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APPLICATION OF AN IDENTITY FOR SUBTREES
WITH A GIVEN EIGENVALUE*

KENJI TOYONAGAT AND CHARLES R. JOHNSONY

Abstract. For an Hermitian matrix whose graph is a tree and for a given eigenvalue having
Parter vertices, the possibilities for the multiplicity are considered. If V = {v1,...,v;} is a fragme-

nting Parter set in a tree relative to the eigenvalue A\, and T;41 is the component of T—{v1,v2,...,v;}
k

in which v;41 lies, it is shown that Z N; = ma(N\)+2k—1, in which N; is the number of components

of T; —v; in which \ is an eigenvalueZ. This identity is applied to make several observations, including
about when a set of strong Parter vertices leaves only 3 components with A and about multiplicities
in binary trees. Furthermore, it is shown that one can construct an Hermitian matrix whose graph
is a tree that has a strong Parter set V' such that |V| = k for each k in 1 < k < m — 1 for given
multiplicity m > 2 of an eigenvalue A. Finally, some examples are given, in which the notion of a
fragmenting Parter set is used.
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1. Introduction. For an undirected graph G on n vertices, denote by H(G) the
set of all n-by-n Hermitian matrices with graph G. No requirement, other than reality,
is placed upon the diagonal entries of A € H(G). Let o(A) denote the eigenvalues
of A, including multiplicities. For A\ € o(A), we denote the multiplicity of A, as an
eigenvalue of A, by ma(X). When there is an identified A € H(G), we often speak
interchangeably about the graph and the matrix, for convenience.

Our interest here is in the case in which G is a tree T and A € H(T) is an
Hermitian matrix. In that event, when A € H(T') and m4(\) > 2, there is remarkable
structure present [2] [7} [10], and there may be such structure even when m4(\) < 2
[2]. The multiplicities of eigenvalues of an Hermitian matrix whose graph is a tree
have been studied in many papers. Parter sets or P-sets for an eigenvalue have been
studied in several papers [I], 2, [4] [5 6] as well.
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For a vertex u of T, we denote the (n — 1)-by-(n — 1) principal submatrix of
A € H(T), resulting from deletion of the row and column corresponding to u, by A(u);
its graph is T'—u. A vertex u of T'is called a Parter vertex [2] if m g¢,)(X) = ma(A)+1.
If ma(X) > 2, there is always at least one Parter vertex in T, and there may be Parter
vertices even when m 4 (\) < 2. Furthermore, if m4(\) > 2, then there will be a Parter
vertex u such that \ occurs as an eigenvalue in at least 3 principal submatrices of A,
corresponding to branches of T' at the Parter vertex u of T [2, [7]. In this case, u is
called a strong Parter vertex [2]. In general, vertex u is Parter if and only if it has a
neighbor w in T" such that m a7, —w)(A) = map,)(A) — 1 in which A[S] denotes the
principal submatrix of A corresponding to the subgraph S of T', T, is the branch of
T at u and containing w, and T, — w is the subtree of T}, induced by deletion of w.
Such a vertex in a tree is called a downer vertex and such a branch a downer branch

2.

A set V of vertices {v1,...,v} is called a Parter set for A € 0(A), A € H(T) if
mair—v)(A) = ma(A) + k. By the interlacing inequalities, it is clear that each vertex
of V is Parter in T. (The converse is not generally true.) If T has a Parter vertex for
A € o(A), A € H(T), its removal from T will leave some components (subtrees) in
which X is an eigenvalue of the corresponding principal submatrix of A. Some of these
components may also include Parter vertices (relative to the component). Repeated
removal of such Parter vertices in each component will eventually leave components in
each of which A appears no more than once. In this event, the Parter set of removed
vertices is called a fragmenting Parter set (f-Parter set, for short).

In the field of validated numerical analysis, it is generally considered that it is
difficult to enclose a multiple eigenvalue with large multiplicity in a narrow interval. In
[9], a numerical method for validating existence of an eigenvalue with large multiplicity
of an Hermitian matrix whose graph is a tree is given; the fragmenting subgraph
obtained by removing Parter vertices and software INTLAB [§] is used. INTLAB is
the Matlab toolbox for reliable computing and self-validating algorithms. The notion
of fragmenting subgraphs can be applied to numerical analysis. So, it is important to
study the property of fragmenting subgraphs obtained by deleting Parter vertices in
a tree.

