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THE NUMERICAL RADIUS OF A WEIGHTED SHIFT OPERATOR*

BATZORIG UNDRAKHT, HIROSHI NAKAZATO*, ADIYASUREN VANDANJAVS, AND
MAO-TING CHIENY

Abstract. In this paper, the point spectrum of the real Hermitian part of a weighted shift

operator with weight sequence ai,a2,...,an,1,1,... is investigated and the numerical radius of the
weighted shift operator in terms of the weighted shift matrix with weights a1, az, ..., ay is formulated
explicitly.
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1. Introduction. Let A be an operator on a separable Hilbert space H. The
numerical range of A is defined to be the set

W(A) = {{(Az,z) : [lz]| = 1,z € H}.

The numerical radius w(A) is the supremum of the modulus of W (A). It is a classical
result due to Toeplitz and Hausdorff that the numerical range is a convex set. For
references on the theory of numerical range, see, for instance, [Il 10, 11l [12]. We
consider a weighted shift operator A with weights (a1, ase,...) on the Hilbert space
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¢?(N) defined by

A:A(al,ag,...): 0 a9 0 s

where {a,} is a bounded sequence. From the operator-theoretic view point, the class
of weighted shift operators contains a typical non-unitary isometry A(1,1,...) (cf.
[2]). The real part Hermitian operator R(A) = (A + A*)/2 of a weighted operator A
is interpreted as the adjacency matrix of weighted An-graph (cf. [§]). In addition,
weighted shift operators are closely related to numerical analysis and information
theory (cf. []).

Shields [16] proved that the numerical range W (A) of a weighted shift operator
A is a circular disk centered at the origin. In this case, the radius of the disk equals
its numerical radius w(A) which is the maximal spectrum of the self-adjoint operator
R(A). Ridge [15] computed the radius for a weighted shift operator with periodic
weights. Computations of the radii of weighted shift operators with typical weights
such as (r,1,1,...), (1,s,1,1,...), (r,s,1,1,...) and (r,72,73,...) were carried out in
[2, 5, 6, (18, [19].

Stout [17] provided a method to obtain the numerical radius of a weighted shift
operator A(ay,az,...) with square summable weights by introducing the analytic
function

Fa(z) = det(I — zR(A(a1,az,...))).

It is shown in [I7] that the analytic function is given by

[e%S) 1 k
FA(Z):l-f-Z(—Z) CkZ2k7
k=1
where
2 2 2
ckzz:ailaiz---aik,
the sum being taken over
1< <ig < <1 <00, t9—11 22, 13—122>2,..., 1 —ip—1 > 2,

and the radius w(A(a1,az,...)) = 1/A, where X is the minimal positive root of
FA (Z) =0.
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In the finite-dimensional case, an n x n weighted shift matrix with weights
(a1,a2,...,an—1) is defined by

0 0 0 0

al 0 0
A(a17a27---7an—1): O ag O

0 0 Ap—1 0

It is easy to see that a weighted shift matrix or operator A is unitarily equivalent
to its entry-wise modulus operator |A|. Hence we may assume that the weights are
nonnegative for the discussion of the numerical range of a weight shift matrix or
operator. There have been a number of interesting papers on the properties of the
numerical ranges of weighted shift matrices ([3] 6] [7, @), 16, 17, 20]). The numerical
range of a weighted matrix A is a closed disk centered at the origin. Various radii of
the disk were studied, e.g.,[6, 13} [19]. In particular, w(A(1,1,...,1)) = cos(n/(n+1))
for the n x n shift matrix A(1,1,...,1) (cf. [I3]). The numerical radii of the modi-
fied shift matrices A(1,...,1,7,1,...,1) and A(1,...,1,7,71,...,1) were computed
respectively in [6] and [19].

In this paper, we consider weighted shift operators A(aq, as,...,an,1,1,...) which
perturb the canonical shift operator A(1,1,...), and investigate the point spectrum
of the Hermitian operator R(A(a1,as,...,a,,1,1,...)) which gives the numerical
radius of the operator A(a1,as,...,an,1,1,...). Furthermore, we explicitly formu-
late the radius w(A(a1,as,...,an,1,1,...)) in terms of the weighted shift matrix
Alay, az,...,ap).

