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SIGN CHARACTERISTICS OF REGULAR HERMITIAN MATRIX
PENCILS UNDER GENERIC RANK-1 PERTURBATIONS AND A
CERTAIN CLASS OF GENERIC RANK-2 PERTURBATIONS*

LEONHARD BATZKET

Abstract. The spectral behavior of regular Hermitian matrix pencils is examined under certain
structure-preserving rank-1 and rank-2 perturbations. Since Hermitian pencils have signs attached
to real (and infinite) blocks in canonical form, it is not only the Jordan structure but also this so-
called sign characteristic that needs to be examined under perturbation. The observed effects are
as follows: Under a rank-1 or rank-2 perturbation, generically the largest one or two, respectively,
Jordan blocks at each eigenvalue A are destroyed, and if A is an eigenvalue of the perturbation, also
one new block of size one is created at A. If X is real (or infinite), additionally all signs at A but
one or two, respectively, that correspond to the destroyed blocks, are preserved under perturbation.
Also, if the potential new block of size one is real, its sign is in most cases prescribed to be the sign
that is attached to the eigenvalue A in the perturbation.

Key words. Matrix pencil, Hermitian matrix pencil, Sign characteristic, Rank one perturbation,
Rank two perturbation, Generic perturbation.
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1. Introduction. It is well-established that when a matrix is subjected to a
generic rank-1 perturbation, its largest Jordan block at each eigenvalue is destroyed
[13, 22, 23] 24, 25]. However, different results were obtained for matrices that are
structured with respect to some indefinite inner product restricting the perturbations
to structure-preserving ones in [, 17, [I8| 19, 20] for various classes of structured ma-
trices. In particular, since H-selfadjoint matrices have additional algebraic invariants
to the sizes of their Jordan blocks called the sign characteristic, the variation of this
sign characteristic was studied under structured perturbations in [I§].

In this work, we will consider regular Hermitian matrix pencils under low-rank
perturbations, since it is well-known that they also have signs attached to their Jordan
blocks. In fact, any H-selfadjoint matrix A gives rise to the equivalent Hermitian
matrix pencil A\H — H A, but the converse is in general false, since given an Hermitian
matrix pencil A\E — A, the matrix F may well be singular.
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In particular, we will tackle the following open problem: It was shown in [6] that
when regular matrix pencils are subjected to low-rank perturbations, generically not
only the largest Jordan blocks at each eigenvalue will be destroyed under perturbation,
but also new blocks of size one may be created at certain eigenvalues. Now, when the
perturbed pencil and the perturbation are both Hermitian, then in the case of real
eigenvalues the newly created blocks will have signs attached to them, but it is not
known by what factors these signs can be determined. This question (among others)
will be answered in Section [B]in the case of rank-1 perturbations.

Analyzing the sign characteristic under perturbations is especially relevant as it
relates to the properties of control systems. Since enforcing the desired property of
passivity on a control system can be achieved by moving eigenvalues of a certain
Hamiltonian matrix off the imaginary axis, this question has been investigated in [T}
21] using Hamiltonian perturbations with small norm. Interestingly, the norm of the
required perturbation is strongly linked to the sign characteristic of the corresponding
eigenvalues, see also [11], [12].

From the canonical form of Hermitian matrix pencils (see Theorem [ZTIT]), we
extract that a Hermitian matrix pencil of (normal) rank 1 is bound to have the form
(A8 — a)uu*, where 8 and « are real parameters. Also, from the same canonical
form, we read off that a Hermitian matrix pencil of (normal) rank 2 (that cannot be
decomposed into the sum of Hermitian rank-1 pencils) either has the form

0 0 A :
[u v w] |0 0 1 vt | (L.1)
A1 0 w

i.e., two paired singular blocks of minimal index one, or it has the form

0 A—u u*
L e e
i.e., a pair of nonreal eigenvalues p and . In our perturbation analysis, we will
consider rank-1 perturbations of the form (A3 — a)uu® and rank-2 perturbations of
the form (I2)), since the class of rank-2 perturbations (1) with nontrivial singular
part will be more difficult to handle. A different approach that leads to these types
of Hermitian perturbations will be given in Section

The next section will cover preliminaries as versions of the partial Brunovsky
form and results on the canonical form and the sign characteristic of Hermitian ma-
trix pencils. In Section Bl we will determine the generic Jordan structure and sign
characteristic of Hermitian regular matrix pencils under the above type of Hermitian
rank-1 perturbations. Then, in Section [ we repeat these steps for Hermitian rank-2
perturbations and in the final section, a brief conclusion will be presented.
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Throughout this paper, we will identify matrix pencils AF — A with matrix pairs
(E, A) using whichever notion is more convenient. Also, the rank of a pencil (E, A)
will refer to the normal rank of (E, A), i.e., the highest rank of the matrix AE — A
for any A € C. Further, for square matrices X and Y (not necessarily of the same
dimension), define X @Y := diag(X,Y) and let X% := X ¢---® X (p times). Also,
denote by e;, the jth standard basis vector in C™, where the second index will be
omitted whenever clear from the context. Finally, let us denote by J,(\) the n x n
Jordan block corresponding to the eigenvalue A and denote by R,, the n X n reverse
identity matrix (i.e., the matrix with ones on the leftbottom-topright diagonal and
zeros elsewhere).

2. Preliminaries. In this paper, the following notion of genericity will be em-
ployed, letting F =R or F = C.

DEFINITION 2.1.

1) A set A C F™ is called algebraic if there exist p; : F* — F, j = 1,...,k,
depending polynomially on (the real and imaginary parts of) its arguments
such that a € A if and only if

pj(a) =0 for j=1,... k.

2) An algebraic set A C F™ is called proper if A # F".
3) A set Q CTF" is called generic if F™\  is contained in a proper algebraic set.

Then, the intersection of finitely many generic sets is again generic and for an invert-
ible matrix X € F™™ the set X is generic if  C F" is generic. Subsets of F™™
or F™™ x F™™ are called generic if they can be canonically identified with generic
subsets of F™"™ or F2"™ respectively.

2.1. Low-rank perturbations and partial Brunovsky forms. In this sec-
tion, we will recap condensed forms for matrix pencils under rank-1 and rank-2 per-
turbations. But first, let us review the canonical form of regular matrix pencils,
i.e., matrix pencils (E, A) with det(AE — A) # 0, under equivalence: the Weierstrafs
canonical form [9, Chapter 12].

THEOREM 2.2 (Weierstraf} canonical form). Let (E, A) € C™"™xC™"™ be a regular
matriz pencil. Then, there exist invertible matrices V,W € C™™ and an r € N so that

V(E,AW = (I, & N,J & I,_,),

where J € C™" and N € C=")("=") qre in Jordan canonical form and N is nilpo-
tent.
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Jordan chains of regular matrix pencils are defined as follows [10].

DEFINITION 2.3. Let (E,A) € C™" x C™™ be a regular matrix pencil. The
ordered set of vectors {x1,...,2,} € C™ is called a Jordan chain of length p corre-
sponding to an eigenvalue A € C of (E, A) if 1 # 0 and:

(AE—A)z; =0 and (AE—A)z; =—FEz;_1, j=2,...,p. (2.1)

Similarly, {z1,...,2,} is called a Jordan chain of length p corresponding to oo if
x1 # 0 and:

E$1 =0 and Exj = AIj_l, j = 2, ey P

Then, the following theorem is crucial for characterizing regular matrix pencils
under rank-1 perturbations.

