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HIGHER NUMERICAL RANGES OF QUATERNION MATRICES*

NARGES HAJ ABOUTALEBI{, GHOLAMREZA AGHAMOLLAEI¥, AND HOSSEIN
MOMENAEE KERMANTIS$

Abstract. Let n and k be two positive integers and k < n. In this paper, the notion of
k—numerical range of n—square quaternion matrices is introduced. Some algebraic and geometrical
properties are investigated. In particular, a necessary and sufficient condition for the convexity of
k—numerical range of a quaternion matrix is given. Moreover, a new description of 1—numerical
range of normal quaternion matrices is also stated.
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1. Introduction and preliminaries. Division rings [4] are of interest because
they resemble fields in every way except for commutativity of multiplication. The
division ring H of quaternions was first discovered by W.R. Hamilton and is narrated
in numerous resources; e.g., see [I3, [19]. Nowadays quaternions are not only part
of contemporary mathematics such as algebra, analysis, geometry, and computation;
but they are also widely and heavily used in computer graphics, control theory, signal
processing, altitude control, physics, and mechanics; e.g., see [I1, [l 6] @, 111 14 20].

Formally, H which is denoted by this notation because of Hamilton, is the four-
dimensional algebra over the field of real numbers R with the standard basis {1, 1, j, k}
and multiplication rules:

i2:j2:k2:_1,
ij =k=—ji, jk=i=—kj, ki=j=—ik, and
1g =ql =q for all q € {i,7,k}.

If ¢ € H, then there are ag, a1, as, as € R such that

(1.1) q= oo+ i+ agj + ask.
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Equation () is known as the canonical representation of a quaternion ¢ € H, and the
scalar «y is called the real part of ¢, denoted by Re ¢; the quantity cg+ayi is said to be
the complex part of ¢, denoted by Co ¢; the part aji+asj+ask is called the imaginary
part of ¢, symbolized as Im ¢; the set of all ¢ € H such that Re ¢ = 0 is denoted by
P; the conjugate of q is ¢ = ap — 11 — asj — ask; and the norm or length, or modulus
of ¢ is defined and denoted by |g| = /a2 + a2 + a2 + a2 = (¢q)% = (qq)?, which is
nothing more than the Euclidean distance from the origin to the point (ag, a1, @, as)

in the space R*. It is known that if ¢, ¢1, g2 € H, then
(a) |¢| = 0 if and only if ¢ = 0;
(b) la1 + q2| < [a1] + |g2l, and |q1az| = |q1|lgl;
(¢) gl = lql, and 7132 = G243
(

d) if ¢ # 0, then ¢~ '¢ = g¢~" =1, where ¢~ = 1.

Two quaternions x and y are said to be similar, denoted by = ~ y, if there exists
a nonzero quaternion ¢ € H such that z = ¢ 'yq. It is clear that if z ~ 3, then there
exists a ¢ € H such that |¢| = 1 and z = gyg. Also, it is known, see [21, Theorem
2.2], that = € H is similar to y € H if and only if Re x = Re y and |[Im z| = [Im y|.
For instance, ¢ and j are similar. It is clear that ~ is an equivalence relation on the
quaternions. The equivalence class containing z is denoted by [z].

The division ring H is an algebra over the field R, and the set C of complex
numbers appears as a real subspace of H; that is, C = Spang{1,i} = {¢ € H: qi = iq}.
Moreover, Spang{j,k} = {q € H : q¢i = —iq}, and \q = ¢ for every \ € Spang{1,i}
and ¢ € Spang{j, k}. Also, using this fact that ij = k, each quaternion ¢ € H, as in
(T, is uniquely represented by:

q=ap+ a1i+ azj + ask = (ap + a1i) + (a2 + asi)j = y1 + V2],
where 71 = ag + a1i € C and 72 = as + agi € C.

Let H™ be the collection of all n-column vectors with entries in H, and M, «, (H)
be the set of all m x n quaternion matrices. For the case m = n, M,,«,(H) is denoted
by M, (H), i.e., the algebra of all n x n quaternion matrices. For any 1 < i < n,
e; € H" has a 1 as its ¢th component and 0’s elsewhere. For every m x n quaternion
matrix A = (a;j) € Myxn(H), A := (a;;) is called the conjugate of A; the matrix
AT := (aji) € Myxm(H) is called the transpose of A; and A* := (A)T € M, ., (H) is
said to be the conjugate transpose of A.