2. Weighted shift matrices. Let A(a1,a9,...,a,-1) be an n x n weighted
shift matrix with nonnegative weights. The spectral analysis of a real symmetric
tridiagonal matrix $(A) is related to numerical analysis (cf. [4]). The Hermitian
matrix 2I,, — 2R(A(1,...,1)) is also discussed as the discrete Laplacian in applied
mechanics ([I4]).

The characteristic polynomial

Pu(t) = det (un — R(Aay, az, . .. ,an,l)))

has the recurrence

1
pu(t) = tpn-1(t) — Zaif1pn—2(t)-
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By the formula [I7, Lemma 1],
1 k
2.1) =0+ S () Selorar
1<k<n/2

where the circularly symmetric functions

_ 2 2 2
Skla,...,an-1) = g aj aj, - aj,

1<j1<ja<--<jr<n—1

over all 1 < j; < jo < -+ < jr < n—1 satisfying jo —j1 > 2, jgs —j2 > 2,...,

Jk — jk—1 = 2. The circularly symmetric function Sk(a,...,an,—1) is abbreviated to
Sl(cnfl) if there is no confusion. We will use Chebyshev polynomials of the second
kind to find o = w(A(as,as9,...,an—1)). If the weights a4, ..., a,—1 are positive and

relatively small, e.g., less than 1, we have 0 < o < 1. Then 0 < 6y = arccos(a) < 7
is the minimal zero of the trigonometric polynomial

(2.2) 2" sin 6 det (cos 01, — R(A(ay,aq,. .. ,an,l))).

On the other hand, if the weights a1,...,a,—1 are relatively large, say, greater than
sec(m/(n 4+ 1)), then a > 1 and 6y = arccosh(«) is the minimal zero of the trigono-
metric polynomial

2" sinh 0 det (cosh 01, — R(A(ay,aq,. .. ,an,l))).

Let ¢Ck,0 < k < £, denote the binomial coefficients with boundary values ,Cy =
Cor=1. For 1 <k<{l-1,,Cp=20/(k'(¢—k)). The following lemma is essential
to expand the trigonometric polynomial (2.2)).

LEMMA 2.1.
n—1
2"sinf cos™ 0 = Z n—1Csin((n + 1 — 2k)0)
(2.3) k=0

= Y (11Ck — n1Cha)sin((n+ 1 — 2k)0),
0<k<n/2

and
n—1
2" sinh § cosh™ § = Z n—1Cf sinh((n + 1 — 2k)0)
(2.4) k=0

= > (n-1Ck = n-1Cx_2)sinh((n + 1 — 2k)0).
0<k<n/2
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Proof. We compute

n—1
Z n—1Csin((n + 1 — 2k)0 ( 1 Cpeit1= Qk).g)
k=0

%(ez ”*1)9 lcke—mke)

( i(n+1)0 1 n 6—219)71 1)
= %(6219 (e + e*w)nfl)
2" L cos" 1 9 (%)

=2"ginf cos™ 0,
where $(z) denotes the imaginary part of a complex number. This proves the first
equality of (23]). Next, we prove the second equality of (Z.3)).

Assume n = 2m + 1 is odd. Then

(2.5) > amCrsin((2m + 2 — 2k)0)

0<k<2m
= omCo sin((2m + 2)0) + 2,C1 sin(2mb)

+ > mCisin((2m + 2 — 2k)0)

2<k<m

+ > 2mCrsin((2m + 2 — 2Kk)0).
m+2<k<2m

Observe that
sin((2m + 2 — 2k)0) = —sin((2m + 2 — 2(2m + 2 — k))0) = —sin((2m + 2 — 25)0),

where j = 2m + 2 — k. Since m+ 2 < k < 2m, we have 2 < j < m. Hence,

(2.6) Y 2mCrsin((2m + 2 — 2k)0) > 2mCom-ksin((2m + 2 — 2k)0)

m+2<k<2m m+2<k<2m

=— > omCjasin((2m+2 —2j)f).