THEOREM 2.4 (Partial Brunovsky form [2] Theorem 2.7]). Let (E, A) € C™" x
C™"™ be regular and X € C an eigenvalue of (E, A) with

E=1I1,® &I, ®FEcC"", (2.2)

A=J, N @ @J,, )@ AdeC,

where ny > -+ > Ny > 0 such that X is not an eigenvalue of (E',/Nl) Further, set
a:=mny1+ -+ ny, and let a, 5 € C and u,v € C"* with

oF = [T, L )T, 8T ], )T = [of, P ] et j=1,...,m.
If we define kj := 0 whenever vy) # 0 and otherwise
k; ::max{k | v§j) :véj) = ~~~:v,(€j) :0}, j=1,...,m,
then the following statements hold:
1) There is an invertible matriz S € C™™ such that
S(E + Buv’, A+ auv™)S™! = (B + pwe”, A + awe®) (2.3)

holds, where w = Su and

T _ T T =T
€ _[ek1+1,n1’ o Chpting € }

for a suitable € € C"~* defining ey, +1,n;, = 0 if kj = n;. A matriz pencil (Z3))
with E and A as in [22) and e? as above is said to be in partial Brunovsky
form.
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2) If 23) is regular, then it has at least m — 1 linearly independent Jordan
chains of lengths at least no,...,n., corresponding to A If the (generic)
condition that the first component of v9) is nonzero for j = 1,...,m holds,
then they are given by:

€1 — €nyi+1, €2 — €En, 42, ey €ny — €ni4ngs
€1 — €ny4na+1, €2 — €ny4+ny+2, co+y €Eng = €nytnotngs
(2.4)
€1 = Gyttt €2 7 Cngddng 142, oy Cng T Cngddng, -
REMARK 2.5. If the generic condition from 2) is satisfied (i.e., if ’U§ ), e v§m) #*

0), then the matrix S from 1) is given by
S = Toep(v(l)) DD Toep(v(m)) D Ih_q,

where Toep(v(j)) is the upper triangular n; x n; Toeplitz matrix with the first row
(T,
The following theorem is a generalization of Theorem [2.4] to rank-2 perturbations.

THEOREM 2.6 (Rank-2 partial Brunovsky form). Let (E,A) € C™™ x C™™ be
regular and A € C an eigenvalue of (E, A) with

:Inl@@lnm@ﬁe(cnvn,

=y N @& J. (N e AeCh,

such that ny > --+ > n, > 0 and X is not an eigenvalue of (E,/T) Let us also set
a:=mni+- - -+ny. Then, there is a generic set Q C C"xC" so that for all (v1,v2) € €,
for all aq,aq, B1,B2 € C, and for all uy,us € C™, the following statements hold for
the rank-2 perturbation (AE, AA) = (B1, a1)uivi + (B2, az)ugvd :

1) There exists an invertible matriz S € C™" such that
S(E+AE, A+AA)571 = (E+ [ﬁlwl ﬁgwg} L, A+ [alwl Oégwg} L), (25)

where wj = Su; for j = 1,2, and where L is given by

T T T T
L = el,nl 0 el7n3 0 61,n5 0-617n7ll, M
T T T T T
€ el,ng 0 61,n4 0 pel,nm

for some x = [x1,...,2,,]7 € C"; M € C>=9) where (0,p) = (1,0) if m
is odd and (o, p) = (0,1) otherwise. A matriz pencil of the form (235l with L
as above is said to be in rank-2 partial Brunovsky form.
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2) If S(E+AE, A+AA)S™1 is regular, it has at least m—2 linearly independent
Jordan chains corresponding to A that have at least the lengths n3,nyg, ..., Ny,
The chain of length ns is given by

€ = €nitnoti — [€mits c Enig1) [T1 - xj]T , Jj=1,...,n3, (2.6)
whereas for k = 4,6, ..., there are chains of length ny given by
€nitj — Enadednp_14ir J=1,..., 0, (2.7)
and for k =5,7,..., there are chains of lengths ny given by
€nitnstj — Enatotng_14jr J=1,..., Nk (2.8)

REMARK 2.7. Let (E,A) be a regular matrix pencil, and let (AE,AA) be a
rank-2 perturbation, so that S(E + AE, A+ AA)S~! is in rank-2 partial Brunovsky
form as in Theorem Then, the first n; + --- 4+ n,, columns of the transformed
perturbation S(AE, AA)S~! are given by

B, in
{ it (B, a1 )wred ,,

T
+(B2,2)waz” (ﬂQ’ a2)w261’n2

‘ o(Brawel ., | o g)

+p(B2,a2)wae] ,,
where the notation (8, «) stands for the 1 x 1 matrix pencil A3 — «.

Proof. We target for a transformation matrix S of the form

- T -
Ty [02] _
T
Ty [03]
S = T3 @In—cm (210)
(5]
L T |
where T7 € C™™ and Tj, T; € C*" for j = 2,...,m are suitable upper triangular

Toeplitz matrices. Then, by [8, Chapter 8], a matrix S of this form commutes with
both E and A since their leading a x a diagonal blocks are in Jordan form and
their partitioning is conformal with that of S. It remains to show that under a
generic condition on (v1,vs), this S can be chosen to be invertible and such that
[v1,v9]7S~! = L holds for some x € C™. Partitioning v; as in

v

S0

=@y @y ] e, i=1,m, (2.11)

for j = 1,2 and denoting by (’Uy))g the ¢th component of ’U](-i), then [vy,v2]TS~t =L
is equivalent to

T el [ el Ts }:[M%T @)T (@)”

T T [T> T T T3
Tz [O]Jrel,nzT? 61,n2[0

. (2.12)
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To satisfy this equation, consider that for an upper triangular Toeplitz matrix T,
the condition eI T = vT immediately implies T = Toep(v). Therefore, from the
(1,1) and the (1,2) block of ([ZI2]) we obtain T} = Toep(vgl)) and Ty = Toep(vf)),
respectively. Then, assuming the generic condition (v%l))l # 0 for invertibility of 77,
from the (2,1) block of ([2I2) we infer z7 = (vél))TTfl, where the first entry of
is given by 1 = (Uél))l/(v§1))1. Now, the equation in the (2,2) block reduces to

Ty = Toep (1152) — [T, 0] x) and all other block equations are easily soluble as well.

Finally, S is invertible if and only if the diagonal entries of T1, . .., T}, are nonzero.

Letting (v%l))l # 0 as above, we require the diagonal entry of T} to be nonzero, i.e.,

2) (2) (2) (@)1 (05",
(1)2 )1 - (Ul )1 X1 = (UQ )1 — W #0 (2.13)
1
in the case of T5 and otherwise
(4) o
(U(gjfl)mod2)+1)1 #0  for j=3,....m (2.14)

We observe that S being invertible is a generic condition on (v1,v2), i.e., the set
) C C" x C", such that for all (vi,v2) € Q the conditions (v%l))l # 0, I3,
and (ZI4) hold, is generic.

Let us now consider 2). If (2 is regular, it can be confirmed by straightfor-
ward computation that the vectors from (Z7) and (28] are Jordan chains of lengths
N4, ..., Ny corresponding to Y Also, one validates that all vectors from (Z8)-(Z8) are
linearly independent; it remains to consider (2.6]) denoting the jth given vector by c;.
In order to verify that {c1,...,cn,} is indeed a Jordan chain of ([Z5]) corresponding
to X, we will check that the conditions in (Z]) are satisfied recalling the following:
By hypothesis, M\E — A has the form

(=T (0)) @@ (= Jn, (0)) & (NE - A),

whereas the form of the transformed perturbation [(Xﬁl — aq)ws, (/):62 — ag)wg} L is
given by (29). Keeping this in mind, we compute that the first condition in (ZT)) is
satisfied:

(/):E — A+ [(Xﬁl —aq)ws, (/):52 - 0&2)102] L) c1
— (XE — A+ [(Xﬁl — aq)wy, (Xﬂg - Oég)wg]L) (61 — Enytngtl — 931€n1+1)
= (/):51 —aq)wy + $1(Xﬁ2 — ag)wy — (X51 —oq)wy — 301@52 — ag)wy = 0.
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Then, it remains to show that also the second condition in (2] is satisfied for j =
2,...,n3 using the same prerequisites as above:

(XE — A+ [(Xﬁl — aq)wy, (Xﬂg - 042)'(1)2} L) ¢;

(XE —A+ [(Xﬁl — ap)wy, (/):52 — o) ws) L)

T
’ (ej — €nytngtj T [em—i-j; ce ,€n1+1} [xl, . 7-73]'] )
= —ej1 +2;(AB2 — a2)ws + €nypnatj1

+ [en1+j71; cee ,€m+1} [931, . w%’q}T - ij@ﬁQ — az)ws

=—€j-1— Ij—152w2 + eni4natji—1

T
+ [€m+j—1, e ,€n1+1} [3017 .- -,ij—ﬂ + -1 fowz
=— (E + [Biw1, Baws]L)
T
. (ej—l — €nidng+ji—1 — [em+j_1, ceey en1+1] [Il, . ,mj_l] )

=— (E+ [frw1, fowa]L)cj—1. O

To illustrate the above theorem, let us consider an example.