Let A € M,(H). As in the complex case, A is called normal if AA* = A*A;
Hermitian if A* = A; and skew-Hermitian if A* = —A. A quaternion ) is called a
(right) eigenvalue of A if Az = x\ for some nonzero x € H". If X is an eigenvalue of A,
then any element in [A] is also an eigenvalue of A. It is known, see [2I, Theorem 5.4],
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that A has exactly n (right) eigenvalues which are complex numbers with nonnegative
imaginary parts. These eigenvalues are called the standard right eigenvalues of A. The
right spectrum of A is defined and denoted by

or(A) ={Ae€H: Az =z for some nonzero x € H"}.

For A € M,(H), as in the complex case (see [7, Chapter 1]), the quaternionic
numerical range of A is defined and denoted by

W(A) ={2"Az: z € H", 2%z = 1}.

The notion of quaternionic numerical range of matrices was first studied in 1951
by Kippenhahn [I0]. In the last two decades, the study of quaternionic numerical
range is revived in a series of papers; for example, see [3| 16} 18] 2T}, 22].

In this paper, we are going to introduce and study the higher numerical ranges
of quaternionic matrices. To this end, in Section 2, we introduce, as in the complex
case, the k—numerical range and the right k—spectrum of quaternion matrices. We
also study the projection of the k—numerical range of quaternion matrices on R and
C. The emphasis is on the study of algebraic properties of them and their relations.
Moreover, we characterize the k—numerical range of Hermitian quaternion matrices
and we give a necessary and sufficient condition for the convexity of the k—numerical
range of quaternion matrices. In Section 3, we show that the 1—numerical range of a
normal quaternion matrix can be characterized by its standard right eigenvalues.

2. k—Numerical range of quaternion matrices. Throughout this section,
we assume that k& and n are positive integers, and k < n. Also, I denotes the k x k
identity matrix. A matrix X € M, «;(H) is called an isometry if X*X = I, and the
set of all n x k isometry matrices is denoted by X, xx. For the case k = n, X, x, is
denoted by U,,, which is the set of all n X n quaternionic unitary matrices. In this
section, we are going to introduce and study the notion of higher numerical ranges
of quaternion matrices. To access more information about some known results in the
complex case, see [12] and its references.

DEFINITION 2.1. Let A € M, (H). The k—numerical range of A is defined and
denoted by

Wk(A) = {%tr(X*AX) X e ank}.
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The sets W*(A), where k € {1,2,...,n}, are generally called higher numerical ranges
of A.

REMARK 2.2. Let A € M, (H). Since for every X = [x1, 2, ...,2%] € Xnxk,
{z1,z2,..., 2} is an othonormal set in H", by Definition 21 we have
1k
Wk(A) = {E z:JUZ‘AJUZ : {x1,..., 2} is an othonormal set in H”} .
i=1
Also, it is clear that W1(A4) = W(A). So, the notion of k—numerical range is a
generalization of the classical numerical range of quaternion matrices.

DEFINITION 2.3. Let A € M, (H) have the standard right eigenvalues A1, ..., \,,
counting multiplicities. The right k—spectrum of A is defined and denoted by

oh(4) =

> =

k
i 1< <ip <o <idp <my ai € [N
j=1

It is clear that o}(A) = 0,(A). In the following theorem, we state some basic
properties of 0¥ (A). Recall that the convex hull of a set S C H, which is denoted by
conv(S), is defined as the set of all convex linear combinations of elements of S.