2<j<m

Taking together (2.5) and ([2.6]), we have

> amCrsin((@m+2-2k)0) = Y (2mCh — 2mCr—2) sin((2m + 2 — 2k)6),
0<k<2m 0<k<m

where ch_g = 2mC—1 =0.
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Assume n = 2m is even. Similar computations yield that
> am-1Cesin((2m + 1 - 2k)0)
0<k<2m—1
= om-1Co sin(2m + 1)9 + 9m—-1C1 sin((2m — 1)9)
+ Z om—1Ck sin((2m + 1 — 2k)0)

2<k<m

+ Y 2maCisin((2m 41— 2k)0)

m+1<k<2m-—1

= > (2m-1Ck — 2m-1Cx—2) sin((2m + 1 — 2k)0),

0<k<m

where melcfg = 2m71071 =0.
As to the formula ([24]), we compute that
> n1Cisinh((n+ 1 — 2Kk)0)

0<k<n—1
1( Z (n41-2K)0  (—n—1+2k)0
3 E (e o))
2 0<k<n—1
1
— 5(629 o 6—29)(69 + e—é)n—l
1
_ 5(69 _ 6—9)(69 4 6—9)(69 +e—9)n—1
0 _ —0 0 —0
:2n(e e )(e + e )n
2 2
= 2" sinh 6 cosh” 6.

The second equality of ([2:4]) can be derived in a similar way. O

Applying Lemma 2] we expand the determinant in (Z2]), which generalizes
results of [0, Theorem 2.1] and [19, Theorem 2.1].

THEOREM 2.2. Let n > 2. Then

2" sin 6 det (cos 01, — R(A(as,az, ..., an_l))) = Z A"V sin((n + 1 — 2k)6)

0<k<[n/2]
and
2" sinh 6 det (cosh 0I, — R(A(a1,az, ... ,anfl))) = Z h,(cn_l) sinh((n + 1 — 2k)0),
0<k<[n/2]
where
B = (11O = o1 Cia)

k—1

+ (Y1 (a-1-26Chmt —nor-20 Cume-2)SE V) + (1P,
£=1
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0<k<[n/2, and "V =1, n{" ™ =, 0y — "7V,

Proof. We compute that

2" sin 6 det (cos 01, — ®R(A(a1,as,..., an,l)))

k
_on g; n 1 (n—1) n—2k
=2 sm@(cos 0+ E ](_Z) S, cos 9) (by 1)

1<k<[n/2
=2"sinf cos™ O + Z k2 =2F gin @ cos™" 2k 9 S}infl)
1<k<[n/2]
= > (1C—n1Ces)sin((n+ 1 - 20)0)
0<<[n/2]
—+ Z S(n 1)
1<k<[n/2]

Z (n_gk_lcg — n—2k—1Cr_2) sin((n —2k+1-— 2@)9))
0<¢<[(n—2k)/2]

(by Lemma2.T])
= sin((n + 1)9) + n-1Ch sin((n - 1)9) + (n_lcg - n_lco) sin((n — 3)9) + -
- s§”—1>(sm((n —1)8) + n_3C1 sin((n — 3)0)

+(n—3C2 — n—3Co) sin((n — 5)0) + - - )
+ 587 (sin((n — 3)9) + n_5Cy sin((n — 5)6)

F(n-5C2 — n—5Cp) sin((n — 7)8) + - - )

= > ((n—lck — n-1Ck2) = 8"V (1=3Ch1 — n—3Ch—3)

0<k<[n/2]
+ Sénil)(n—s)ck—z —n-5Ck—4) — -~ ) sin((n + 1 — 2k)0)

= 3w Vsin((n+1-2k)0).
0<k<[n/2)

The second assertion can be proved in a similar way. 0

3. Weighted shift operators. The numerical radius of a weighted shift opera-
tor has attracted much attention because of its importance and complexity. Research
papers on this subject include the Hilbert-Schmidt class of of weighted shift opera-
tors, i.e., with square summable weights (cf. [I7]), and the modified canonical shift
operator such as (a, 1,1,...), (1,,1,1,...) and (o, 5,1,1,...) (cf. [2 6 19]).
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In this section, we consider weighted shift operators A(ay,as,...) acting on a
complex Hilbert space ¢?(N) identified with the Hardy space H? satisfying

[e%S) 4
lim ap = 1 - :
Jim a ,Z|ag 1] < oo and Haj—>ﬁas€—>oo
=1 Jj=1
for some 0 < 8 < co. A typical weighted shift operator of this class is A(aq, as, ..., an,

1,1,...) that perturbs the canonical shift operator A = A(1,1,...).

