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BIDERIVATIONS AND LINEAR COMMUTING MAPS ON SIMPLE
GENERALIZED WITT ALGEBRAS OVER A FIELD*

ZHENGXIN CHENT

Abstract. Let 20 be a simple generalized Witt algebras over a field of characteristic zero. In
this paper, it is proved that each anti-symmetric biderivation of 20 is inner. As an application
of biderivations, it is shown that a linear map ¥ on 20 is commuting if and only if v is a scalar
multiplication map on 20. The commuting automorphisms and derivations of 20 are determined.
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1. Introduction. The motivation to study commuting maps on the Kac-Moody
algebras mainly comes from a survey paper [4] due to M. Bresar, where the author
surveyed the development of the theory of commuting maps on associative algebras
or rings and their applications by discussing the following topics:

1) Various generalization of the notation of commuting maps;

(1)
(2) Commuting additive maps;

(3) Commuting traces of multiadditive maps;
(4) Commuting derivations;

(

t

5) Applications of results of commuting maps to different areas, in particular to Lie
heory.

Let A be an associative ring. A map ¢ : A — A is called commuting if
(1.1) o(x)x = zp(x) for all x € A.

Let us denote the commutator or the Lie product of the elements x,y € A by [z,y] =
xy — yx. Accordingly the equality ([LI)) will be written as [¢(z), 2] = 0. The identity
mapping and zero mapping are two classical examples of commuting maps. The
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author of [4] showed that commuting maps on an associative algebra have significant
applications to other important problems (e.g., Lie automorphisms, Lie derivations,
biderivations, linear preserves, etc.) The principal task when treating a commuting
map is to describe its form. Usually we consider commuting maps imposed with
some restrictions, such as additive commuting maps, commuting traces, commuting
automorphisms, commuting derivations, et al. (see [3} [6] [} [O] [TT1 T2} 16, 17, 18] 19
21]). We encourage the reader to read the well-written survey paper [4].

It is a natural question to define and determine the commuting maps on Lie
algebras. Let g be a Lie algebra with Lie product [—, —] over a field F. A map
@ : g — g is said to be commuting if

(1.2) [p(x),z] =0 forall z €g.

In [23], the authors determined the biderivations of parabolic subalgebras of finite
dimensional simple Lie algebras. So their linear commuting maps are scalar multi-
plication maps. In [I0], the authors determined the commuting automorphisms and
commuting derivations of certain nilpotent Lie algebras over commutative rings. In
particular, the commuting automorphisms and commuting derivations of nilradicals of
finite dimensional complex simple Lie algebras are completely determined. In [22], the
authors proved that any biderivation of the infinite dimensional Schridinger-Virasoro
Lie algebra is inner, and so their linear commuting maps are completely determined.
This paper is dedicated to determining the linear commuting maps on simple gener-
alized Witt algebras over a field of characteristic zero, which are infinite dimensional
simple Lie algebras.

Recall some basic notations and results about generalized Witt algebras. Let F
be a field, I be a non-empty index set and G be an additive subgroup of IT;¢ IF;F,
where F;* (i € I) are copies of the additive group F. Let 20 = W(G, I) be the Lie
algebra over F' with basis {w(a,i)| ac G,i € I} and the multiplication

(1.3) [w(a,i), (b, j)] = ajw(a+b,i) — bi(a+b,j),

where 4,5 € I and a = (a;)icr, b = (bi)icr € G. The Lie algebra 20 is infinite-
dimensional if G # 0. Generalized Witt algebras have been considered by many
authors over fields of positive characteristic (e.g., [13] [20] 24]) and over fields of char-
acteristic zero (e.g., [IL 14, 15]). If char(F) = 0, G = ®,c1Z; and |I| = n is finite,
then by [I5] Theorem 2], 27 is simple and finitely generated by

{w(+es, j), w(+2e;,5) | i,j € I},

where e; is the elementary unit vector of Z™ with 1 in the ith position and 0 elsewhere,
G=ZeLDZes® P Zen.
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In the remainder of this article,
W=W(G,I)
will always denote the simple generalized Witt algebra over a field F', where
char(F)=0, G=2Z", I={1,2,...,n}, n>1.

