only if [T] = aA, for some o € R\ {0} and an invertible
matriz A € R,

Proof. Assume first 1" strongly preserves <,qy¢. S0 T is invertible and 1" preserves
=<rgut, and hence, by Remark 212 there exist « € R\ {0} and an invertible matrix
A € RI" such that [T] = aA.

Conversely, suppose that [T] = aA, for some o« € R\ {0} and an invertible
matrix A € RY“. From Theorem [Z0, it is enough to show that if Tz <,gu Ty,
for each z,y € R, then z <, 4, y. Without loss of generality assume that o = 1.
Let [T] = [asj]. Clearly, tr(z) = tr(y). Fix ¢ € N,,_;. If there exists some j € N;

such that y; # 0, then z; € aff(0,y1,...,y;). Otherwise, as y1 = --- = y; = 0,
(Ty)1 = --- = (Ty); = 0. This means that (T'z); = --- = (Tx); = 0, and then
1 =--- = x; = 0. Therefore, T" strongly preserves <,gy:. O

As a result of preceding theorems we can express the following corollary. It will
be needed in the next section.

COROLLARY 2.15. Suppose that T : R,, — R, preserves <rgut. Then T strongly
preserves <rqut if and only if T' is invertible.

3. Strong linear preservers of rgut-majorization on M,, ,,,. In this section,
we characterize linear functions that strongly preserves rgut-majorization on M, .

LEMMA 3.1. Let A € M,,. Then the following conditions are equivalent.

a) For all D € R9"*, AD = DA.

b) For some a,f € R, A= al + BE.

¢) For all D € R%“" and for all x,y € Ry, (xD 4+ yDA) <,gut (x + yA).

Proof. (a = b) Consider the matrices D := E — E;;, + E;;, where i,j € N, and
i <.
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(b= c) Let D € R“*. Then ED = E = DE, and so (D +yDA) <,gut (x+yA).

(¢c=a)FixieN,. Set © = —¢;A and y = ;. So by the hypothesis, (—;AD +
eiDA) <rgut (—&;A+ g;A), for all D € RI"*. Hence, (—DA + AD)e; = 0, for all
D € R¢“t. 1t implies that AD = DA, for all D € RZ“t. O

For each i,j € N, consider the embedding E’/ : R,, — M,,,, and the pro-
jection E; : M, ,, — R,,, where F’(z) = ejz and E;(A) = g;A. It is easy to
show that for every linear function T : My, ,,, — My, TX = Tlar/ - /z,] =
[Z?Zl Tjxi/ -/ Z?:1 Tiz;], where T? = E;TE’.

It is easy to see that if T': M, ,,, = M,, ,, is a linear preserver of <.4,+, then Tij
preserves <rgyu¢ on Ry, for all 7,5 € N,,.

LEMMA 3.2. LetT : My, ;, = My m preserve <rgut- Iffqr ant € N, there_ exists
k € Ny, such that T} is invertible, then 377_ w; Al = (31—, o) Af+ (320, Blaj)E,

. . . . J
for some o, 3] € R, where Al = [T7].

Proof. 1t can be assumed without loss of generality that i,k = 1 and j = 2.
We show that A2 = oAl + B2E, for some o?, 87 € R. Let 2,y € R, and D €
R9¥t. Since [z/y/0/---/0]D <ygut [x/y/0/---/0], then T[xD/yD/0/--- /0] <rgut
T[z/y/0/--- /0], and hence, [T}zD + TEyD/ * /%] <ygut [Tix + TEy/ * /*]. It shows
that TlaxD + T?yD =rgut Tix + T?y. Thus, DAl + yDA? =rgut TA} +yA2. We
can see D + yDAF(AD) ™! <t © + yA3(AD)7L, for all 2,y € R, and D € RY.
Lemma 3] ensures that A? = o? Al + 2E, for some o?, 32 € R. O

LEMMA 3.3. Let T : R, — R, preserve <,qut, and suppose that [T] = [a,;] is
an upper triangular matriz. If there exists some t € N,,_o such that a;y = 0, then

At41t+1 = = Ap—1n—1 = 0.

Proof. Suppose that t € N,,_o and a;+ = 0. Consider the linear function S :
Rp—ty1 — Ryp_4, where [S] = [T](1,...,t — 1]1,...,t). Lemma ensures that
S preserves <pgut o0 Ry_;y;. Using Lemma again, we see that asy141 = 0.
Similarly, one shows that a;i9t420 =+-- =ap_1p—1 =0.0

LEMMA 3.4. LetT : My, = M, strongly preserve <,qu:. Then for each
i € N, there exists some j € N, such that TZ-J 18 invertible.