THEOREM 3.1. Let A(ay,as,...,an,1,1,...) be a weighted shift operator with
positive weights. Then w(A(ay,...,an,1,1,...)) > 1 if and only if R(A(a1,ag, ..., an,
1,1,...)) has an eigenvalue greater than 1.

Proof. Since W(A(a1,...,an,1,1,...)) is a circular disk centered at the origin,
it follows that w(A(a1,...,an,1,1,...)) = w(R(A(a1,...,an,1,1,...))). The suffi-
ciency is trivial. Assume w(A(ay,...,an,1,1,...)) > 1. For the Hermitian operator
R(A(a1,...,an,1,1,...)),

IIR(A(a1, ... an,1,1,.. )] = w(R(A(a1,...,an, 1,1,...))).

Then, by [19 Lemma 3.1], w(R(A(a1,...,an,1,1,...))) and thus w(A(aq,...,an,
1,1,...)) is an eigenvalue of R(A(a1,a9,...,a,,1,1,...)). O

The following result characterizes the existence of an eigenvalue @ > 0 of the
Hermitian operator R(A(a1,az,...,an,1,1,...)), and it turns out the eigenvalue must
be greater than 1.

THEOREM 3.2. Let n > 1 and A(ay,as,...,a,,1,1,...) be a weighted shift op-
erator with positive weights. A value a > 0 is an eigenvalue of R(A(a1,az,...,an,1,
1,...)) if and only if there is a nonzero formal power series

f7(0) » F0) o fOT0)

f(z):f(O)-i-f’(O)z—i-Tz R S CESN + -

with f(0) # 0 belonging to the Hardy space H? which satisfies the following recurrence
relations

Q (k) o Fk=1) ap_y F—2)
(3.1) 71(0) = 2_f(0)7 f k!(O) _ 20 f7U(0)  ag—1 fUTH(0)

- ar (k*l)' (075 (k’*Q)'

O0) L 100 f000)

R E e I s T

F0) _, f00) S (0)
ml Y m-1) (m-2)
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form=n+2n+3,... In this case, the eigenvalue o > 1 and
(n+1)(0 ) (0
(3.4) fi()f(af\/oﬁfl)f ():0.
(n+1)! n!

Proof. Assume that o > 0. Clearly, o is an eigenvalue of the Hermitian op-

erator R(A(a1,aa,...,a,,1,1,...)) if and only if there is a corresponding nonzero
eigenfunction
@) (0 3 (0
£ =10+ 7@+ T2 T g
satisfying R(A(a1,az2,...,an,1,1,...))f = af which is equivalent to the recurrence

relations (30)), 32) and B3).

From the recurrence relation ([33]), the coefficients of the eigenfunction satisfy the
recurrence
F*(0) FED0)  fE2(0)

(35) Mo o)

for k=n+2,n+3,... If @ = 0, the recurrence relation ([B.5]) implies that

F(m+2) ()
(n+2p)!

»£(0) forreEe) o, frYo)

4 £\ 4\
al M 1+ 2p)! n+1)l

= (-1)
p=1,2,... Since f € H?, it follows that

FOH) )
n+1)! a7

and this derives the function f = 0 from BI).

If 0 < a < 1 and is expressed as o = cos6 for some 0 < 6 < 7/2, then the
difference equation () implies that

FtP)(0)

s \M) ipl —ipb
o) = ~ve'’” 4 de ,

p=0,1,2,..., for some constants v and 6. Again, for f € H?, we have v = 0 and
0 =0 as well.
If a = 1, then by (33),

ftpt2)(0) f(n+p+1)(0)7f(n+p+1)(0) Ftp)(0)

n+p+2)! (+p+1)! (m+p+1)! (n+p)!’
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p=0,1,2,..., and hence

f(n+p)(0) - f(n) (0)
(n+p)!  nl o

p=0,1,2,..., for some constant 1. By the same fact that f € H?, we have n = 0
and

fFrD0) _ fM(0)

(n+1)!  nl

=0,

and thus f = 0. This proves the eigenvalue o > 1.