THEOREM 2.4. Let A € M, (H) have the standard right eigenvalues A1, ..., An,
counting multiplicities. Then the following assertions are true:

(a) If a € ok (A), then [a] C ok (A);

(b) conv(C N k(A)) = € conv(o*(A));

(¢) If k < n, then o*+1(A) C conv(a¥(A)). Consequently,

T

conv(o™(A)) C conv(a" 1 (A)) C -+ C conv(o,(A)).

r

Proof. The part (a) follows easily from Definition 23]

For (b), it is clear that conv(C(ok(A)) € Ceconv(ck(A)). Conversely, let
A=Y O(a + bii + ¢ + dik) € C(conv(o¥(A)), where 6; >0, >°/%, 6, =1, and
a; +byi + c;j + dik € ok (A) for all I = 1,...,m. Then we have

A= 0i(a+bi), and Y 6i(cij + dik) = 0.
=1 =1

Since a; £i/b? + ¢ + d? € [ai+bii+cij +dik], by (a), we have a; £i1/b? + ¢? + d? €

CNck(A) for all I = 1,...,m. So, for every | € {1,...,m}, we have a; + bji =
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tlar +i\/0F + 2+ d?) + (1 — t)(ar — i\/b2 4+ 7 + d?) € conv(C( ok (A)), where t =

b b2 .2 d2
VOt g the case b2+ ¢ +d? # 0, and for the case by = ¢, = d; = 0,

t € [0,1] is arbitrary. Therefore, A € conv(C(c¥(A)). Hence,

(Cﬂcom) ) C conv( (Cno

To prove (c), let a € o¥+1(A) be given. Then there exist 1 < i; < ig < --- <
ir41 < nand a;; € [\;;] such that a = k—}rl Z;H_ll ;. Therefore, we have

1 k+1 1 k+1 1 k+1
=—> a, ==Y (7 > )
14 E+1—~—"Fk ,

j=1 Jj=1 = t=1,t#j

So, a € conv(c¥(A)). Hence, the proof is complete. O

In the following theorem, we state some basic properties of the k—numerical range
of quaternion matrices.

THEOREM 2.5. Let A € M,,(H). Then the following assertions are true:

(a) WE(al + BA) = a + BWF(A) and WF(A + B) C WF(A) + WE(B), where
a,B €R and B € M,,(H);

(b) WF(U*AU) = WF(A), where U € U,;
(©)
(d) If B € M,,,(H) is a principal submatriz of A, and k < m, then W¥(B) C

Wk(A). Consequently, if V € X,xs, where 1 < s < n, then WE(V*AV) C WF(A),
and the equality holds if s = n;

If A € WE(A), then [\ C Wk(A);

e) of(A) C WH(A);
f

(

(f) aWk(A)a = Wk(A), where o € H is such that ao = 1;
(9) WH(A") = Wr(A);
()

h) Let A= H + K, where H is Hermitian and K is skew-Hermitian. Moreover,
let A=aH + bK, where a and b are nonzero real numbers. If x € R and y € P, then

x4y e WFA) if and only if ax + by € WF(A);

(i) If B€ M, and k < min{n,n'}, then W*(A)UW*(B) C W*(A® B). For the
case k =1,

conv(W'(A @ B)) = conv(W'(A) UIW(B)).
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Proof. The assertions in (a) and (b) follow easily from Definition 211

To prove (c), since A € W¥(A), there exists a X € X,,x such that

1
A= 2 tr(XTAX),
Now, let u € [A] be given. Then there exists a v € H such that |u| = 1 and p = @Au.
By setting Y := Xu, we have Y € X« and p = %tr(Y*AY). Therefore, u € Wk(A).

To prove (d), we assume that B € M,,(H) is formed by considering rows iy, . .., im,
and the corresponding columns from A, and let u € W*(B) be given. Then by Remark
2.2 there exists an othonormal set {z1, ..., 2%} in H™ such that p = ¢ Zle xfBx;.
Now for any 1 < ¢ < k, define y; € H" such that (y;); = 0 for j # 1,...,m,
and other its entries are formed by x;. Then {y1,...,yr} is an othonormal set in
H" and p = 1 Zle yi Ay;. Therefore, p € WF(A). So, Wk(B) C Wk(A). If
V =[v1,...,0s] € Xnxs, then by [21] Lemma 5.2], there exist unit vectors vsi1,...,0n
in H" such that U := [v1,...,0s,Vs41,...,Un] € Up. Since V*AV is a principal
submatrix of U* AU, the result follows from the first case and part (b). Moreover, if
s =n, then V € U, and hence, by (b), the equality holds.