In Figure 1.1, we give an example of an f-Parter set for a tree T' with an eigenvalue
A of multiplicity 3. The numbers in Figure 1.1 represent the multiplicity of an eigen-
value A in the subgraph under the vertex next to the number. We can easily construct
an Hermitian matrix A with eigenvalue A whose graph is the tree T in Figure 1.1.
If we suppose Parter vertices in V' are sequentially removed in the order vy, vs, then
v; is a strong Parter vertex in Tj, ¢ = 1,2. Therefore, V = {v1,v2} is a fragmenting
strong Parter set (strong f-Parter set, for short) for A € o(A), A € H(T).
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3

Fic. 1.1.

2. Main results. Our purpose here is to prove an identity for the system of
subtrees associated with the sequential removal of vertices in an f-Parter set that is
interesting by itself (Theorem 2.1) and then to apply the identity in several ways.

Let V = {v1,...,v;} be a Parter set for A € 0(A), A € H(T). Let T;41 be the
component of T' — {vy,...,v;} in which vertex v; 1 lies, i = 0,...,k — 1. We set
Ty = T. If, further, v;41 is a strong Parter in T;11, ¢ = 0,...,k — 1, we call V a
strong Parter set. When the multiplicity of an eigenvalue A is given, we consider
upper bounds for the cardinality of a strong f-Parter set of the tree for eigenvalue
A. Further, in Theorem 2.2, we characterize a certain maximality of strong f-Parter
sets. And we consider the number of components in which A\ occurs as an eigenvalue
exactly once, when we remove the strong Parter vertices in a strong f-Parter set. In
Proposition 2.5, when T is a full binary tree, we give upper bounds for the cardinality
of a strong f-Parter set. In Theorem 2.6, we show that given the multiplicity m > 2
of an eigenvalue, there exist Hermitian matrices, whose graph is a tree, that have a
strong Parter set V for the eigenvalue with |V| = k for each kin 1 < k < m — 1.
Finally, we give simple examples to illustrate our results.

We also define N; to be the number of components of T; — v; in which A is an
eigenvalue of the corresponding principal submatrix of A. Of course, if V' is a strong
Parter set, then N; > 3, for all ¢.

When we remove Parter vertices in V' sequentially, the number of components in
which A is an eigenvalue of the corresponding principal submatrix of A satisfies the
next relation.

THEOREM 2.1. Let T be a tree and A € H(T). If V = {v1,va,...,05} is an
f-Parter set for X € o(A) with mar,)(A) > 1, 1 <i <k, then

k
> Ni=ma(\) +2k - 1.

i=1

Proof. We give a proof by induction on k. When k£ = 1, the formula holds, because
of the definition of a Parter vertex. We suppose that when |V| < k, the formula
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holds. When |V| =k 4 1, we denote the vertices in V as V = {v1,va,..., 0511} We
denote by By, Bs, ..., B, [ > 1, the branches at v; in which A is an eigenvalue of the
corresponding principal submatrix. Let k; be the number of Parter vertices in B; that
are contained in V. Then 0 < k; < k, and k1 + --- + k; = k. The Parter vertices in
V that are contained in B; must be an f-Parter set in B;. By assumption, the next
relations hold in each branch B; respectively, in which N;; denotes N; in branch B; :

k1
Z Nii = maip,(A) + 2k — 1;
=1

ko
ZNQZ' = mA[BQ]()\) + 2k2 - 1,

=1

ki
ZNM = mA[Bl]()\) + 2k; — 1.
=1

K
Here, If k; = 0, then my4(p;)(A) = 1, and we set ZNﬁ = 0. By adding the left
i=1
hand sides and right hand sides of these equations, we get

k;
Nji =Y map(\) + 2k — L.
j=1i=1 i=1
Equivalently
1 kj
Nji+1l=ma(N) +2k+1,
j=11i=1
or
k+1
> Ni=ma(\) +2(k+1) - 1.
=1

The claim thus follows by induction. O

In the above theorem, we note that V is an f-Parter set, but V' does not nec-
essarily need to be a strong f-Parter set. Of course, if V is a strong f-Parter set,
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then Theorem 2.1 still holds. Furthermore, as Example 3.2 shows, we note that the
condition m 4y7,1(A) > 1, 1 <@ < k is necessary. Examples illustrating Theorem 2.1
occur in Example 3.2 later.

Next we consider the possible cardinalities of a strong f-Parter set for A € o(A)
in terms of m4 ().

THEOREM 2.2. If T is a tree, A € H(T) and V = {v1,..., v} is a strong f-Parter
set for A € o(A), then
V[ <ma(d) -1,
and V is mazimal, that is |V]| =ma(N\) —1, if and only if N; =3 for all i, 1 <i < k.

Proof. Since V is a strong f-Parter set for A € g(A), by Theorem 2.1,
k
BIVI <Y Ni=ma(\) +2[V|— 1L
i=1

SO; |V| < mA(A) - L

k
From Theorem 2.1, we have Z(NZ —3) =ma(A) — (JV]+1). Since V is a strong

=1
f-Parter set, N; > 3. So, |[V| =ma(A) — 1l if and only if N; =3 foralli, 1 <i<k. O

The above formula gives an upper bound for V' in terms of m4(A\) and a lower
bound for m4 () in terms of |V]|.