The characteristic equation of the difference equation (33 is
2 _
7" —2ar+1=0.

The general solution of the difference equation becomes

(n+p) (0
f(n+17()') =mla+ve? = 1P + (e — Va? - 1),
p=20,1,2,..., for some constants p; and pus. Notice that o + va2 —1 > 1. Hence,
(n
1 = 0, and the initial condition implies that s = fT)!(O), and this concludes (34). O

In the following, we explicitly formulate a characteristic equation for the point
spectrum of the operator ®(A(a1,as,...,an,1,1,...)) in terms of the weighted shift
matrix A(ay,as,...,a,).

THEOREM 3.3. Letn > 1 and A(ai,aq,...,an,1,1,...) be a weighted shift oper-
ator with positive weights, and let f(z) be a nonzero formal power series:
1"(0) SO SO

1) = 1O+ [(0)z + T5=2% R e s TR

Assume o > 1. Then « is an eigenvalue of R(A(a1,asz,...,an,1,1,...)) with eigen-
function f(z) € H? if and only if the coefficients of f(z) satisfy condition (1), and
the value z = o — va2 — 1 is a zero of the polynomial

Fu(2) = Qu-1(2) — a22*Qn—2(2),

where
Qu(z) = det ((22 1) e — 2:R(Alay, ... ,a@))),

0=1,2,...and Qo(2) =22+ 1, Q_1(2) = 1.
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Proof. Assume that « is an eigenvalue of the Hermitian operator ®(A(aq,as,. ..,
an,1,1,...)), and its corresponding nonzero eigenfunction is given by

(2 3)
L 20, 100

3 2
5 a0 22+ € H.

f(z) = f(0)+ £'(0)
The equation R(A(a1,as,...,an,1,1,...))f = af leads to the relation

(22 = 2az+1)f(2)

n—1 k)
= (0) = (a1 = 1)22£(0) - (kzl((ak+1 — 1)z 4 (ay, — 1)zk)f k!(0)>
(n)
,(an _ 1)f n'(o)zn

We define the above polynomial by

(3.6) Hy(2) = f(0) — (a1 — 1)22£(0)
el (k)
_(;((ak—kl _ 1)Zk+2 + (ak _ 1)Zk)f k'(o))
(n)
A U
and
a1G2 - Qp

Since z = a—+va? — 1 is aroot of 22 —2az+1 = 0, it follows that F,,(a —va2 — 1) =
H,(a — a2 —1) = 0. By the relation of the sequence f*)(0)/k! in (BI), we have
that

) ((20)" = (2a) 7257 + (20) 1Y - )
L/’ﬂ(O)z’f((Qoé)’fJr 3 (71)4(2a)k—2esék—1)>
1<e<k/2

:f(())((z2+1)k+ Z (71)2222(2,2+1)k72ésék—1))'

1<e<k/2

w
I

—~
w
EN|

~—

I
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Substituting 7)) into ([B.6]), we obtain that

F.(z) =aiaz--an + (a1a2 - a, — a%agag _ an)z2
n—1
+ ) (aki1Ght2 - Gn — a3y aks2 - an)2
k=1
% ((22 L O e o 1)’“”5,5’“‘1))
1<<k/2

2

n—1

+ ) (akt1Ghi2- - Gn — QRak11 - an)
k=1

X((22+1)k+ Z (_1)6226(22+1)k—2€S§k*1)>
1<<k/2

+-a)(E+D"+ Y (D2 s,
1<0<n/2

The polynomial F),(z) with corresponding coefficients c,gn) is written as

(3.8) Fo(z) = c(()") + 0(1")22 + 0(2")24 + cé")ZG oM

We compute the coefficients c,(:). For k =0,

n—1

c§V =araz-an+ > (ak1akr2 an — arargs o an) + (1 — ay)

k=1
=1—-a,+ (an - an—lan) + (an—lan - an—2an—1an) + -
+(a2a3...an 7&1@2"'(1”)4’(11&2"'&”
=1