For (e), let pu € 0%(A) be given. Then there exist 1 < i < iy < --- < i < n
such that p = %2?21 a;;, where a;; € [\;]. Now, let {z;,,...,z; } be a set of
orthonormal eigenvectors of A such that Ax;, = x; ;. So, u = % Z§=1 ri; Az;;, and
hence, u € W*(A).

The assertion in (f) follows from (c).

To prove (g), for every u € H, since p ~ [i, there exists a a € H such that aa =1

and apa = ji. We know that Wk(A*) = Wk(A) .= {p € H : i€ W*(A)}. So, by
(c), we have that u € W¥(A) if and only if 1 € W*(A) or equivalently, u € WF(A*).

For (h), let z +y € W¥(A). Then there exists a X € X« such that
T+y= Etr(X AX) = Etr(X HX)+ Etr(X KX).
Therefore, z = +tr(X*HX) and y = 1tr(X*KX). So, we have
1 % 1 * 1 * A k(A
ax + by = Etr(X (eH)X) + Etr(X (bK)X) = Etr(X AX) e WP(A).

By a similar argument, one can prove that if az 4 by € W¥(A), then z +y € W*(A).

Finally, the first assertion in (i) follows from (d). Now, for the second assertion
in (i), let kK = 1. By the first case, we have conv(W(A) UW (B)) C conv(W (A @ B)).
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Conversely, let u € W(A @ B) be given. Then there exists a z = ( € Hrtn
Y

such that z € H”, y e H", z*z + y*y =1 and p = 2*(A® B)z = a*Az + y*By. If
x =0, then y*y = 1 and p = y*By € W(B) C conv(W(A) UW(B)). The argument
is analogous if y = 0. Now, suppose that both x and y are nonzero. Then, we have:

v y*y(y*Byy) € conv(W(A) UW(B)).

uw=x'r
( -
Therefore, conv(W (A @ B)) C conv(W(A) UW (B)). So, the set equality holds.

T*x
Hence, the proof is complete. O
By Theorem [ZF](c), one can prove the following corollary.

COROLLARY 2.6. Let A € M,,(H) and xo+z1i+x2j+x3k € WF(A). Ift € [-1,1]
and ya,y3 € R such that (y3+y3) — (23 +23%) = (1 —t%)a?, then xo+tr1i+yaj+ysk €
Wk(A).

Using Remark and by the same manner as in the proof of Theorem [Z4(c),
we have the following result.

PROPOSITION 2.7. Let k <n and A € M, (H). Then
WHEFL(A) C conv(WF(A)).
Consequently, conv(W™(A)) C conv(W"=1(A)) C --- C conv(W(A4)).

Now, we are going to study some properties of the k—numerical range of Hermi-
tian matrices. For this, we need the following lemma. Recall that if A, B € M, (H),
then the relation tr(AB) = tr(BA) does not hold in general; for example, consider

A<(Z) 8)&ndB<g 8)
LEMMA 2.8. Let A, B € M,,(H). Then the following assertions are true:
(a) Re(tr(AB)) = Re(tr(BA));
(b) If at least one of A and B is a real matriz, then tr(AB) = tr(BA);
(¢) If A is a real diagonal matriz and U € U,,, then

tr(U*AU) = tr(A);

(d) If M, ..., A\, are the standard eigenvalues, counting multiplicities, of A, then

Re(tr(A)) = Re <i )\i> .
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Proof. For (a), see [15, Lemma 2.11]. The assertions in (b) and (¢) can be easily
verified. The part (d) also follows from (a). So, the proof is complete. O

The following example shows that the result in Lemma 28 (¢) does not hold in
general.

; L_ L o
EXAMPLE 2.9. Let D = ((Z) 8>6M2(H) andU< V2 V2 € Us.

Then

tr(U*DU) = j # i =tr(D).

PROPOSITION 2.10. Let A € M,,(H) be a Hermitian matriz. If k < n, then

(n — k)W"k(A) = tr(A) — kEWF(A).