EXAMPLE 2.8. Consider the matrix pencil (E, A) = (Iy, J5(0) & J2(0) & J2(0) &
JQ(O)), ie., we have A = 0 and (n1,n2,n3,n4) = (3,2,2,2), and a perturbation
(AE,AA) = (ugvf, usvl), where

of =[1 2 3|0 0|1 0[]0 0] and
vy =[1 -1 =2|1 0|0 0[1 0],
and u1,uz € C? are arbitrary. Then, the generic conditions on (v1,vs) from the proof

of Theorem 2.6 are satisfied. Thus, setting S = [1 i Lﬂ @I, the pencil S(E+AFE, A+
AA)S~! is in partial Brunovsky form as in Theorem given by

Fwy+1 w1 1T [z1 —3z1+1 21 z1 z1 7
w9 1 wo z9 —3z2 zo+1 | 22 z9
w3 1 w3 z3 —3z3 23 23 23
w4 1 w4 zZ4 —3z4 z4 z4 1 Z4
ws 1 ws sl 25 —3zs5 25 z5 O 25 s
we we+1 26 —326 z6 z26 0 1] 26
wry wry 1 z7  —3z7 27 27 0| 27
wg wg 1 z8 —3z8 28 28 zg 1
L wo wg 1] Lzg —3z9 29 29 29 i
where w = Suy, z = Sus, and 7 = [1,-3,1]. The linearly independent chains of

lengths ng and n4 constructed in (26) and (7)) are given by e; — eg — eq4,€2 — 7 +
3eq —e5 and eq — eg, €5 — €g.
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Before proceeding, we introduce the following phrase: A regular matrix pencil is
said to have partial multiplicities greater than or equal to a certain list of multiplicities,
e.g., (n1,...,nk), at some eigenvalue X if it has at least k linearly independent Jordan
chains at A that have at least the lengths nq,...,n;. We continue with a remark.

REMARK 2.9. For any regular matrix pencil (E, A) € C™™ x C™" with partial
multiplicities ny > --- > n,, > 0 at some eigenvalue X, there exist invertible V, W &
C™"™ such that V(E, A)W is in Weierstraf} canonical form as in Theorem [Z2] with the
X blocks coming first and ordered decreasingly with respect to their size. Then, if
(AE,AA) is a perturbation of rank 1 or 2 as in Theorem [Z4] or 6] the transformed
perturbed pencil

V(E, AW + V(AE,AAW

can be transformed to partial Brunovsky form as in (23) or (2I), depending on
(AE,AA) having rank 1 or 2. Thus, if (E + AE, A+ AA) is regular, it generically
has partial multiplicities greater than or equal to (na,...,n.,,) or (ns,...,ny), re-
spectively, at X. We note that this lower bound on the block sizes of the perturbed
pencil can also be obtained from [6, Lemma 2.1], but that the Theorems 24 and
will still be essential for constructing the desired Jordan chains.

In the following Lemma, we denote the algebraic multiplicity of (E+AFE, A+AA)
at A with the symbol a()\).

LEMMA 2.10. Let (E, A) € C™™ x C™™ be regular and consider a perturbation of
the form

(AB,AA) = wy - wy, ] (OB, 6A) [ wr - wy ], (2.15)

where (0E,5A) is an arbitrary but fized k X k pencil. Then, the following statements
hold:

1) There exists a generic set A C (C™)*, so that the perturbed pencil (E

AE, A+ AA) is regular for all ( U1, ) €A
2) Suppose that for all (uq,...,ux) € A from 1) we have a(\) > ag. If there
exists a (u1,...,ug) € A wzth a(A) = ag, then a()\) = ag holds on some

generic subset of (C™)k.

This Lemma is identical to [3| Lemma 2.4] except for the transpose ‘T” instead of
the conjugate transpose ‘*’ in equation (Z.I3]), but since the proof is analogous in both
cases, it will be omitted. Our final tool for examining the effects of perturbations is
the following set of inequalities. For all matrix pencils (E, A), (AE,AA) € C»"xC™"
we have by [6 Section 1]:

rank(AE — A) — rank(AAE — AA) < rank(\(E + AE) — (A + AA)) (2.16)
<rank(AE — A) + rank(XAE —AA)
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for any A € C. Therefore, if (E, A) and (E+AE, A+AA) are both regular, the geomet-
ric multiplicity of (F, A) at an eigenvalue A cannot change by more than rank()\AE —
AA) under perturbation. Note that only the rank of the matrix AAE — AA matters
for this estimate and that this number can be zero even for nonzero perturbations.

2.2. Hermitian Kronecker canonical form and sign characteristic. We
continue with reviewing a Kronecker-like canonical form for Hermitian matrix pencils
that was deduced in [I5]. For that, we recall that R,, denotes the n xn reverse identity
matrix, and we introduce the following notation:

F, = [ en, ..., e1, 0 ] eCvtl and G, := [ 0, en, ..., e1 ] e cvntl
where in the case n = 0, the above matrices have dimension 0 x 1.

THEOREM 2.11 (Hermitian Kronecker form). Let (E, A) € C™»™ x C™" be a
Hermitian matrixz pencil. Then, there is a nonsingular matriz X € C™", such that

p
X(E,A)X* = (@ i (Ry,, Ry, Iy, (Ni ) @m Rs,Js5,(0), Rs,) | &

=1

@2 % M nkiw “5"])e

@2 F)[a FD),

where \j € R fori=1,...,p, i € C\R fork=1,...,7, and all 0; and n; are signs,
e., either —1 or +1.

Hereby, the entirety of the 51gns corresponding to Jordan blocks associated with
some real (or infinite) eigenvalue A is called the sign characteristic of (E, A) at A.
Based on the above canonical form, we can characterize the sign characteristic of
Hermitian pencils analogously to the sign characteristic of H-selfadjoint matrices
in [12]. We let X € R be a fixed eigenvalue of (B, A) and ¥y C C™ be its eigenspace at
X For z € U, \ {0}, denote by v(z) the maximal length of a Jordan chain of (E, A)
beginning with the eigenvector z and define ¥y := {zx € ¥; | x = 0 or v(z) > s}.
Setting v := max{v(z) | z € Uy \ {0}}, it is

Ker(AE —A) =0, DUy D--- D0, DU,y = {0}

and the following theorem is obtained parallel to [I2l Theorem 5.8.1], to which we
refer the reader for the proof.

THEOREM 2.12. Let (E, A) € C™" x C™" be regular and Hermitian and X € R
an eigenvalue. For s =1,... 7, let

fo(z,y) =" By, zeW,, yew,\{0},
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where y = yM,y@ ...y is a Jordan chain of (E,A) corresponding to X with
eigenvector y. Letting fs(x,0) =0, then:

(i) fs(x,y) does not depend on the choice of y3, ... y®).
(ii) There is a selfadjoint linear transformation G : U4 — U, with

fs(x,y) =a"Ggy;  x,y € V.

(iii) For this G5, we have Ker Gy = Uyiq.

(iv) The number of positive (or negative) eigenvalues of G, counting multiplici-
ties, coincides with the number of positive (or negative, respectively) signs in
the sign characteristic of (E, A) associated with Jordan blocks of size s at Y

By this theorem, the sign characteristic of a Hermitian matrix pencil can be described
as the number of positive and negative eigenvalues of some selfadjoint linear map.
Therefore, it will be crucial how the number of positive and negative eigenvalues of
an Hermitian matrix is altered under rank-1 perturbations. The following lemma is
obtained by applying well-known results on the eigenvalues of Hermitian matrices and
extracted from the proof of [I8, Theorem 3.3].

LEMMA 2.13. Let A € C™™ be Hermitian and invertible with the eigenvalues
A,y An. Then, for any A\py1 € R and u € C", so that A + A\pp1uu™ is invertible,
the signs of its eigenvalues are obtained by removing either exactly one sign —1 or
exactly one sign +1 from the list {sgn(A1),...,sgn(Any1)}-

Proof. Let us assume that A\ < -+ < A < 0 < Agy1 < -+ < A, for some
k€ {0,1,...,n} and that A,y; > 0 (in the case A\,+1 = 0 there is nothing to show).
Further, letting Xl < <L Xn be the eigenvalues of A + A\, ;1uu®, by [14, Corollary
4.3.3] we have \; < X]- for j =1,...,n; in particular A 4+ \,,;1uu* has at least n — k
positive eigenvalues. Now, from [I4, Theorem 4.3.4] we obtain

)\jng—‘,-lg)‘j-‘rQa j:1,2,...,7’l—2,

which in particular yields Xk,l < Mg <0,ie, A+ A\ p1uu® hat at least & — 1 negative
eigenvalues. Since A + A\,4iuu® is invertible, its kth eigenvalue can only have sign
+1 =sgn(A,41) or sign —1 =sgn(Ag). O

2.3. Properties of Hermitian perturbations. It is our motivation to con-
sider Hermitian rank-k perturbations of the form

[ - e (6B, 64) [ @ - W |, (2.17)

where (0F,0A) is a generic Hermitian k X k pencil and @y, ...,u; € C" are certain
generic vectors. Since the set of Hermitian k& x k pencils

Hy. := {(E, A) € C** x C** | (E, A) is Hermitian}
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is an R-vector space of dimension 2k?, we consider a subset of Hy to be generic if it
can canonically be identified with a generic subset of R2F* Hence, we denote with
[(E,A)lg € R2* the coordinates of the Hermitian matrix pencil (E, A) with respect
to an R-basis B of H. Then, the following lemma holds.