For k = n, and n = 1, by using a; 2f'(0) = (22 4+ 1) £(0), we obtain that
Hy(z) = f(0) = (a1 = 1)22£(0) = (a1 = 1)2f'(0), Fi(z) =1+ (1 —ai)2?,
and hence cgl) =1-a2. Forn > 2,

a1as ... an £ (0) F=1(0)
— (1 - nd \-/ n+ls  \MJ
U (g (1) )
—(1— an)(ZQn Fan 22 22 )
=1 —-a2)®" + (1 —an)y2>" 2 +---.

Hence, ¢™ =1 — a2,
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For 1 <k <n—1, we deduce from the definition of H,(z) in B8] that

w1 £070(0) nf<”>(0>).

H,(z) :Hn_l(z)—(an—l)(z =1, +z p
Then
ajas -+ an I Al (1) L f0(0)
(3.9) Fu(z) = W(Hn_l(z) ~ (an — 1)(2 + S i ))

=a,F_1(2) + (a, — ai)(22(22 41yt
+ Z (—1)£2+20(22 4 1)n—1—2ésén—2))
1<t<(n-1)/2
F-a) (D" 3 (DS,

1<6<n/2

Comparing the coefficients of (8.8) and ([3.9) , we have the following recurrence relation
for ™ 1<k<n-—1:
kSRS :

0=— c,(g") + ancénfl) 4 (an —a2)n-1C0k—1 + (1 — an)nCh

+ (an — a2) Z (*1)Zn7172z0k717zsén_2)
1<0<k—1,20<n—1

+(l=an) Y (1) 'aCroeSY
1<0<k,20<n

=- c,(cn) + Bl(cn) — an(—c,(cnfl) + Agcnfl)),

where

n—1
n 2 2
A;(c ) =,C; — n—lck—lan — n—2Ck_1 g a;
j=1

E
[

+ (*1)Z[n72e+10k7z5ﬁ12)ai + n72éckflsén_1)] + (*1)165;&")
2

~
[

and

B;in) = Ck — n1Cx_1a% —a? Z (71)471717220]9717255”_2)
1<0<k1,20<n—2

+ Z (fl)zn,geCk,zSE"_”.

1<0<k,20<n

(n—1) (n—1)

Direct computations show that AL") = B,g") and also ¢ . Therefore,

c,(cn) = A,(cn) = Bl(cn) foreveryn=1,2,...and 1 < k < n.
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We decompose the coefficient c(n) B,gn) for £ > 2 into two parts. By letting

(n =,.Cr + Z (—1)ln_250k_55§n), k=0,1,....,n
1<0<k 0<n/2
and
d](:) = n720k72 + Z (71)27’17272401672745(571_2)) k= 2; 37 sy

1<<k—2,0<(n—2)/2
We compute that

k k

o - = Z f20Che Sy = nC — Z”—”C’“_esénil)
= =1

k-1
4+ 1Cr_1a> + a2 Z(—l)ln—1—240k—1—45¢gn72)
¢

=1

k

2 n—2) 2

=a,, E b 20Ch 45( +n710k71an
k—

+a2 b 172401@7145?_2)

This shows that
o) =& —and”,
and thus
C;n)z% _ E;")z% — a22dy, 2kt
with cén) =1, 0(1") = S(n) -+ n. Therefore,
F,(2) = Gn(z) — aiz‘an(z),
where
Gn(z) = é(()n) + c(n)z + c(n)z + c(")z6 4@
and

L,(z) = dén) + dgn)ZQ + o d 2
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Rearranging the terms of G, (z), we have that

Gn(2) = (1+,C12% + ,Coz* + -+ 4,0, 2°")

—S™ 22 (4 9C0 + n-2C122 + -+ n_9Cp_922" ") 4 -
n—2¢

n

D T Te Tk D N G DA/ LS N o
k=0 1<0<[(nt1)/2] =0

_ (22 + 1)n + (_1)€S§n)22€(22 + 1)71—2@.