Proof. Since A is Hermitian, there exists a U € U,, such that U*AU = D, where
D € M, (H) is a real diagonal matrix. Using Lemma [Z8((c) and (d)) and Theorem
231(b), we have

(n— kYW *(A) = (n— k)W"*(D)
n—k
Z xfDx;: {x1,...,Zn_k} is an othonormal set in H”}

i=1

i1=n—k+1

{tr (U*DU) — Zn: x; Dx; U[x1-~-xn]eun}

tr(D x;Dxy: {Zn—kg1,. .., T} 18 othonormal}
i=n— k+1

= — kW"(A).
Hence, the proof is complete. O
THEOREM 2.11. Let A € M, (H). Then the following assertions are true:
a) {Ztr(A)} CW"(A), and the equality holds if A is Hermitian;
(b) If W(A) = {Ltr(A)}, then o.(A) CR.

Proof. (a) At first, by setting X := I,,, we have X € AX,x, and %tr(A) =
Lir(X*AX) € W*(A). Now, let A € M, (H) be a Hermitian matrix with eigenvalues



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 889-904, December 2015

Higher Numerical Ranges of Quaternion Matrices 897

hi,...,hn, counting multiplicities. Then by [2I Corollary 6.2], there exists a unitary
matrix U € U, such that U*AU = D := diag(hq,...,h,). Now by Theorem [2I(b)
and Lemma [Z8((c) and (d)), we have

W”(A):W”(D):{%tr }—{%anh} { A)}.

i=1

To prove (b), by Theorem Z5l(e), o7 (A) = {1tr(A)}. Now, let A1,..., A, be the
standard eigenvalues, counting multiplicities, of A. So, by Theorem [24(a), %()\1 +
Nt ) = %()\1+~~~+a)\ia+~~+)\n) for all 1 < ¢ < n and for every
a € H with |a| = 1. Hence, for every 1 <i <n, A\; € R. So, the proof is complete. O

The following example shows that in Theorem [Z11](a), the set equality does not
i 0 —si

EXAMPLE 2.12. Let A = < , > Now, by setting X = ( \/15

J =

hold in general.
i ) .
1 7 k

Xoxa, we have i = 2tr(X*AX) € W2(A), and hence, W2(A) # {3tr(A)} = {41},

NS

For any A € M,,(H), let hy < --- < h,, be the eigenvalues of the Hermitian part
of A, counting multiplicities. Now, we introduce the following notions:

(2.1) alk) = = Zh and a(k) k: i h;.

i1=n—k+1

In the following theorem, we characterize the k—numerical range of Hermitian
quaternionic matrices.

THEOREM 2.13. Let A € M, (H) be a Hermitian matriz with eigenvalues hy <
- < h,. Then

WH(A) = [afp), afy].

Proof. For the cases k = 1 and k = n, the result follows from [I7, Lemma
IV.1.2 (i)] and Theorem 2TTl(a), respectively. Now, we assume that 1 < k < n. Since
A is Hermitian, by [2I, Corollary 6.2], there exists a unitary matrix U € U,, such
that U*AU = D := diag(hy,...,h,). Now, let u € W¥(A) be given. Thus, by
Theorem Z5l(b), u € W¥(D), and hence, there exists a X = (z;;) € Xyxx such that
p= $tr(X*DX). So,

1
= zlhlen + el 4o bz [+ ).
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Since h; < h,_p foralli=1,...,n—k and X*X = I},
1

p < E[hn—k((|x11|2 o |zl ®) o (kP [Tk ]?))

+ okt (@11 [ 4 k) - (e P+ 2]

= %[hn—k((l R L ] o B € A L 1))
F g1 [Tk 11 [P 4 i o)+ R [P+ 4 )]

= b+ (s = o) (a1 af?)
+ ot (= b)) (o P+ )]

< 2 bk ks — Bk B

= %[hn—k-i-l + o+ hy)

=al¥.

Therefore, p < ag\lf[). By the same way, one can prove that u > agff). Thus, aﬁ,’i) <

< ag\lf[), and hence,

WH(A) C [al),alf)).