LEMMA 2.14. The set I' of reqular Hermitian matrix pencils with distinct eigen-
values is a generic subset of Hy.

Proof. We follow the procedure laid out in the proof of [2, Theorem 2.3]. Let
(E,A) € Hj, and consider its characteristic polynomial Z?:o ciN = X(E,A)(A) =
det(A\E — A). We observe that the coefficients ¢; = ¢;(E,A) for j = 0,1,...,n
depend polynomially on the coordinates [(E, A)|p and that ¢;(E, A) # 0 for at least
one j if (E, A) is regular.

Recall that the Sylvester resultant matrix of two polynomials s(\) and ¢(\), de-
noted by S(s(A),t(\)), is a square matrix of dimension deg(s) + deg(t). It is well-
known that its entries are coefficients of s(\) and ¢(A\) and that the rank defect of
S(s(A),t(N)) is exactly the degree of the greatest common divisor of s(\) and ¢()\)
(see, e.g., [16]). We define

0 A
p(E7 A) :=det S (X(E,A)()\), X(E,i/-l)()) and

N
5X<A,E>(A))

(B 4) = det (xcaey (), 25

and observe that p(E, A) and ¢(F, A) both depend polynomially on the coordinates
[(E, A)]p and that the pencil (E, A) does not have multiple eigenvalues (neither finite
nor infinite) if and only if p(E, A)gq(E, A) # 0. Clearly, p(E, A)q(E, A) is not con-
stantly zero since there exist regular Hermitian pencils with distinct eigenvalues, so
that the set

I'={(E,A) € Hy | p(E,A)q(E,A) #0 and 35 € {0,1,...,k} with ¢;(E, A) # 0}

of regular Hermitian matrix pencils with distinct eigenvalues is a generic subset of
Hi. 0O

Now, for (JE,0A) in ([2I7) there exists an invertible X € CF* such that
X(0E,0A)X* is in Hermitian Kronecker form as in Theorem ZTT} thus (ZI7) can be
transformed to

[ul uk}X(éE,éA)X*[ul ukr

setting [u1,...,ug) := [t1,...,u;]X 1. Hereby, considering all [uy,...,ux] that are
elements of some generic subset of C™* is equivalent to considering all [w1y ..., uk
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that are elements of some generic subset of C™*, since the respective generic sets
can be transformed into one another by multiplication with an invertible matrix.
Additionally, assuming (0F,0A) € T' with T" as in Lemma 214 then X (§E,5A)X*
can only consist of the following types of blocks:

e [A\8 —a] — a1l x 1 block corresponding to the real eigenvalue /5 with the
sign sgn(B) (and corresponding to oo with sign sgn(«) if 5 = 0),

A—p
A—q

C\R,

) — two paired 1 x 1 blocks corresponding to the eigenvalues p, 1z €

as all other blocks in Hermitian Kronecker form have multiple eigenvalues or are
singular. Therefore, the perturbation (ZI7) is the sum of, on the one hand, rank-1
perturbations of the form

(A8 — a)uu”, (2.18)

that we study in Section[3 and on the other hand of rank-2 perturbations of the form

[uv][)\oﬁ AEMHZ] (2.19)

subject of Section @l We close this section with a discussion of the genericity of these
classes of perturbations. While for generic (§F, 0 A), we have shown that perturbations
of the form (ZI7) consist of pencils of the forms (2I8]) and (2I9]), this does not imply
that the above perturbations are generic within the set of Hermitian matrix pencils
with low rank. However, in the rank-1 case, the set of Hermitian pencils with rank
one only consists of pencils of the form (ZI8]), since all other possible canonical forms
from Theorem [ZTT] have rank two or higher (in particular, Hermitian pencils with
rank one are forced to have a trivial singular part).

Still, for rank-2 perturbations, from Theorem B.I1] it is visible that there are
three different types of Hermitian matrix pencils: Either sums of two pencils of the
form (ZI8)), or pencils of the form (Z19), or pencils of the form (1) with a nontrivial
singular structure, so it is a natural question to ask which one is generic within the set
of Hermitian pencils with rank two. A result of this form does not exist for Hermitian
pencils; even though for unstructured matrix pencils, it was shown in [5 Theorem
3.2], that a generic Kronecker form of a matrix pencil with low rank consists of
singular blocks corresponding to left or right minimal indices (using a different notion
of genericity than the one from Definition 2.1]).

Since, (in contrast to the rank-1 case) a Hermitian canonical form with nontrivial
singular part of rank two does exist, perturbations of the form (III) are also a likely
candidate for a generic Hermitian canonical form of rank two. However, in order to
determine this generic canonical form, we would need a notion of genericity that is
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applicable to the set of Hermitian pencils of rank two, but since this set is not a vector
space, we cannot use the one in Definition [l In the main sections of this paper, we
will only consider perturbations of the forms (2I8) and (2I9), and the investigation
of perturbations of the form (ITJ) is referred to future research.

3. Hermitian rank-1 perturbations. We will now turn to our main results,
remarking that since the potential infinite eigenvalue of a Hermitian pencil (F, A) is
the zero eigenvalue of the reverse pencil (A, E), it is sufficient to state these theorems
in terms of the finite eigenvalues of (E, A).

In this section, we consider rank-1 perturbations of the form (ZI8) with «, 8 € R,
since otherwise the perturbation would not be Hermitian. In the next two theorems,
we will characterize the generic canonical form of regular Hermitian matrix pencils
under rank-1 perturbations as follows: In Theorem [B.1] we will analyze the Jordan
structure (i.e., the sizes of the Jordan blocks) and in Theorem [3.3] the sign character-
istic will be determined under perturbation.

THEOREM 3.1. Let (E,A) € C™™ x C™" be regular and Hermitian with the
partial multiplicities ny > -+ > n, > 0 associated with some eigenvalue A € C.
Then, for each («, ) € (R x R)\ {0} there exists a generic set (¥, 5 C C", such that
for all u € Q;@\, (E + Buu*, A + auu*) is reqular and Eas the partial multiplicities
(no,...,nm) if AB # a and (na,...,nm, 1) otherwise at \.

Proof. Because of Theorem [Z4] (cf. Remark 2X9) and (ZI0), the perturbed
pencil (E + puu*, A + auu™) generically has partial multiplicities greater than or
equal to the above given multiplicities in each case. In view of Lemma 210, it will be
sufficient to present one particular perturbation in each case that creates these partial
multiplicities to conclude the proof. We assume that (E, A) is in Hermitian Kronecker
form as in Theorem [2.17] and that the blocks corresponding to \ are coming first and
in nonincreasing order with respect to their size.

Case A € C\ R. Consider the first block of (E, A) corresponding to A (and the
paired complex conjugate block) and set u := e; + ey, +1. Then the first two blocks
of (E + fuu*, A+ auu™) are given by

(A8 — a)erel —Ry, Jn, (X - A+ (A8 —a)erel

—Rp, I, (X —A) + (A8 —a)erel (A8 — a)erel

clearly having full rank at X. Since all other blocks are unchanged, this particular
perturbation clearly creates the partial multiplicities (no,...,nm,) at A.

Case A € R. Consider the first block of (E, A) at A having the sign € € {1} and
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set u := ey. Then, the first block of (E + fuu*, A + auu*) is given by
—€eRy, Jn, (X —A) + (A8 — a)erel

not having the eigenvalue N if ﬂX # « and having the simple eigenvalue N if ﬂX = q,
which creates the desired multiplicities as no other blocks are perturbed. O

This theorem shows that the generic Jordan structure of regular Hermitian ma-
trix pencils under Hermitian rank-1 perturbations is the same as under unstructured
rank-1 perturbations, cf. [2] Theorem 2.10]. However, in the case of Hermitian per-
turbations, the perturbed pencil still has a sign characteristic associated with its real
eigenvalues that we will analyze in the following. Let us first consider an example.