1<t<[(n+1)/2]

By equation (1), the characteristic polynomial of 2R(A(ay,...,ay))) is formulated
as

det (:c[nﬂ —2yR(A(a1, ag, . . ., an))) = Z (fl)eSé"):c”H*Myﬂ.
0<0<(n+1)/2

Then, we obtain that
(810) (2 +1)Gu(2) = det (=2 + DIny1 — 22R(A(ar, ., 0n)) ) = Qu(2).

Applying the Laplace expansion on the (n + 1)-th row of the determinant [BI0]), we
expand

det ((22 D) gt — 2:R(A(ay, . .., an))>
= (22 + 1) det ((22 + 1)1, — 2:R(Aay, ... ,an,l)))
— a2 2% det ((22 + 1)I,—1 — 22R(A(aq, .. ., an_g))>.
Similarly, we can prove that
(2% + )La(z) = det (2 + 1)y — 22R(A(on, . 30 2))).
Then, we have that

(22 +1)F(2) = (22 + 1)Gn(2) — a22* (22 + 1)L (2)
= (22 + 1) det ((22 + 1)1, — 2:R(Aay, . . ., an,l)))

—a?2%(2% + 1) det ((z2 + 1)1 — 22R(A(aq, .. ., an72))).
This implies that
Fo(z) = det ((22 1)1, — 2:R(A(ay, . .. an_l)))
—a?2? det ((22 +1)I,—1 — 22R(A(ay, .. ., an72)))
= Qn-1(2) — 4,2°Qu-2(2).
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To prove the converse part, we first compute that

Fo(2) = Qn-1(2) — aiZQQn—2(Z)
= ((22 +1D)Qn-1(2) — a%zQQn,g(z)) — ZQQn,l(z)
= Qn(z) - Z2Qn—1(z)
= (e 3 (R s

1<0<[(n+1)/2]

—2(EHDm e Y DEHE R SY) by @I)
1<i<[n/2]
— yntl ((2a)n+1 + Z (71)4(2a)n+17225én)
1<0<[(n+1)/2]

,Zn+2((2a)n + Z (71)2(20[)71—225[@—1)))

1<(<[n/2]
VA s Pare sl (VNI AR ()
_(E“j)f(())((wrn! B )

Hence, if F,,(o — Va2 — 1) =0, we have

F0) (o m)f(")(o) _0

(n+1)! n!

This equation guarantees that the coefficients of the eigenfunction determined by the
difference equation ([3.I0) satisfy the relation

(n+p) (0
SAC) =m(a+va? =1+ pz(a— Va2 - 1),
(n+ p)!
p=20,1,2,..., for some constants 1 and po, and the constant p; necessarily vanishes.

This asserts that the function f(z) belongs to the Hardy space H?. O

We consider a special weighted shift operator A(aq,1,1,...). If a1 is large enough,
e.g., a1 > /2, then a = |R(A(ar,1,1,...))|| > 1is an eigenvalue of R(A(ay,1,1,...)).
By Theorem B3] Fi(2) = 22 + 1 — a?22. The positive root of Fi(z) = 0 is 2z =

1/4/a? — 1, and thus,

1 1 1 1
— 2 -
w(A(a1,1,1,...)) =« 2(z+z) 2( af —1+ 2 1).

This formula is also obtained in [2, [20]. Similarly, for the weighted shift operator
A(l,a2,1,1,...), we have

Fy(2) = Q1(2) — a32°Qo(2) = (2% +1)* — 22 —a32%(22 +1).



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 944-963, December 2015

960 B. Undrakh, H. Nakazato, A. Vandanjav, and M.T. Chien

The zeros of F5(z) = 0 determine the numerical radius w(A(1, az, 1,...)) (cf. [620]).

The polynomial F,,(z) associated with the weighted shift operator A(aq,as,...,
an,1,1,...) in Theorem B3] is also denoted by F,(z;a1,...,a,) if it is necessary to
emphasize the first n weights. In consequence of Theorem B3, we have the following
corollaries.

COROLLARY 3.4. Let 1 <m < mn, and F,(z) be the polynomial defined in Theo-
rem 33l Then

F.(z;a1,... am,1,...;1) = Fu(z;a1, ..., am).