Proof. Define I = {i € N,, | Tij & IN,,, Vj € N, }, where the set of all m-by-m
invertible matrices is denoted by I'N,,,. We claim that I is empty. Assume, if possible,
that I is not empty. There is no loss of generality in assuming I = {1,2,...,k},
where k € N,,. There are two cases to consider. First, let I = {1,2,...,n}. Since Tij
preserves <,g,¢ and also it is not invertible, so Tij (Em—1—6€m) =0, for each i, j € N,,.
As X = [em-1 —€m/ " /Em—1 — Em]| € My, m, is nonzero, and TX = 0, we obtain a
contradiction. Thus, this case can not happen.
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Next, let I = {1,2,...,k}, where k < n. By Lemma[B2 for each i (k+1 <i<mn)
and j € N,,, there exist invertible matrices 4; and o/, 87 € R such that 2?21 zj Al =
(> o)A + (> Bl2;)E. Then there exist 1, ...,7, € R, not all zero, such
that vi(aj, .- 00) + - +Yn(af,y, ..., 0p) = 0. Define z; = vj(em—1 — &m), for
each j € N,,, and choose X = [z1/ - /z,] € My, . We conclude that TX = 0, but
X # 0, which is a contradiction. Therefore, for each i € N,,, there exists j € N,, such
that Tij is invertible. O

LEmMMA 3.5. LetT : My, ., — M, ,, satisfy TX = RX + SXE, for some
R,S € M,,. Then T is invertible if and only if R(R+ S) is invertible.

Proof. First, assume that R(R+S) is invertible. Let X € M, ,,, and let TX = 0.
Multiple this relation by E. Since R+ is invertible, we see that X E = 0. Put XE =0
in the relation 77X = 0. Hence, RX = 0 and, as R is invertible, we conclude that
X = 0. Therefore, T is invertible.

Next, suppose that T is invertible. If R is not invertible, then there exists x €
R™\ {0} such that Rz = 0. Define X =[x | —z | 0] ---| 0] € M, . Hence, TX =0
while X # 0, which would be a contradiction. Thus, R is invertible.

Now, assume that R + .S is not invertible. So there exists y € R™ \ {0} such that
(R+S)y=0. DefineY =[0]0 ]| --- | y] € My, . It follows that TY = 0, but
Y # 0, which is a contradiction. Therefore, R + S is invertible. O

The last theorem of this paper, which is our main result in this section, charac-
terizes the strong linear preservers of <4+ on My, 1.

THEOREM 3.6. Let T : M, ,, — M, », be a linear function. Then T strongly
preserves <pgut if and only if TX = RXA+ SXE, for some R,S € M, and an
invertible matriz A € RI* such that R(R+ S) is invertible.

Proof. First, we prove the sufficiency of the conditions. First, let X,Y € M,, ,,
such that X <,4u: Y. So there exists D € R%“ such that X = Y D. Hence,
TX = RXA+SXE=R(YD)A+S(YD)E = (RYA)(A"'DA)+(SYE)(A™'DA) =
(RYA+ SYE)(A™'DA) =TY (A 'DA), and then TX <, 4, TY. Now, let X,Y €
M,, 1, and let TX <44t TY. Then TX = (TY)D, for some matrix D € RI“. Tt
means that RXA+SXE = RYAD+SYED, andso RX+SXFEA™' = RYADA '+
SYEDA™!. Multiply this relation by E and, as R+ S is invertible, we conclude that
XFE =YE. Substitute XE = Y E in the relation RXA+ SXE = RYAD + SYED,
and then RXA = RYAD. So X = Y(ADA™'), and this implies that X <,gut Y.
Therefore, T' strongly preserves <, gyz.

Next, assume that T" strongly preserves <,g4y:. If n = 1, then the result is proved
by Theorem ZT4l So we may suppose that n > 1. Lemma [34] ensures that for each
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1 € N,, there exists some j € N,, such that Tij is invertible. By Lemma [3.2] there exist
invertible matrices A4, ..., A, € M,,, vectors a1, ...,a, € R,, and a matrix §' € M,,
such that TX = [a1 X A1/ Jan X An) + S’ XE.

We claim that dim(span{ai,...,a,}) > 2. If not; so {a1,...,a,} C span{a}, for
some a € R,,. Since n > 1, we can choose 0 # b € (span{a})®. Define X = [b |
—=b|0|---]0] € My . Then XE =0, and also a;X =0, for all i € N,,. It is seen
that TX = 0, while X # 0, a contradiction. Thus, rank{as,...,a,} > 2. Without
loss of generality, assume that {aq, a2} is a linearly independent set. Let X € M, 1,
and D € RI*. So XD <,gut X, and hence, TXD <,4, TX. This follows that
a1 XDA; 4+ a2 XDAs <pgut 01 X A1 + a2 X Ay, and then

(3.1) a1 XD + agXDAQAfl <rgut a1 X + a2XA2A;17

for all X € M,, ,, for all D € R%“*. Since {ay,az} is linearly independent, for every
z,y € R, there exists B, , € M, ,, such that a1B;, = x and a2B,, = y. By
substituting X = B, ,, in (1)), we obtain D + yDAQAl_1 <rgut T+ yAQAl_l, for all
D € RI™ and z,y € R,,. Lemma [3.] ensures then that As = aA; + BE, for some
a, B € R. For every ¢ > 3, if a; = 0, then we can choose A; = A;. If a; # 0, then
{a1,a;} or {az,a;} is linearly independent. Then by a similar procedure, we deduce
the same result. That is, A; = v;A1 + 0; F, for some v;,0; € R, or A; = \jAs + n, F,
for some \;,n; € R. Define A = A;. Then for every i > 2, A; = ;A + 5; E, for some
a;,B; € R, and hence, TX = [a3 XA/ - Ja, XA+ S'XE = RXA+ SXE, where
R =ai/rea2/ - /rnay], for some rq,...,r, € Rand S =5"+41[0/B2az/ - /Bnan]. O
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