ExAMPLE 3.2. The Hermitian 4 x 4 matrix pencil

1 0 0

0 0 1
E A = 4,4 4,4
(E,A) o -1 | 0 0 e C*"* xC

-1 0 0 -1

0
1

clearly consists of two Jordan blocks of size two corresponding to 0, where the first one
has sign +1 and the second one has sign —1. We consider a Hermitian rank-1 perturba-
tion of the form (Buu*,0), where 3 is a real parameter and u = [uy, ug, uz, us)’ € C*.
By Theorem [3.] the perturbed pencil (E + Suu*, A) is generically (with respect to u)
regular and has two linearly independent Jordan chains of lengths two and one at 0.

To extract the 2 signs of the perturbed pencil, we need to construct these Jordan
chains. Clearly, E(FE, A) is in Weierstral canonical form and whenever the generic
condition uq,us # 0 is satisfied, the matrix S := Toep(uy,us) & Toep(us,uy) is
invertible; hence, the pencil SE(E + Buu*, A)S™! is in partial Brunovsky form as
in Theorem 24, ie., u*S™" = [e],,e],]. Thus, its chain of length two is given by
e1 — e3, es — e4 and also, the linearly independent chain of length one is e;. Now, we
consider the matrix pencil

S™*(E + Buu*, A)S™!, (3.1)

that has the Jordan chains given above (left-multiplication with an invertible matrix
does not change the Jordan chains of a matrix pencil) and also the sign characteristic
of (E + Buu*, A) since it is perserved under *-congruence transformations. To obtain
the sign characteristic of (3.]), the matrix

5 Vw8 0
- - 1/ |us x 0 0
F:=S"*E+ Buwu*)S™! =
( ) 50 5 —1/fusl
0 0 —1 Jug|? *
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is crucial: By Theorem 2:T2] the sign corresponding to the block of size one of (B
is given by the sign of (the eigenvalue of) ef Fe; = 3, i.e., the sign that is attached
to the eigenvalue 0 in the perturbation (Suu*,0) and the sign attached to the block
of size two of (B is the sign of

(e1 —e3) T Feg —eq) = % - %
lus™ Jus]

In particular, this sign cannot generically be determined to be +1 or —1.

Now, we turn to the general case employing similar methods. Thereby, for a given
eigenvalue A, let us group together Jordan blocks of the same size, i.e.,

(N1,M2y ey Mm) = (814 vy Sy vy SuyeenySy), (3.2)
——— ——
t1 ty
where s1 > s9 > --- > s, > 0. Then, for s = 1,2,..., we denote by L the list of signs

associated with blocks of size s; if (E, A) does not have a block of size s, let L, be
the empty list. Using this convention, we achieve a concise phrasing of the following
theorem. Recall that €2, 5 denotes the generic set from Theorem [3.11

THEOREM 3.3. Let (E, A) € C™™ x C™™ be regular and Hermitian and at some
eigenvalue N R, let (E, A) have the partial multiplicities (B.2) and let the list of signs
Ly be attached to blocks of size s = 1,2,... Then, for each (a,8) € (R x R)\ {0}
there exists a generic set Qa5 C Q, 5, such that for all u € Qq,g, the list of signs LY
attached to the blocks of size s of (E+ Puu®, A+auu*) at X is obtained by subsequently
executing the following steps:

e Ifs=1and \8 = a, then L is obtained from Ls by adding sgn(B), else
L= L.

o If s = s1, then LY is obtained from LI by removing either exactly one sign
—1 or exactly one sign +1, else L := L.

Proof. We assume (E, A) to be in Hermitian Kronecker form as in Theorem 21T
with the A blocks coming first and ordered by their size. Let a := s1t1 + -+ + suty,
then the top-left a x a block of (E, A), that we denote by (P, .J), includes all blocks
corresponding to . We observe that P2 = I, holds and that PJ is in Jordan canonical
form. Therefore, left-multiplying (E,A) with E' := P & I,,_,, the top-left a x a
block of E'(E, A) is in Weierstraf} canonical form. In order to transform the pencil
E'(E+ puu*, A+ auu®) to partial Brunovsky form as in Theorem 2] let us partition
u as follows

1 .
ulV) RS ugm)

o uD = o, W= eCs, j=1,..t,0i=1,...,v.

wlists) i)

I
u)

u
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Assuming the generic condition u%” ) # 0 to be satisfied for all 4, j, the matrix S from
Remark is invertible and given by

v ti
S = (@@Toep(m)) Sl _q.

i=1 j=1

Since for this S holds

*o—1 __ T T T T ~% L%
wST =1 e, o ey, o€l cvoel, U |=re’, (3.3)
—_———

clearly SE'(E + Buu*, A + auu*)S~! is in partial Brunovsky form as in Theorem 2.4]
and thus has the Jordan chains in (Z4]) associated with its eigenvalue A. Then, the
matrix pencil

S™*(E + Buu*, A + auu*)S™* (3.4)

also has these chains and additionally, it has the same sign characteristic as (E +
Buu*, A+ auu*). To extract this sign characteristic of (84]), we proceed similarly to
the proof of [I8, Theorem 3.3]. Of great importance will be the matrix

Fi=F +F:=S8"ES"'+ S *uu*S". (3.5)
Letting L5, = {€i1,...,€i1, } for i =1,..., v, the topleft a x a block of Fj is given by

0 €i,5

‘u(li,j)‘Q

v ti
@ @ Ty, where T;; = € C,

i=1 j=1 €i,j
R

and by [33)), clearly F» = See*. Now, by Theorem [ZT2 the sign characteristic of ([3.4))

at blocks of size s at A is given by the signs of the eigenvalues of some selfadjoint
linear map G : ¥V, — WU, where we have

U, = {:L' e C"\ {0} ] X(E + fuu*)z = (A + auu®)z and x can be extended to
a chain of (F + puu®, A + auu™) of at least length s} u{0}.

We will obtain these signs by computing the inertia of a matrix representation of the
map

fo: U x U, - C, (z,y)—~ "Gy =" Fy®

with respect to a suitable basis of ¥,. To construct this basis of Uy, recall that of the
Jordan chains of (B4) from (Z4)), the following ones have length s;:

i,...,tl le:]., (36)

U)o e e L i=1,...,8, k=
k j Kit(k—=1)si+j> J ! > { s, t;  else,
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whereby k; := t181+- - -+8;-1t;—1, i.e., for each pair of indices (i, k) there is the Jordan
chain xglk) yeen ,xgsk) In the remainder of this paper, we will usually distinguish the
vectors of one chain by their superscript and for brevity omit the superscript if equal
to one, e.g., T;  := :L'ilk) in (36). Also, in the case ﬂX = «, there exists one more chain
of (34) that has exactly length one (cf. Theorem[3.]) and is linearly independent from
all chains in &8)). It is straightforward to verify that this chain always consists of the
first standard basis vector ey (recall that in this case the perturbation (A8 — a)uu* is

equal to 0 at A).

Since under a rank-1 perturbation of the matrix pencil (E, A) by Theorem B.1]
generically one block of size s; is destroyed and one block of size one is created if
B = «, we consider the following (mutually exclusive) classes of Jordan blocks:

(i) blocks of size s; < s; if either s; > 1 or BX # q,
(ii) blocks of size 1 < s7 if BX =q,
(iii) blocks of size s; if either s > 1 or B # a,
(iv) blocks of size 1 = s if BX = .

Blocks of type (i): To extract the signs of the nonzero eigenvalues of a matrix
representation of fs;, we consider a basis of ¥, , whose last dim(¥y, 1) vectors form
a basis of Uy, ;1. Since by Theorem [B] the pencil (B4 generically has ¢; linearly
independent Jordan chains of length s; at A, the first ¢; = dim(¥y,) — dim(Pg,11)
vectors of this basis can be chosen as ;1,...,%;¢, as in [30). Then, as basis vectors
in W, 41 lie in Ker G,,, we do not need to consider them since they correspond to the
zero part of the matrix representation of f,.