Conversely, let p € [agff),ag\lf[)] be given. Since

hy+---+he <hg+---+hppr < < hpgpr + -+ hn,

there exists 1 < ¢ < n — k such that h; + hjy1 + -+ hign—1 < kp < hip1 + hivo +
o4 hiJrk_

If hiyr = h;, then by setting X = (z;5) € Mpxk, where xi411 = -+ = Tigkr = 1,
and z,, = 0 elsewhere, we have X € X,,x) and u = +tr(X*DX) € W*(D) = W*(4).
Now, let hitx # h;. Then by setting X = (z;;) € Mpxk, where zip11 = -+ =
Tivk—1k-1 =1, |Tizrr)? = W, |z |2 = W, and z,s =0
elsewhere, we have X € X, ), and p = +tr(X*DX). Hence, p € WF(D) = Wk(A).
So, the proof is complete. O

Using Theorem 213 in the following example, we show that in Theorem 25 (7),
the set equality

conv(W*(A @ B)) = conv(WF(A) UW*(B))
does not, in general, hold for the case k > 1.

10
0 5

3 0

ExXAMPLE 2.14. Let A =
. e <O X

) € My(H) and B = < ) e Mo (H).
Then by Theorem 2T3] we have

conv(W?2(A) UW2(B)) = {3} # [2,4] = conv(W?(A @ B)).
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The following theorem is a generalization of [8] p. 3].

THEOREM 2.15. Let A € M, (H). Then the following assertions are true:
(a) W*(A) C R if and only if A is Hermitian;

(b) Wk(A) C P if and only if A is skew-Hermitian.

Proof. We will prove the part (a). The proof of (b) is similar.

At first, we assume that Wk(A) C R. We will show that A is Hermitian. Let
A=H+S, where H = 1(A+ A*) is the Hermitian part and S = 1(A — 4*) is the
skew-Hermitian part of A. Since W¥(A) C R, for any othonormal set {z1,...,zs}
in H", Zle xfAz; € R. Therefore, Zle xfHx; + Zle xfSz; € R, and hence,
S arSz; = 0, because S is a skew-Hermitian matrix. So, W*(S) = {0}, and
hence, by Theorem 2.5(¢e), 0¥(S) = {0}. Therefore, as the same manner in the proof
of Theorem 2TT1(b), we have S = 0. Hence, A is Hermitian.

The converse follows from Theorem [2Z.13] and so, the proof is complete. O

For convenience, for any A € M,,(H), we denote the projections of W*(A4) on R
and C by

(2.2) WE(A) = {Re q: q € WH(4)}
and
(2.3) WE(A) ={Coq: qe WF(A)},

respectively. Let A = Ay + Asj € M, (H), where Ay, Ay € M,(C). The complex
adjoint matrix or adjoint of A is defined and denoted by

(2.4) X, = < :422 gi ) € My, (C).

Now, we list some basic relations among Wi (A), Wk(A) and WF(A).

PROPOSITION 2.16. Let A € M, (H). Then the following assertions are true:

(a) RNWHk(A) C WE(A) = WEH) = [a'h,a¥)] € RN conv(WF(A)), where H
is the Hermitian part of A, and aﬁ,’f), ay}) are the notions as in (2.1);
(b) CNWHk(A) C WE(A) C Wi(x,) N conv(WHr(A)), where x, is the matriz as

in (Z4) and Wi(x,) = {3tr(X*x,X) : X € Mayxi(C), X*X = I;}. The equality
holds if A is a real scalar matriz;
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(¢) If ap + aqi € W(’f(A), then {ag+ta1i: =1 <t <1} C W(’;“(A). Consequently,
RNWEA) = WE(A).

Proof. To prove (a), the first inclusion follows from (Z2]). The set equality follows

from Theorem T3 Now, let ag € WE(A) be given. Then there exist a1, a2, a3 € R
such that ag + a1i + azj + ask € W*(A). Therefore, by Theorem 2.5l(c), ag — ayi —
azj — azk € Wk(A). Hence, ag = %(ao +ayi+ azj + ask) + %(ao —a1i—azj —ask) €
R N conv(Wk(A)).
The left inclusion in (b) is trivial. Now, let ag + a1i € WE(A) be given. Then there
are as,as € R such that ¢ := ag + a17 + a2j + ask € W’“(A) Therefore, there exists
a X € X, such that ¢ = %tr(X*AX). By setting A = A + Asj, X = X1 + Xaj,
where A1, A2 € M, (C), and X1, X2 € M,,x(C), and using this fact that j X; = X7 j,
we have

1 ) ) ,
g = tr((X] - X3 5) (A1 + Azj) (X1 + X2j)).
Hence,

1 _ _ _
T Ir (XA = X{ A X + XTA) Xy + XT A X)) = ag + ari € WE(A).