Then W = Paczn(W)a is a Z™-graded Lie algebra respect to an infinite dimen-
sional Cartan subalgebra H = spang{to(0,1),1(0,2),...,0(0,n)}, where (), =
spanp{ro(a, 1),m(a,2),...,(a,n)}. By [14, Proposition 4.2], 2 is isomorphic to

the derivation algebra of the Laurent polynomial ring F’ [xlﬂ, x2i1, ..., 1] with com-
muting variables, and w(a,i) = x]*x5? - - -xfﬁxia%i for i € I, a = (aj)jer-

In this article, we aim to determine the form of each linear commuting map on the
simple generalized Witt algebra 20 over a field of characteristic zero. To achieve this
aim, we need firstly to describe anti-symmetric biderivations of 2. For an associative
ring R, a bilinear map ¢ : R x R — R is called a biderivation of R if it is a derivation
with respect to both components, meaning that

p(zy,z) = 2oy, 2) + oz, 2)y and ¢(z,yz) = o(z,y)z + yo(z, 2)
for any z,y, z € R. If R is a noncommutative algebra then the map
e(@,y) = Alz,yl, Va,y R,

where A lies in the center of R, is a basic example of biderivation. Biderivations of
this form are therefore called inner biderivations. Bresar et al. in [8] proved that all
biderivations on noncommutative prime rings are inner. Zhang et al. in [25] showed
that biderivations of nest algebras are usually inner, and they showed by examples that
in some special cases non-inner biderivations do exist. D. Benkonvié in [2] extended
the results of [25] and he proved that under certain conditions a biderivation of a
triangular algebra is a sum of an extremal and an inner biderivation. In [23], the
authors transfer the concept of biderivation from associative algebras to Lie algebras
as follows. For an arbitrary Lie algebra g, we call a bilinear map ¢ : g — g a
biderivation of g if it is a derivation with respect to both components, meaning that

(1'4) go([x,y],z) = [‘Ta sD(y,z)] + [Sp(xvz)vy]v Sp(xu [yvz]) = [Sp(xuy)vz] + [y7 Sp(xvz)]

for all x,y,z € g. A biderivation ¢ : g — g is called anti-symmetric if p(z,y) =
—p(y,x) for any x,y € g. In this article we will firstly determine all anti-symmetric
biderivations of the simple generalized Witt algebras 2J. As an application of bideriva-
tions, we describe the form of each linear commuting map of 25. Finally, we prove that
a commuting automorphism of 20 must be the identity mapping, and a commuting
derivation of 2J must be the zero mapping.
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2. The biderivations of 2U. Recall the definition of an inner biderivation of a
Lie algebra g in [23].

DEFINITION 2.1. Let A € F, g a Lie algebra over a filed F'. The map ¢y : gxg —
g, sending (x,y) to A[z,y], is a biderivation of g, called an inner biderivation of g.

REMARK 2.2. It is easy to see that any inner biderivation ¢} is an anti-symmetric
biderivation.

LEMMA 2.3. Let g be a Lie algebra over a field F with characteristic char(F) # 2,
@ an anti-symmetric biderivation on g. Then

(2.1) [o(2,y), [u, ]} = [[z, y], o (u, )]

for all x,y,u,v € g. In particular,

(2.2) [p(z,9), [z,y]] = 0.

Proof. At first we compute ¢([x,u], [y,v]) in two different ways. On one hand,
since ¢ is a derivation in the first argument, we have that

o([z,ul, [y, v]) = [p(, [y, v]), ul + [z, o(u, [y, v])].