Thus, it remains to compute fs, (x5, Tie) = :cij:cl(.sé') for k,0 = 1,...,t;.
From (3.5)) we observe that the first needed term is zj kFlacESé'), which is given as
follows:

* * * *
el Fes, — el F1en, 105, — € (i—1)ss41F 1650 T€5 L (h_1)s, 41 F1€rit b5,
K2 K2 K2 ( ) K2 ( ) K2 K

=0 =0 -0
o if k=4,

i,k
|u§ , )|2

0 if k£ 0,

where the first terms were simplified using s; < s1. Then, the second term z; kngESg)

is given by

* * * * _
erfnes, —e1Faes 1os; — €y (oo1ys, 115265 T e h1)s 1 F 28k 4es; = 0,

=Bd1,s; =Bd1,s; =B61,s, =B01,s;

where §; ; denotes the Kronecker delta. In conclusion, the nonzero part of the matrix
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representation of f,, with respect to the above constructed basis of Uy, is given by

. €i,1 €it;
diag < : . — .
(3,1)19" 7 (6ti) |9
uy” ™| |u3

Thus, the signs of the perturbed pencil associated with X at blocks of size s; are given
by L ={€i1,... €} by Theorem2.TI2 i.e., the signs associated with blocks of size
s; are unchanged under perturbation in this case.

Blocks of type (ii): We consider blocks of size 1 < s; whenever BA = a, where we
distinguish between the subcases of s, being equal to one or not.

First, let s, = 1. We construct a basis of the subspace ¥y similar to (i). Since
by Theorem B}, the pencil (34) generically has ¢, + 1 linearly independent Jordan
chains of length 1 at X, clearly ,1,..., 2,4, ,€1 as in (38) can be chosen as the first
vectors of a basis of Uy. (We obtain a basis of ¥y by adding a basis of Uy that is
ignored here since Ker(G;) = Wq.) Similarly to (i), we compute that fi(z, i, Zye) is
the sum of on the one hand

* * * * *
I'V’kFllL'l,’z =ejFieg —efFieq, o —e. i Fierte, g Fieq, 1o
—_— —]

=0 =0 =0

oE if k=14,

v,k
|u§ ) )‘2

0 if k£ 0,

where we have made use of 1 < s1, and on the other hand
T, om0 = efFaer — el Faeq, 10 — ey i Foer +e pFhes, 10 =28-28=0
for k,/ =1,...,t,. Additionally, in this case we have

fl(xy,k7 61) = 61‘F161 — 62,,+kF161 + ETFgel — 62,,+kF261 =0
=0 =0 =p =B
and similarly fi(e1,2,¢) = 0 for k,¢ = 1,...,t,. Finally, with fi(ej,e1) = 5 we

obtain that the nonzero part of the matrix representation of f; with respect to the
above constructed basis is given by

. €v,1 €t
dlag< TSR ™ ,B).
Rt

From this, we read off £ = {e,1,...,€,4,,880(8)}, i.e., the new block of size one
that is created in this case (cf. Theorem BI]) leads to the sign sgn(S) being added to
the list of signs at blocks of size one (recall that § # 0 is prescribed since («, 3) # 0).
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Now, the subcase s, > 1 is similar: Using Theorem [B.I] a basis of ¥; can be
constructed by from the vector e; by adding a basis of ¥5. We compute the nonzero
part of the matrix representation to be given by [efFei] = [8]; thus £ = {sgn(8)},
i.e., the sign sgn(3) will be attached to the new block of size one.

Blocks of type (iii): Generically, by Theorem [3.1] the pencil (34) has ¢; — 1 linearly
independent Jordan chains of length s; at X, and thus, {z1,2,...,%1,4, } is a basis of
U, (recall that ¥y, 11 = {0}). To compute the matrix representation of fs, with
respect to this basis, consider for k,¢ = 2,...,¢; that fs, (x1,x,%1,¢) is the sum of on

)

the one hand aciklefé given by

* * * *
e1Fies, —ejFieps, — e(k—l)s1+1F1651 Jr6(1c—1)5>~1+1F1€ZS1
——

=0 -0
€1,k €1,1 s
S if k=1
R T N T e ’
€1,1 .
e if k # £,
[uy ‘

and on the other hand xTkungsé) equal to

* * * *
e1Fres, — e1Faers, — €(p_1ys, 415265, + €(p_1ys, 41 F2€0s, = 28015, — 2B61,5, = 0.

Therefore, the matrix representation of f;, with respect to the above basis is given
by

. €1,2 €1,t, €1,1

e <|u§1’2>|2""’ |u§““|2> R

Clearly, the first term in M, (i.e., the diagonal matrix) is invertible. Also, it is a
generic condition with respect to the entries of u to assume that also M, itself is
invertible. Therefore, by Lemma the signs of the eigenvalues of M, , that are
equal to the list of signs of the perturbed pencil at blocks of size s; (denoted by L)
is generically given by removing either exactly one sign —1 or one sign +1 from the
hSt Esl = {6171, e ,617151}.

Blocks of type (iv): Generically, by Theorem Bl the pencil (4] has ¢; linearly
independent eigenvectors at 2\ and therefore {ng, TR e1} is a basis of ¥; (recall
that U5 = {0} in this case). We aim to compute the matrix representation of f; with
respect to this basis as before. For k,¢ = 2,...,t1, clearly fi(z1,%,21,¢) is the sum of
on the one hand

€1,k €1,1 : _
* * * * * |u(1’k)\2 + \u(1’1)|2 if k= g’
achFlacM =elFier —elFies—epFrel +e Fiep = o 1 )
a0 if k # ¢,
=0 =0 [uy |
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and on the other hand
x] p Fhxy o = ejFaey — el Fhep — epFher +epFrey =26 — 28 = 0.

Additionally, we need to compute

€1,1
f1($17k, 61) = €TF161 — eZFlel +€TF2€1 — EZFgel = T,
—— ~— |u1 ) |2
=0 =3 =4
and similarly fi(e1,z1.0) = 6171/|u(11’1)|2 for k, £ =2,...,t;. Finally, we have

filer.er) = eiFrer + e Fyer = e1/JuV P 48

and therefore the matrix representation of f; with respect to the above basis is given
by

. €1,2 €1t €1,1
M1d1ag< T T T ,ﬂ>+7’
, )t 1,1
ugt 2R a2 Jugt P2

Now, applying Lemma [2.T3] as in the previous case (iii), the list of signs £} of ([34)
at blocks of size one is generically obtained by removing either exactly one sign —1
or exactly one sign +1 from the list £] = {€1,1,...,€1,4,8gn(8)}. O

1 - 1

REMARK 3.4. We note that there are results hidden in the statement and proof
of Theorem that are not at all obvious. First, consider blocks of type (ii): By
Theorem [3.1] one such block is generically created under perturbation, and by Theo-
rem the sign consequently added to the list of signs £; is generically sgn(5). But
then, sgn(pB) is exactly the sign that is attached to the eigenvalue ) in the perturba-
tion (A — @)uu* in this case, i.e., the sign added due to one new block being created
is generically the sign that is attached to X in the perturbation.

Then again, if blocks of type (iv) exist, by Theorem [3] the partial multiplicities
of the perturbed pencil are generically unchanged, since both effects, one block being
destroyed and a new block being created, neutralize one another. However, the list
of signs £, is generically unchanged under perturbation if no sign sgn(—/4) exists in
L1, and otherwise, generically either one sign sgn(—/) is replaced by sgn(f8) or again
L1 is unchanged. Consequently, the perturbed pencil is not generically prescribed to
have the sign attached to A in the perturbation at one of its blocks in this case, which
is again different from (ii).

To illustrate this remark, we consider the following example.

ExaMPLE 3.5. The Hermitian 2 x 2 matrix pencil

(EvA)Z([(l) ?},[8 g])e@2’2x((32’2
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clearly consists of two Jordan blocks of size one with positive sign corresponding to
0. We consider a Hermitian rank-1 perturbation of the form (Suu*,0), where v =
[u1,u2)’ € C? and B € R\ {0}. By Theorem 3.1 the perturbed pencil (E + Suu*, A)
is generically regular and has two linearly independent Jordan chains of length one
at 0.

Clearly, a basis of the eigenspace of (E + fuu*, A) at 0 is given by {e1, ez} and
the matrix representation of the map f; with respect to that basis is given by

_ 1+ B8lul>  Barus

M .
! Buiuz 1-|—5|162|2

Now, an elementary computation reveals that the eigenvalues of M7 are given by 1 and
14-B(|u1 > +|uz|?). Thus, if either 8> 0or 8 < 0and —1/8 > |uy|*+|usa|?, the signs of
the perturbed pencil at 0 are given by {+1,+1} and if 8 < 0 and —1/8 < |u1|*+|uz|*,
these signs are given by {—1,+1}, which is in line with Theorem and the above
remark.