Now, by setting Y = ( );}, ) € Moy« (C) and using this fact that X*X = I, we
—A2
have Y*Y = I, and

1 ) A Ay X,
wrmi=gpo (0 ) (2 ) (%))

1 *
= Etr(Y XAY) € Wi(x,)-

Hence, WE(A) € Wy(xa). By the same manner as in the proof of (a), we have
WE(A) C conv(WFE(A)). So, the second inclusion also holds. If A = al,,, where a €
R, then Wi(x,) = Wi(alz,) = {a}. Since a € R, for every X € X, xi, aX = Xa,
and hence, W¥(A) = {a} = WE(A). So, Wi(x,) = WE(A) = {a}, and hence, the
set equality holds.

Finally, the first assertion in (c) follows from Corollary[Z6l The inclusion RN\WE(A) C
WE(A) follows from [22) and Z3). Now, let ag € WgE(A). Then there exist
a1,az,a3 € R such that ag + a1i + asj + azk € W¥(A). So, ao + a1i € W(’f(A).
Then by the first assertion, ag € WE(A). Therefore, ag € WE(A)R. So, the proof
is complete. O
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By [2, p. 280], W{(A) = Wi(x,). The following example shows that if k > 1,
then the set equality Wk (A) = Wi (x,) dose not hold in general.

EXAMPLE 2.17. Let A = ( _42_ 467 ) € M>(H). Then
-]
-2 0 0 4
| o 6 -4 0
=l o -4 20
4 0 0 6

is a Hermitian matrix with eigenvalues h; = ho = 2 — 42 < hy = hy = 2+ 4V/2.
Therefore, by Theorem T3, W2(A) = W2(A) = {2} # [2—4V/2,2+4V/2] = Wa(x,).

At the end of this section, we are going to give a necessary and sufficient condition
for the convexity of k—numerical range of a quaternion matrix. For this, we need the
following lemma.

LEMMA 2.18. Let A € M, (H) be such that W*(A) N C is conver. If a+p €
W*(A), where a € R and p € P, then for any x € P with |z| < |p|, a + 2z € WF*(A).

Proof. The result trivially holds if p = 0. Now, we assume that p # 0. By
Theorem 27 (c), we have a=|pli € W#(A)NC. Therefore, the convexity of W*(A)NC
implies that a + t|p|i € W*(A) N C for any ¢ € [~1,1]. Now, let z € P with |z| < |p|
be given. Then by setting ¢ = % < 1, we have a + |z|i = a + t|p|i € WF(A) nC.
Therefore, by Theorem Z5l(c), a +x € W¥(A). O

THEOREM 2.19. Let A € M, (H). Then W¥*(A) is convex if and only if W*(A)NC
18 COnver.

Proof. Let W¥(A) N C is convex. We will show that W¥(A) is also convex. For
this, let 21 := a+p € WF(A), z9 :=b+q € W¥(A) and 0 € [0,1], where a,b € R and
p,q € P, be given. Then, by Theorem 5(c), we have a + |p|i, b+ |q|i € W*(A)NC.
Therefore, the convexity of W*(A) N C implies that

(Ba + (1 — 0)b) + (]p| + (1 — 0)|q|)i € WF(A)NC.

Since |Im(0z1 + (1 — 0)xo)| = |0p + (1 — 0)g| < 0|p| + (1 — 0)|q|, Lemma [ZT8 implies
that

0x1 + (1 — 0)zy = (Ba + (1 — 0)b) + (Op + (1 — B)q) € WE(A).

Therefore, Wk(A) is convex.

The converse is trivial, and so, the proof is complete. O
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3. On numerical range of normal quaternion matrices. In this section,
we give a new description of the 1-numerical range of normal quaternion matrices.