Using the fact that ¢ is a derivation in the second argument, we further have that
(2-3)([2, ul, [y, v]) = [[p(z, ), v], ul+[ly, o (@, v)], ul+[2, [p(u, y), V] +[z, [y, o (u, v)]].
On the other hand, computing ¢([z, u], [y, v]) in a different way we have that
24)e(lz,ul, [y,v]) = [[z,0(u, )], vI+[le(, y), ul, v]+[y, [o(z, 0), ull+y, [, 0 (u, v)]].
By comparing the two equalities [3), [24) we have that
(2.5) ([, 4], o (u, 0)] = [e(x, y), [u, v]] = [[z, 0], 0(u, y)] = [p(2,v), [u, y]].
We set

(@ ysu,v) = [[z,y], 0(u, 0)] = lo(@,p), [w, 0], @,y,u,0€g.
So the equality (ZF) implies that &(z,y;u,v) = &(z,v;u,y) for any z,y,u,v € g.

Since ¢ is anti-symmetric, {(z, y;u,v) = —=£(x, y;v,u) for any z,y,u,v € g. On one
hand,

(26) g(xv Yy u, ’U) = —f(I, Y v, ’U,) = _g(xv U3 v, y) = f(I, usy, 1)).
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On the other hand,
(27) §(x7y, u,v) = f(x,’U;’UJ, y) = —5(17, U3 yvu) = —{(x,u; yvv)'

By the equalities (28], (Z71), we have {(z,y; u,v) = —&(z,y; u,v). Since char(F') #
2, then £(z,y;u,v) = 0. So [p(z,9), [u,0] = (2,9 ¢(u,v)] for all z,y,u,0 € g.
Considering the particular case when v = x,v = y we have that

[o(z,y), [z, 9]l = [[z, 4], (2, )] = =le(2, ), [z, yll,
which shows that [¢(x,y), [z,y]] = 0. O

REMARK 2.4. We should point out that two similar propositions, which are [22]
Lemma 2.1] and [23] Lemma 2.2], hold only if the biderivations are anti-symmetric,
and so the results about biderivations in [22] and [23] hold only for anti-symmetric
biderivations. However, since the biderivations related to linear commuting maps in
[22] and [23] are anti-symmetric, then the main results about linear commuting maps
in [22] and [23] are absolutely true.

LEMMA 2.5. Assume that ¢ is an anti-symmetric biderivation on 0. If [x,y] =0
for x,y € 0, then p(z,y) = 0.

Proof. By Lemma 2.3

(28) [@(Ia y)v [u,v]] = [[Ia y]a @(uvv)] =0

for any u,v € 0. Since 27 is a simple Lie algebra, then the derived subalgebra [0, 20]
coincides with 20. Then the equality ([2.8) shows that ¢(z,y) is in the center Z(20).
Also since 20 is simple, then Z(20) = 0. Thus, ¢(z,y) =0. O

LEMMA 2.6. Assume that ¢ is an anti-symmetric biderivation on 20. For any
i € I, there is an element \; € F such that

(29) @(m(oa Z)a m(teia Z)) = Az[m(oa Z)a m(teiv Z)]
for any nonzero t € F', where \; is independent of the choice of t.

Proof. Without loss of generality, we choose a fixed i € I and a fixed nonzero
t € F. For any k' # i, [0(0,k),w(te;,i)] = 0, then o(w(0,k"), w(te;,i)) = 0
by Lemma 23l So [0(0, k"), p(10(0,1), w(te;, i))] = ¢([0(0, k), 10(0,4)], w(te;,i)) —
[p((0, k'), w(tes, 1)), w(0,i)] = (0, w(tes,)) — [0,10(0,4)] = 0. Set

p(0(0,i),w(te;, i) = > clak)w(ak), where c(a k) € F.
aczn kel

Then

(210) [w(0.K), > clakw@k)]=- > ayclakw(ak) =0.

aczn kel aczZn kel
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Comparing the coefficients of w(a, k) on the both sides of the equality [2.10), we have
apc(a, k) =0 for any k € I and a € Z". For any a ¢ Fe;, there is some k' € I such
that &' # 4 and a; # 0, which implies that c(a, k) = 0 for any k € I. Thus, we can
assume that