4. Hermitian rank-2 perturbations. Before analyzing Hermitian rank-2 per-
turbations, we consider a further preliminary result. The following lemma deals with
a class of matrices that includes the transformation matrix S from Theorem

LEmMMA 4.1. Let ny > --+ > ny > 0 be a series of integers and set a :=
ny + -+ Ny,. Further, let S have the shape

Si11 S o Si,m
5= S22 e Ccoe, (4.1)
. Sm—l,m
Sm,m

whereby all S; ; € C™" are upper triangular Toeplitz matrices. Then, S™1 also has
the shape (@), i.e., it is upper triangular and its (i,7) block is an upper triangular
Toeplitz matriz of dimension n; X n; for all i and j.

This lemma is proven by straightforward computation using the well-known fact
that the product of two upper triangular Toeplitz matrices is again an upper triangular
Toeplitz matrix and that the inverse of an invertible upper triangular Toeplitz matrix
is again one itself [I4, Chapter 3]; details are omitted here.

We go on to prove our main theorems on Hermitian rank-2 perturbations as
in (ZI9), i.e., ones of the form

sran-o (LS ED[E] e
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where we only consider the case p € C\ R. Indeed, if p € R in (@2), then we
consider the matrix X = \/LE H _11] and note that X Ro X* = I5. Hence, replacing
[u,v] by [u,0]X, where [u,?] := [u,v]X ™!, in (@2), we obtain that (AE,AA) =
(uu*, puu*) 4+ (ov*, povv*) is the sum of Hermitian rank-1 perturbations that were
covered in the previous section. We will now analyze the Jordan structure under

perturbations (£2) in Theorem and the sign characteristic in Theorem

THEOREM 4.2. Let (E, A) € C™"xC™™ be regular and Hermitian with the partial
multiplicities ny > -+ > ny, > 0 associated with some eigenvalue X e C. Then, for
each i € C\R there exists a generic set j, € C" x C", such that for all (u,v) € €2,
(E4+AE, A+ AA) as in [@2) is regular and has the partial multiplicities (ns, ..., Ny)
if A& {7} and (ns,...,nm,1) otherwise at \.

Proof. We proceed similar to the proof of Theorem Bl Since by Theorem
and (ZI0) the partial multiplicities of the perturbed pencil are generically greater
than or equal to the ones given above, it again suffices to present one particular
perturbation in each case that creates these partial multiplicities by Lemma 210
Let (E, A) be in Hermitian Kronecker form as in Theorem [Z1T] with the blocks at A
coming first and ordered by their size.

Case X € C \ R. Consider the first two blocks of (E, A) associated with h) (each
of which is paired to a block of the same size corresponding to the complex conjugate
eigenvalue) and set u := e1 + €2, 4n,+1 and v := €,, 11 + €2, +1- Then the first part
of the perturbed pencil is given by

0 —RuJu,(A-N)
~RuJu,(A=N) 0

0 —RmJnQ(X—A)]
Ry Jns(A=A) 0

+(\ = puv® + (A —mou™.
This matrix pencil can by permutations and multiplications with —1 of its rows be
transformed to a matrix pencil of the type from the appendix of a preprint version

of this paper []. Elementary but tedious computations that are omitted here show
that its determinant is equal to

[B=™A =2 = A=A (@ =) = (1) A= X))
JA=H A=+ )= R =) RN,

This shows that in the above given blocks of the perturbed pencil, the eigenvalue
X does not occur if A ¢ {u,n} and occurs with algebraic multiplicity one otherwise.
Since no other blocks of the perturbed pencil than these are perturbed, this particular
perturbation clearly creates the desired partial multiplicities at X

Case \ € R. Consider the first blocks of (E, A) associated with ) of sizes ny,No
with signs €1,€e3 € {£1} and set u := ey and v := e, 1. Then, the first blocks of the
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perturbed pencil are given by
- (eanl Jnl (/): - )‘) D 62RTL2J"I2 (/): - A)) + ()‘ - N)61671;1+1 + ()‘ - ﬁ)€n1+1€{

clearly not having the eigenvalue Y Again, as no other blocks are perturbed, this
perturbation creates the partial multiplicities (ng,...,nm,) at A. O

In the following theorem concerning the sign characteristic of Hermitian matrix
pencils under rank-2 perturbations, we consider (EF, A) to have Jordan blocks of the
sizes (B2)) at N Hereby, we will employ both notations, i.e., the n;’s and the s;’s
depending on which is more convenient. Finally, let QL denote the generic set from
Theorem

THEOREM 4.3. Let (E, A) € C™™ x C™™ be regular and Hermitian and at some
eigenvalue e R, let (E, A) have the partial multiplicities B2) and the list of signs
L, attached to blocks of size s; fori=1,...,v. Then, for each p € C\R there exists
a generic set 0, C ), such that for all (u,v) € Q,, the list of signs L, at blocks of
size s; associated with h) of (E+AE, A+ AA) as in ([L2) is obtained by subsequently
executing the following steps:

o Ifi =1, then L, is obtained from L, by removing either exactly one sign
—1 or exactly one sign +1, else L, := Ls,.

e Ifeitheri=1andt; > 2 ori=2 andt; =1, then L, is obtained from L,
by removing exactly one sign —1 or exactly one sign +1, else LY := L} .

Proof. We proceed similarly to the proof of Theorem Let us assume (E, A)
to be in Hermitian canonical form as in Theorem 21Tl with the blocks corresponding
to A coming first and ordered decreasingly with respect to their size. Let a := ny +
-+« + Ny, then the top-left a x a block of (E, A), denoted by (P,J), includes all
blocks corresponding to X. We observe that P? = I, holds and that PJ is in Jordan
canonical form, hence left-multiplying (E, A) with E’ := P @ I,,_,, the top-left a x a
block of E'(E, A) is in Weierstrafl canonical form. Now, let the generic condition from
Theorem on u,v be satisfied, so that there is an invertible matrix S € C™" as
in ([2I0) for which we have

* T T T T
u g1 — €1y 0 €1ns 0 €1ns €1,n,, M (4 3)
v* T T T e :

T
x €1,n, 0 eig, 0 Pl nm,

for certain x = [z1, ..., x,,]T € C™ and M of suitable size. Thus, SE'(E + AE, A+
AA)S~! is in rank-2 partial Brunovsky form as in Theorem and thus has the
Jordan chains (26)-(238) at A\. But also

ST (E+ AE, A+ AA)S™!, (4.4)
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has these chains at A and in addition, it has the same sign characteristic as (E+
AE, A+ AA). By Lemma 1] the matrix S~! has the structure

Si11 Sz - S1,m
g1 — 52,2 ®I,_, €C™,
Smfl,m
Sm,m

where each S; ; has dimension n; x n; but is still an upper triangular Toeplitz matrix,
i.e., if n; > n; then S; ; has n; — n; all-zero rows at the bottom. Also, let us denote
the (1,1)-entry of each S;; by s;; with s;; # 0 for ¢ = 1,...,m. Now, the sign
characteristic of ([£4) can be extracted from the following matrix

F = Fl +F2 = Si*Esil +Si* [ u v } R2 |: :}L* :| Sil. (45)
In the remainder of this proof, we denote by €1, ..., €, the signs of (E, A) attached
to its blocks at A, so that €; is the sign of the jth diagonal block of (E, A). Then, the
topleft a x a block of Fj is given by

B * *
€157, 1Rn, S11 2615f,1Rn151,2 2615171Rn151,m
* * *
615172Rn151,1 2]21 6ij72an Sj,2 “ee Z]:l €ij72RTLJ‘ S]7m

* 2 *
€157 3Rn, S1,1 D5 €57 3Rn; )2

* 2 * m *
L 6151’mRn1 5171 Zj:l eij,man Sj,2 NN Zj:l eij,man Sj,m i

We note that for 1 < j < min(k, ¢), the jth summand of the (k,¢) block of the above
matrix is given by

0 0

€;Sjubn; Sie =€ | Ry Toep(w)

€ Creme (4.6)
for some w € C? setting d := ny, + ny — n;. In particular, its (1,7n,) entry is zero
whenever ny < n; and its (ng, 1) entry is zero whenever ny < n;. Also, by [@3) it is
clear that the topleft a x a block of F5 is equal to

* T T T T T
€1,n, T + xel,nl el,mel,ng xel,ng 617n161,n4 xel,n5
T T T
€1,n2€1 n, 0 €1,n2€1 ng 0 €1,n2€1 ng
* T T
€1,n3 T €1,n361 ny 0 €1,n361 ny
)
T T
€1,n4€1 n, 0 €1,n4€1 ng
* T . T
€1,n5T €1,n5€1,n, : 0 €1,nm-1€1,n,,
T
L elynmel,nm,l 0 |
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and that these topleft a x a blocks of F} and F5 are conformably partitioned, i.e., the
(k, ) block of each matrix has dimension ny x ng.