REMARK. If V is a strong f-Parter set for A € o(A), A € H(T), T a tree, then
T —V has ma(A) + |V| components with A as an eigenvalue, each of multiplicity 1.

From Theorem 2.2, given a positive integer n, we can construct an Hermitian
matrix, whose graph is a tree, that has a maximal strong Parter set V with |V]| =n—1
in which N; =3,1<i:<n—1.

COROLLARY 2.3. Let T be a tree and A € H(T). If V = {v1,...,ux} is an f-
Parter set for X € o(A) with mair,)(A) > 1, 1 < <k, then of the system of Zle N;
subtrees of T' counted in Theorem 2.1, k — 1 subtrees have A with multiplicity > 1.

Proof. From Theorem 2.1,

k k

> Ni—(ma(N) +k)=> Ni—(ma(\) + V) =k - 1.

=1 =1

From the above remark, k — 1 subtrees at Parter vertices have A\ with multiplicity
>1. 0



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 30, pp. 964-973, December 2015
Application of an Identity for Subtrees With a Given Eigenvalue 969

COROLLARY 2.4. IfV is a strong f-Parter set for A € 0(A), A€ H(T), T a tree,
then the number ¢ of components of T —V in which A occurs as an eigenvalue exactly
once satisfies

ma(A)+1<c<2ma(N\) — 1L

Proof. Theorem 2.2 implies that 1 < |[V| <ma(A) — 1. Thus,
ma(A) +1 < |V|[+ma(N) <2ma(N) — 1.
Since V is a strong f-Parter set, c = ma(A) + |[V]. O

A tree T is binary if the degree of each vertex is at most 3. If there are no vertices
of degree 2, we call it a full binary tree.

In a full binary tree T on v vertices, if V is a strong f-Parter set for A € o(4),
A € H(T), we can get an upper bound for [V| and m4(\) in terms of v.

PROPOSITION 2.5. If V is a strong f-Parter set for A € 6(A), A € H(T), T o full
binary tree on v vertices then

Vi< [(v=1)/3]
and

ma(\) < [(v+2)/3].

Proof. Each strong Parter vertex in V' has three incident edges in T;, 1 <14 < |V].
Since T has v—1 edges, it is clear that |V| < [ (v —1)/3]. Since T is a full binary tree,
every strong Parter vertex in V has three branches in which A occurs as an eigenvalue.
So, |[V| = ma(A) —1 from Theorem 2.2. Therefore, we get an upper bound for m 4 ()
in terms of v from the upper bound of V. O

THEOREM 2.6. Given multiplicity ma(A\) = m > 2 and 1 < k < m — 1, there
exists an Hermitian matriz A whose graph is a tree, that has a strong Parter set V
of size k for A € o(A).

Proof. In the case of m = 2, there exists an Hermitian matrix A whose graph
is a star, whose submatrices of A corresponding to three branches at a center of
the star have a simple eigenvalue A. Then the center is a strong Parter vertex and
|[V| = 1. Next we consider the case of m > 3. Given multiplicity m > 3 of an
eigenvalue A\, we can construct an Hermitian matrix A whose graph is a tree T' such
that |[V| = m — 1 with NV; = 3, 1 < i < m — 1, from Theorem 2.2. Then let
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V be {p1,p2,-..,Pm-1}, and T; be a component that contains the Parter vertex p;
when Parter vertices {pi,...,pi—1} are removed from T (2 < i < m — 1). We set
Ty = T. Then there exists k such that branches at py in T have the eigenvalue A
with multiplicity at most 1. If m4(p,)(A) = [, when pj is removed from T}, there
exists [ + 1 branches that have the eigenvalue A with multiplicity 1 in T}, which we
denote by T1,...,7;41. When we remove the Parter vertex p; from T and connect
Ty,...,T; to a Parter vertex that exists in the above position of py in T' by inserting
I new edges.(cf. Example 3.3), then the graph contains m — 2 strong Parter vertices.
By repeating this procedure, we can construct a graph such that |V| = k for all k,
1<k<m-1. 0

3. Examples. We present examples for Theorem 2.2, Theorem 2.1 and Theorem
2.6.

ExaMPLE 3.1. We give an example for Theorem 2.2 in Figure 3.1. Let T be a
tree, A € H(T) with an eigenvalue A of multiplicity 4. The maximal cardinality of
a strong Parter set for A relative to A is 3 from Theorem 2.2. Then there are two
patterns of multiplicities as displayed.