(2.11) p(w(0,1),w(te;, 1)) = Z c(mey, k)rwo(me;, k).

meF kel

By the equality ([L3]), [t0(0, ) w(te;, )] = —tro(tes, 7). By Lemmal23] [[10(0,1), ro(te;,
)], p(1(0,%), w(te;,7))] = 0, which implies that

[ro(tes, ), o(w(0,7), o(te;, )] = 0.
By the equality ([2I1), we have

(2.12) [ro(tes, ), o(10(0,7), ro(tes, 1))] =

— Y mc(mes, k)w((t+m)es, k) + Y (t —m)c(me;, i) ((t +m)es, i).

meF,k£i,kel meF

By the above equality (ZI2)), for any k& # i and m # 0, c(me;, k) = 0, and for any
m # t, ¢(me;j, i) = 0. By the equality (2I1), we have

(2.13) p((0,), w(te;, i) = clte;, i)w(te,i) + Y c(0,k)w(0, k).

ki, kel

’

Fixak € I'suchthatk #i. We have [w(e,,k ), 0(0,7)] = [w(e,, k), w(te;, )] = 0,
and so [ (ey k), p(10(0,4), wtes, )] = p([w(ey, k), 1w(0,7)], w(tes, i 1) = [p(w(ey,
k), w(tes, 1)), w(0,4)] = (0, w(te;, i) — [0,1(0,0)] = 0. That is, [w(ey, k'), c(tes, 1)

w(tei, i) + S ¢(0,k)w(0,k)] = ¢(0,k )w(ey, k) = 0, which implies that ¢(0,
ki kel

k,) = 0. Hence, ¢(0, k,) =0 for any k' #1i, k' € I. Therefore, by the equality e13),

c(tei, ’L)
t

©(10(0,17), 0(te;, 7)) = c(tes, i)w(tes, i) = — [0(0,17), ro(te;, 1)].

For any nonzero t e F, t # t, we can similarly obtain that

¢ (teyi)

7 [m(O,i),m(t/ei,i)], where c/(t/ei,i) e L.

o(10(0,1), 0(t e;,1)) = —
The equality

[[m(oa i)a m(teia Z)]v <P(m(0a i)a m(t/eiv Z)] = [‘P(m(ov i)v m(teiv Z))v [m(O, i)v m(t/eia Z)]]

implies that
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[0(0, ), v (tes, 1)), — =L [ro(0, ), wo(t e, )] =
[— L€l (0, 4), w(te;, )], [10(0, ), w0 (t e, 7)]].

Note that [[10(0,4), w(te;, )], [0(0,4), m(t/ei/, i))] = [~tw(te;, i), —t'vo(t e;,4)] = tt (t—

t)((t+1t e, i) # 0. Then —C(t?i’i) == (tfi’i). So we can set

c(tei, Z)

P
Thus, A; is independent of the choice of ¢, ¢(10(0,%), to(te;, 7)) = A\;[0(0,7), w(te;, 1)
for any nonzero t € F. O

A=

LEMMA 2.7. Assume that ¢ is an anti-symmetric biderivation on 203. There is
an element \ € F such that

@(m(oaj)a m(teja Z)) = /\[m(ovj)v m(tejvi)]

for any i,5 € I and any nonzero t € F', where X\ is independent of the choice of i,
and t.

Proof. If |I| = n = 1, then the lemma holds by Lemma Next assume
that |[I| = n > 2. By Lemma 20 for any ¢ € I, there is some \; € F such that
o(10(0, 1), w(te, i) = \i[10(0,1), w(tes, )] for any nonzero t € F. We will prove that
Ai = Aj for any i # j, 4,7 € I, and A = ); satisfies the above condition.