THEOREM 3.1. Let A € M,(H) be a normal matriz with the standard right
etgenvalues i, ..., An, counting multiplicities. Then

W(A) = U conv({ay,...,an}).

a; €[]

Proof. Since A is normal, by [21, Corollary 6.2], there exists a unitary matrix
U € U, such that D = U*AU = diag(\1,...,\n). Now, let p € W(A) = W(D) be
given. Then there exists a © = (21,...,2,)7 € H" such that " | |z;]> = 1 and
po=a*Dr =30, |x1|2(|z—7‘)\1ﬁ) So, u € Uaie[{\i] conv({ai,...,an}), be-
cause for any 1 <i<mn, |z;]>>0, Y0, |z]?* =1, and AT € [A:]. Therefore,
W(A) € U, ep conv({ar, ..., an}).
Conversely, let p € U, i, conv({ar,...,an}) be given. Then there are nonneg-
ative real numbers ¢1,...,t, € R summing to 1, and xi,...,2, € H such that
for any 1 < i < n, |z5]> =1, and p = >, ti(z;\iz;). Now, by setting z =
(VEix1, ... VEr,)T € H?, we have z*z = 1 and p = 2*Dz € W(D) = W(A). So,
Uasepg conv({ar, ... an}) € W(A).
Hence, the proof is complete. O

COROLLARY 3.2. Let A € M,(H) be a normal matriz with the right spectrum
o-(A) as in Definition[2Z.3. Then

conv(o,(A)) = conv(W(A)).

Proof. By Theorem [ZHl(e), 0,,(A) C W(A), and hence,
conv(o(A)) C conv(W(A)).

By TheoremsBIland[Z3l(e), we have W (A) C conv(o,(A)). So, the converse inclusion
also holds, and hence, the proof is complete. 0

At the end of this section and in the following example, using Theorem B3I we
find the 1—numerical range of two normal quaternion matrices.
i 0
0 0
with the standard eigenvalues 0, 4. Since [0] = {0}, by Theorem Bl we have

EXAMPLE 3.3. (a) Let A = ( ) € M,(H). Then A is a normal matrix
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W(A) = U conv({a1,az})

a16[i],a2=0
={t(ai+aoj+azk) +(1—-1).0:0<t<1,0f +a3+a3=1}
= {x1i + x0j + w3k s 23 + 23 + 22 <1},

which is convex.

(b)LetB(i 0

0 1
values i, 1. Since [1] = {1}, by Theorem [B], we have

W(B) = U conv({a1,as})

a1=1,a2€[i]
= {t(ari+aoj+ask)+(1—1).1:0<t<1,al+a3+a2=1}
= {wo +a1i+@oj + gk 10 <o < 1,2t + a3 + a3 = (1 —w0)?}.

> € My(H). Then B is a normal matrix with standard eigen-

Obviously, W(B) is not convex
11
5+50 =+ zi+
By setting X = ( 2 1 2 f ‘[ \/\7—3 ) € Xoyxo, we see that
7 wEt e R

A= + tr(X*BX) € W*(B),

1,
"5 5\f TR T2
and \ ¢ W(B). So, W2%(B) is not a subset of W (B); see Proposition 27l
It is clear that %Jr%iJr‘/ng € WHB), and 1+i — (% + %z‘Jr %j) = % + %Z‘, %j ¢
WY(B). Therefore, (n — k)W" k(B) # tr(B) — kW*(B), where k = 1 and n = 2; see
Proposition

4. Conclusions and future work. In the complex case, the notion of numerical
range is useful in studing and understanding of complex matrices, and has many
applications in numerical analysis, differential equations, systems theory, etc; e.g.,
see [7] and its references. Unlike the complex case, the quaternion numerical range
may not be convex even for a normal quaternion matrix. In this paper, we have
given some fundamental properties and a necessary and sufficient condition for the
convexity of the higher numerical ranges of quaternion matrices. We have also given a
description for the k—numerical range of Hermitian matrices and for the 1—numerical
range of normal quaternion matrices. There are many open problems in the study of
the higher numerical ranges of quaternion matrices. For example, it is very nice if
one can give a description for the structure of the k—numerical range of quaternion
matrices. Also, it is important if one can characterize the shape of the k—numerical
range of skew-Hermitian quaternion matrices.
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