The strong f-Parter set of T for A relative to A is V' = {vy,vs,v3}, and when
Parter vertices in V' are sequentially removed in the order vy, ve, and vs. Then v; is
a strong Parter vertex in T;. The numbers in the figures represent the multiplicity of
the eigenvalue A relative to the submatrix of A corresponding to the subgraph under
the vertex next to the number.

When Parter vertices are sequentially removed in the order vy, vs, and v3, we
can see that only three components in 73, 1 < i < 3 have the eigenvalue A\ in each
subgraph.

Fic. 3.1.

EXAMPLE 3.2. Here are examples for Theorem 2.1. Let T be a tree, A € H(T)
with an eigenvalue A\. We show the identity Zle N; = ma(A) + 2k — 1 holds in the
cases of multiplicity m47(A) = 2,3 and 4, in which V' is an f-Parter set, |V| = &,
and N; is the number of components of T; — v; in which A is an eigenvalue of the
corresponding principal submatrix of A. When m 4(71(\) = 2, the formula in Theorem
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2.1 holds from |V| = k = 1 and N; = 3. So we show the cases of m47(\) = 3 and
my4(r)(A) = 4 in Figure 3.2. The numbers in the figures represent the multiplicity of
the eigenvalue A relative to the submatrix of A corresponding to the subgraph under
the vertex next to the number. Parter vertices in the f-Parter set are the vertices
next to the number 2, 3 and 4. When m 47)(A) = 3 there are two cases in Figure 3.2,
then the formula in Theorem 2.1 holds for & and N;, that is, &k = 1, N1=4 at the left
graph, and k = 2, N1 + Ny = 6 at the right graph.

For the case of m 4[77(\) = 4, there are five cases. In the last figure, the subgraph
with multiplicity 3 has the same two patterns as the case of m;7)(A\) = 3. For all
the cases, we see that the formula in Theorem 2.1 holds.

Fic. 3.2.

We note that the condition m 4;7,1(A) > 1, 1 <4 < k in Theorem 2.1 is indispens-
able. If this condition is not satisfied, then there is a case such that the formula in
Theorem 2.1 does not hold. Let A be an Hermitian matrix, and the corresponding
graph be the tree T in Figure 3.3, in which vertex x; of T' corresponds to row i of A,
i=1,...,7. The matrix A has an eigenvalue 0 with multiplicity 2, so m4[71(0) = 2.
Then 1,26 are Parter vertices of T for 0 relative to A. Furthermore, V = {x1,z6} is
a Parter set of T for 0 relative to A. We denote the subgraph of T induced by vertices
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x5,x¢ and x7 by To. Here we set V = {v1,v2} by replacing x1 = vy, 26 = v2.

x2
z3

1 T4
x5

Ze

b

Il
O O R == =O
O O O O o o
O O O O o o
SO OO OO =
O = W o oo
_ O = O O O O
O R O O O O O

x7

Fic. 3.3.

Let T = T3, and N; be the number of components of T; — v;, ¢ = 1,2, in which
0 is an eigenvalue of the principal submatrix of A. Since the principal submatrix
of A corresponding to To does not have eigenvalue 0, and m a7, ()] (0) = 1, then
N; + N2 = 4. Now, since |V| =k =2, ma(A) +2k —1 = 5. As a result, we can say
that if m4[7,)(A) > 1 is not satisfied, then there is a case such that the formula in
Theorem 2.1 Zle N; = ma(\)+2k—1 does not hold. So, the condition m 47,)(A) > 1
in Theorem 2.1 is essential.

ExaMPLE 3.3. Finally, we give examples for Theorem 2.6 in Figure 3.4. For the
case of m 4 (A) = 4, we can construct Hermitian matrices whose graphs are trees
such that |V| = 1,2 and 3 respectively, with V' a strong f-Parter set for A relative to
A € H(T). The numbers in the figures represent the multiplicity of the eigenvalue A
relative to the submatrix of A corresponding to the subgraph under the vertex next

to the number.
T

4(p1)

Fic. 3.4.

From Theorem 2.2, we can construct an Hermitian matrix whose graph is a tree
T with |[V| = 3 as the left graph in Figure 3.4, then strong Parter set V' = {p1, p2, p3}.
When we remove the vertex ps from T', there exist three branches(vertices) at py in T5,
which have the eigenvalue with multiplicity 1. Then we pick up two branches(vertices)
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from them, and we connect them to the vertex p;, then we can get a tree T’ with
|[V| = 2 with V' = {p1,ps}. Furthermore, if we remove the vertex psz from 7", and
connect two branches(vertices) at ps to the vertex py, then we have a star T"”, where
|[V|=1with V = {p1}.
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