Without loss of generality, we choose two fixed i,5 € I and a fixed nonzero
t € F. By the equality (L3), [0(0,j),w(te;,i)] = —tw(te;,i). By Lemma 23]
[[r0(0, 7), ro(tej, )], ¢(r0(0, 7), 0(tej, 7))] = 0. So we have an equality

(2.14) [w(te;, i), p((0, j), o (te;,))] = 0.
Set

p(0(0,5),w(te;,i) = > cla,k)w(ak), where c(a k) € F.

aczn kel
By computation, [to(te;, i), ¢(10(0, j), w(te;j,1))] = > —aic(a, k)w(a+te;, k)
aczn kA, kel
+ > c(a,j)(tw(a+te;, i) —ao(a+tey, ) = — > a;c(a, k)ro(a+te;, k) +

aczr aczn ktikel
> (c(a, j)t —asc(a, i))w(a+tej, i). By the above equality, if a; # 0, then ¢(a, k) =0
aez»
for any k # i, k € I. In particular, ¢(a, j) = 0, which implies that c¢(a, i) = aiic(a,j) =
0 by the above equality. So if a; # 0, we have that c¢(a, k) = 0 for k € I. Thus,

(2.15) o(1(0,5), w(te;, 7)) = > c(a, k)o(a, k).
aczm,a;=0,kel



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 1-12, January 2016
http:/repository.uwyo.edu/ela

8 Zhengxin Chen

’

For any k' € I with k' # j, [m( , k'), w(tej, )] = 0, and so @(10(0, k'), w(te;,i)) =0
by LemmaZH Thus, [10(0,£), o(w(0, j), w(te;, )] = ¢([w(0, k'), (0, /)], w(te;, 1))
—[p(r(0,k ), w(tej,i)), w(0,7)] = ¢(0,1w(tej,7)) — [0,10(0, j)] = 0. By the equality
@I3), we have

{m(O, k), Z c(a, k)w(a, k)} = — Z ay c(a, k)w(a, k) =
aczm,a;=0,kel aczn,a;=0,kel
which implies that a;/c(a, k) = 0 for any k € I and a € Z" with a; = 0. If af Fe;
and a; = 0, then there is some k' € I such that &’ # 1 or j, a # 0, which implies
that c(a, k) = 0 for any k € I. Thus, by the equality (ZI5)), we have that

(2.16) ©(w(0, ), w(te;,)) = Z c(mej, k)ro(me;j, k).

’

For any k' # i or J» (e, k), w(me;, )] = [w(ey Jk'),1(0,)] = 0, which im-
plies that [w(ey, k), ¢(w(0,7), w(me;,1))] = ([w(ey, k ), (0, 5)], w(mej, i) —
[@(m(ek k )7 m(me.lvl))v (07 )] = (p(o m( )) [ ( )] = 0. By the equal-

J
ity (m) [ (ek ) )7 (p(m(ov ')7m(tej7i))] e;kel C(me.lv k)[m(ek/vk/)v m(mejvk)]

= 3 c(mej, k') (e, + mej, k') = 0, which implies that c(mej, k') = 0 for any
meF

m € F. Thus, ¢(me;, k) = 0 for any m € F and k # ¢ or j in the equality (2.10]).

Then we have

(2.17) ©(w(0, j), w(tey,7)) = Z (c(mej, i)ro(me;j, 1) + c(me;, j)w(me;, 7)).
meF

By Lemma [2.3]
[[(0, ), w(ej, )], p((0, j), w(tej, i))] = [p(w(0, 7), (e, 7)), [v(0, j), to(te;, i)]].

By Lemma 2.8, ¢(w(0, ), w(te;, j)) = A;j[w(0,7), w(tej, j)l. So [[w(0, j), w(e;j, )],
<P( (07]) (te.lv ))] = [_ (erj)v XE:F(C(me.lv )m(me.]a )+C(me.]7 ) (m eJa ))] =
> (mc(mej, i)w((m+1)e;, 1)+ (m—1)c(me;, j)w((m~+1)e;, 5)), and [p(w(0, j), w(e;

meF

[¢p (o
7)), [0(0, ), w(te;, )] = [X;[w(0, j), w(ej, 5)]; [w(0, ), w(te;, i)]] = [-A;w(e;, )7—t
ro(tej,i)] = —\;t?w((t + 1)ej,i). So we have an equality

(2.18) Z (mec(mey, i)w((m + 1)ej, i) + (m — 1)c(me;, j)w((m + 1)e;, 5))
meF

= —\;t?o((t + 1)ey, 7).