Proof. By mathematical induction on n — m, it is sufficient to prove the case
n =m+ 1. We have that

Fu(zia1,. .. am,1) = Qm(z) — 22Qm-1(2)
= (Z 4+ 1)Qm-1(2) = 07,2’ Qum-2(2) = 22Qm—1(2)
= mel(z) - aEan72(z)

= Fn(z;a1,...,a,). O

COROLLARY 3.5. Let F,(z) be the polynomial defined in Theorem B3 Then, the
recurrence equation

(ai+2 - 1)(ai+1 —1)Fny3(2)
= (@212 = a2y = D)+ (24 — D@2y = V(2 +1)) Faya(2)
(a2 = D@2y = DE + D) + (024 — DlaEes — a2 127 Faa(2)
(024 = D@2y — 1)ad 122 Fu(2)
holds for n > 0 with Fy(z) = 1.
Proof. Firstly, we prove the equation
(3.11) Fop1(2) = Ful2) = (1- a2,1)2°Qu1(2)

n=0,1,2,... Equation BII)) holds clearly for n = 0 with Q_;(z) = 1. We assume
that equation ([B.IT)) is true for indices less than n. Then

Fri1(2) = Qn(2) — ai+122Qn—1(z)
= (22 + 1)Qu-1(2) = a52*Qu—2(2) — a7 112°Qu-1(2)
= (22 = a5 112 + 1)Qn-1(2) — a52°Qu-2(2)
=(1—a}1)2*Qu-1(2) + Fu(2).



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 944-963, December 2015

The Numerical Radius of a Weighted Shift Operator 961

Applying equation BI1]), we compute that
(1= an2) (1 = ap 1) (Fuss(2) — Fata(2))
=( )(1— 721+1)(1 - a721+3)22Qn+1(2)
= (1= a2 o)1= a2 )1 = a245)22 (22 + DQu(2) — a412°Qua(2))
= (1= a2 3)(1 = a2 1) (% + 1)(Fuya(2) = Fusa (2)
-(1- ai+3)(1 - ai+2)ai+122(Fn+1(2) — Fa(2)),

which implies the desired recurrence equation. O

2
1-— an+2

The coefficients ck ) of the polynomial F, (z) in Theorem B3 and the coefficients

B ™) and B,

in Theorem [2.2] are closely related. Comparing the coefficients ¢; ~ and

we derive the following relation.
THEOREM 3.6. Let ck ) be the coefficients of the polynomial F, (2) in B8 .
(1) Suppose n+ 1 =2m > 4 is an even integer. Then
2"+ gin 0 det (cos 01,41 — R(A(a,az,. .., an))>

= sin((n + 2)0) + c§”> sin(nf) + (cgn) — ™) sin((n — 2)6)
+ (cgn) (n) Dsin((n—4)8) + - + (V) — fg}rl) sin 6.

(IT) Suppose n+1 =2m+ 1> 3 is an odd integer. Then

2"+ 5in 0 det (cos 01,11 — R(A(a,aq,..., an))>

= sin((n + 2)0) + an) sin(nf) + (cén) — ™) sin((n — 2)6)
(5 = sin((n — 4)0) + - 4 () — ), sin(26).

In either case,

2"+ gin 0 det (cos 0I,+1 — R(A(a1,az, ..., an))) = Z c&n) sin((n 4+ 2 — 2¢£)6).
=0

ExaMPLE 3.7. Consider the 4 x 4 weighted shift matrix A(2,1,3). Then, by
Theorem 2.2}

24 sinh 6 det (cosh 01, — R(A(2, 1, 3))) = sinh(56) — 11 sinh(36) + 24 sinh(6).
From Theorem [3.3]

F3(z) =1 — 1122 + 162" — 82°,
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which yields
Y = =11, B =&Y — ) =24,

The eigenvalues spectra, greater than 1, of the Hermitian operator ®(A(2,1,3,1,
1,...)) lie in the set

1
{§(z+z_1):0<z<1, 1—1122—1—1624—826:0}.

The numerical value of this set is {1.69504} for z = 0.3264004.
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