Comparing the coefficients of w((¢ + 1)e;,4) (resp., w((t + 1)ej,j)) on the both sides
of the equality (ZI8]), we have tc(tej,i) = —\;t* (resp., (t — 1)c(tej, j) = 0). Then

c(tej, i) = —Ajt, c(tej,j) =0 for any t # 1.
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Similarly, for m # t, comparing the coefficients of w((m + 1)e;j,i) (resp., w((m +
1)ej,7)) on the both sides of the equality (ZI8), we have mc(me;, i) = 0 (resp.,
(m — 1)c(me;j, j) = 0). Then, in the above equality ([2.18),

c(mej,i) =0 for m#t or 0,c(mej,j) =0 for m#tor 1.
So
(2.19) (1(0,7),0(tej, 1)) = —Ajtwo(te;, i) + c(0,4)w(0, ) + c(ej, j)ro(e;, j).
By a similar process, we can obtain that
p(10(0,4), w(t €5, 7)) = —Ait w(t e, ) + ¢ (0,/)w(0, ) + ¢ (s, )w(es, i)

for any nonzero t € F, where ¢ (0, ), ¢ (e;,) € F. Next we will prove the following
claim.

’

Claim. \; = \; for any i # j, and ¢(0,7) = c(e;,5) = ¢ (0,5) = ¢ (e4,i) = 0 for
any ¢,j € I.

Chooseat € F witht #t. By Lemmam we have the equality [[v(0, ), w(t e;,
7)1 ({0, ). w(tes, 1))] ~ [p(m(0. ), w({ e, ). (0. ), wite;, )] = 0. By computa-
tion, [[0(0, 1), w(t'es, )], p(w(0, 7)., w(te;, 1))] — [p(w(0, 1), (¢ ex, 7)), [1(0, 5), w(te;,
z)]] [—t'ro(t e;, j ), —Ajtro(te;, i) + ¢(0,)ro(0,17) —i—c(e/j,j,')m(eJ, N = [=Xit wo(t’ el,j)
+¢'(0,/)m(0, §) + ¢ (es,7)w(es, ), tm(teJ, )] = Ajtt (t m(t e + tej,j) — tro(t e; +
tey,i)) —t 2¢(0,i)(t e;, 7) +t c(ej, j)w(t e +ej,§) — Nitt (¢ ot e1+teJ,j)—tm(t,el+
te,i)) —t2¢ (0, j)w(te;, i) + ¢ (ey, i)tw(e; + tej, i i) = (A —\ Ot 2ot ei +tej, j) + (i —
M)t o (t ei+te, i)+t clej, j)no(t ej+e;j, j)+tc (er,i)w(e;+tej, i)—t 2¢(0,i)w(t e;, §)
—12¢/(0, j)wo(te;,i). If t # 1,¢ # 1, then the coefficients on the right-hand side of the
above equality are zero, which implies that the claim holds. If ¢ = 1, then t # 1, and
[[m(oa i)a m(tleivj)]a (p(m(oa j)’ m(teja Z))] - [(p(m(oa i)a m(t,eia j))a [m(ovj)v m(tejv Z)]] =
(N —t' N\ +c(eJ,j))t/ (' e +ej,7) + (A — At w(t es +ej,i) —t 2¢(0,i)(t e, j) —
¢ (0, 7)w(e;, i) + ¢ (e, i) (e; + e, 7). Thus, the coefficients on the right-hand side of
this equality are zero, and so the claim holds. Similarly, for the case t = 1, the claim
also holds.

Finally, we set
A=A =A== Ay,

then M is independent of the choice of i, and t. By the equality (Z19), ¢(10(0, ),
w(tej, i) = —Atw(te;, i) = A[w(0, j), w(te;,)]. O

THEOREM 2.8. Fwery anti-symmetric biderivation ¢ of 10 is inner.

Proof. By Lemma[27] there is an element A € F such that ¢(10(0, j), ro(tej, 1)) =
A [0(0,7), w(tej,)] for any nonzero t € F and i,j € I. For any z,y € 20,
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(2, y), w(tej, )] = [o(x, y), —[10(0, ), w(tes, )] = —lp(z,y). [0(0, ), w(te;, )]
= —llz,y], o(w(0, 5), w(te;, 1)) = —3llz, yl, Alw(0,7), ro(te;, )] = —[l,yl, —Xt
w(te;,1)]] = [Az,yl,o(tej,i)]. So [p(z,y) — Az, y], w(tej,i )] 0 for any nonzero
te I and i,j € I. Since the set

{ro(+e;j, i), w(+2e5,4) [ i,j € I}

generates the Lie algebra 20, then ¢(z,y) — A\[z,y] € Z(20) = 0. So ¢(x,y) = Az, y]
for any z,y € 2. In other words, ¢ = @, is an inner biderivation. O

3. Linear commuting maps on 20. We now apply the Theorem[2.§to describe
the linear commuting maps on the generalized Witt algebra 2. Recall that a linear
commuting map % on 20 subject to [¢(z),z] = 0 for any x € 2. Obviously, if ¥ on
20 is such a map, then [¢(z),y] = [z, (y)] for any z,y € 2.

THEOREM 3.1. A linear map 1 on 0 is commuting if and only if 1 is a scalar
multiplication map on 2.

Proof. The sufficient direction is obvious. We now prove the necessary direction.
Let ¢ be a linear commuting map of 20. We construct a map ¢ from 20 x 90 — 23
by setting

(3.1) p(z,y) = [¢(x), y].

Obviously, ¢ is bilinear. By computation, for x,y, z € 9, ¢(z, [y, 2]) = [¥(z), [y, z]] =
[[W(2), 9], 2]+ [y, [ (), 2] = [p(z,y), 2]+ [y, p(@, 2)]. So ¢ is a derivation with respect

to the second component. Since [¢(z),y] = [z, ¢ (y)], it is easy to see that ¢ is also
a derivation with respect to the first component. Hence, ¢ is a biderivation on 2.
Furthermore, ¢(z, y) = [(2),4] = [z, b(y)] = —[(y), 2] = —p(y, o), and s0 ¢ is anti-

symmetric. By Theorem [Z8 ¢ is an inner biderivation, so we can find A € F such
that ¢(z,y) = A[z,y] for any z,y € 0. Thus, [¢(z) — Az,y] = [W(x),y] — Mz, y] =
o(x,y) — Alz,y] = 0, which implies that ¢ (z) — Az € Z(20) = 0. Therefore ¢)(z) = Az
for any z € 20. Thus, the theorem holds. O

COROLLARY 3.2. (1) Let be a commuting automorphism of 2. Then 1 is the
identity mapping.

(2) Let v be a commuting derivation of 2. Then 1 is the zero mapping.

Proof. Let v is a linear commuting map of 20. By Theorem [3.I] we may assume
that 1 = X - 1oy for some A € F. Obviously, ¥(0) = 0.

For any 0 # a € 20, there is some y € 20 such that [x,y] # 0.

(1) If ¢ is a commuting automorphism of 20, then

(3.2) P([z,y]) = [¥(2), ¥ ()],
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That is, Az, y] = Mz, \y] = A2[x,y]. So A2 = X\. Thus, A = 0 or 1. By the invertibility
of ¢, A = 1. Thus, ¥(x) = x = loy(z), and so (1) follows.

(2) If ¥ is a commuting derivation of 20, then

(3-3) P([z,y]) = [(), y] + [z, ¢ ()],

we have Az, y] = [Mz,y] + [z, \y] = 2A\[z,y]. So A = 0. Thus, ¢(x) = 0, and so (2)
follows. O

Acknowledgment. The author thanks the referee for his/her careful examina-
tion and helpful suggestions.
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