Now, by Theorem T2 for each i = 1,...,v the signs of (£4) at blocks of size s;
are equal to the signs in the inertia of the selfadjoint map Gs, : ¥, — ¥, , where we
have

U, ={zeC"\{0}| X(E + AE)x = (A+ AA)z and x can be extended to
a chain of (E + AE, A+ AA) of at least length s; } U {0}.

This inertia shall be extracted by computing a matrix representation of
fo, U, x U, = C, (2,9)— 2*Gyy = a*Fy)

with respect to a suitable basis of ¥,,. By Theorem [.2] there generically exist blocks
of the following sizes in (£4) at A:

(i) blocks of size s; with s; < ns,
(ii) blocks of size ns.

Blocks of type (i): We consider the Jordan chains of length s; of ([@4) from 27)-
23). Letting x; = s1t1 + -+ + s;—1t;—1 as before and also n; :=t; + -+ + t;_1, we
introduce the following notation for these chains:

(4.7)

) {em+j = Crit(h—1)si+j if £ and 7; are both odd or both even,
Yik =

€ny+natj — Crit(k—1)s; 45, Otherwise,

forj=1,...,s; and k=1,...,t;.

As in the previous section, we aim to extract the signs of a matrix representation
of fs, by considering a basis of ¥y, , whose last dim(¥,, 1) vectors form a basis of
W, +1. Since by Theorem the pencil (4] generically has ¢; linearly independent
Jordan chains of length s; at A, the first ¢; = dim(¥,,) — dim(¥,, 1) vectors of this
basis can be chosen as y;1,...,¥i+, as in [@7) (omitting the superscript if equal to
one). But as basis vectors in Wy, 11 lie in Ker G, , we ignore them when computing a
matrix representation of fs,.

For simplicity, we assume in the following that 7; is odd but the other case
is entirely analogous. In order to compute fs,(yik,yie) for all k.0 € {1,...,¢;},
we may consider the terms y; kFlySZ) and y; kngSZ) separately because of (3]).
Recalling that the signs of (E, A) associated with blocks of size s; are given by L, =

{€ni+1:€nit2, -+, En+t, }, we compute in the following subcases:
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Subcase k 1s odd and € is even: We have that y;, F1 yﬁi) is given by

T T T
Chni+1 B €nitnats; — Cpi41 F Cri+Lls; — eni-i-(k—l)si—i-l F €ni+nats;

ni+min(k,l)
T — § .S LS.
+6H7,+(k—1)si+1 Fl e”%""esm - 6] 5]7777,+k 5‘7777%""6'
Jj=ni+1

Hereby, the first three terms were simplified using ns > s; and the last equality was
obtained by regarding the (1, s;)-entry of the (n; + k,n; + £)-block of Fy, which is the
sum of matrices of the form ([46]); the lower summation bound arises as the desired
(1, s;) entry is 0 whenever s; < n; (whereby j is the summation index). On the other

hand, the term y;, F» yf’sl") from above is equal to

T T T
Chni+1 Fy €nit+nats; — Cpi4a Fy Cri+Lls; — em—i-(k—l)si—i-l Fy €nit+nats;

=01,5; =01,5; =015,

T _
t it (h—1)si+1 Fyepq0s, =0,

=61,s;

where 6; ; is the Kronecker delta and we used that n; + k is even and n; + ¢ is odd.
Thus, in the case that k is odd and £ is even, we obtain

ni+min(k,€)

FoolWikstit) = > € Thmtk St (4.8)
Jj=ni+1

Then again, if k£ is even and ¢ is odd, the same result is obtained since the map fs, is
Hermitian (recall that Gy, is self-adjoint). However, the remaining cases that k and
¢ are both odd or both even are treated similarly:

Subcase k and £ are both odd: We obtain that y;, F yﬁ') is equal to

T T T T
€ny+1 F1enits — €1 F1€ries, — Crit(k—1)s;+1 Fien +s, it (k—1)si+1 Fiewities,

=0 =0 -0 n;+min(k,£)

= E : €j Sjni+k Sjni+L
Jj=ni+1

where the first three terms were simplified using ns > s; and the last equality was
obtained exactly as described in the above subcase. Then, the other term y;, F> yf‘}i)
is equal to
T T T
€ni+1 Faen ts, — Chni+1 Fyenites; — Crit(k—1)s;+1 Fyen,+s;

T
+e’ii+(k‘*1)si+1 F> Critls; = 0,
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since every one of the four terms is already zero (recall that 7; + k and »; + ¢ are both
even). Thus, the equation (L8] is obtained in this subcase as well.

)

Subcase k and { are both even: Then, y\ I yl(se is computed to be

T T T
€nitnatl Fl C€ni+na+ts; — Cnytnatl Fl Cri+Lls; — eni-i-(k—l)si-i-l F1 €nit+nots; +

=0 =0 =0
ni+min(k,€)
T _ -
eer(kfl)SiJrl Fy Critls; = Z €j Sjmit+k Sjmi+L
Jj=ni+1

Just as in the previous subcases. The remaining term y; , F» yf‘}i) is equal to

T T T
€nidnatl F2 €ni+nats; — Cnydngtl F2 Cri+Lls; — 6,{i+(k,1)5i+1F2 €nit+nats;
T
+em,+(k—1)si+1F2 Cri+Lsis

which is equal to zero, since all of the four terms are already zero (recall that 7; + &
and 7; + ¢ are both odd). Hence, (£8) also holds in this subcase.

Clearly, the nonzero part of the desired matrix representation of fs, is given by
Ms, = [fs; Wik, Vie)lke- We apply a series of *-congruence transformations to M,:

First, add the —(55,51,m.45)/ (Sn+1,m+1)-multiple of the first row onto the jth row
and the —(Sy,+1,3:45)/ (Spi+1,m+1)-multiple of the first column onto the jth column
for j =1,2,...,t;, then repeat with the second row/column, then with the third, and
so on, which yields the matrix

*)
Since the signs of the perturbed pencil at blocks of size s; are given by the signs of the

eigenvalues of M, they are read off to be equal to L], = {ey, 11, €42, €nitti )
i.e., the original signs.

. 2 2
diag (€n,+1 [Spiv1mr1]”s enr [Snirzmral” - oo €nrts [Snittsmirts

Blocks of type (ii): To extract the signs at blocks of size n3, we employ a different
set of chains of length n3 than the ones from Theorem 2.0l given in (26])-(Z8). Letting
7 be the number of linearly independent chains of (E, A) at X with length at least ng,
one can verify as in the proof of Theorem that for each k = 3,4, ..., 7 the vectors

T ...
Z(j) L €5 — €nytetnp_14j — [€n1+j e €n1+1} [ﬂ?l e :Ej} , if k is odd,
ko . .
€ni4j = Cnitetnp_14j> if k is even

for j =1,...,n3 form a Jordan chain of ([£4]) with length ns. Since by Theorem
there generically exist 7 — 2 linearly independent Jordan chains of length ns of (£4)
at A, the set {z3,...,2} is a basis of U, (recall that ¥, ; = {0}). Thus, in the
following we compute fp,(zk,2¢) = z;Flzén:") + z;ngén:") for k,¢ € {3,...,7} to

obtain the signs of the perturbed pencil (£.4]).



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 30, pp. 760-794, November 2015
788 L. Batzke
. n . .
First, let us compute the term z,ngzé 3), whereby we again consider the three

subcases depending on k and ¢ being odd or even. Setting wy :=n1 + -+ ng_1, in

the first subcase we assume that k£ and ¢ are both odd. Then, z;ngéng) is given by

T T — T
(61 - ewarl - l‘1€n1+1) F2 (e’ﬂs — Cuwptng — L1lnitng — T xnsenlJrl)

T T T T
=ey Faen, — €1 oy qng — 167 Foln,qng — -+ — Tngeq Foen, 41
T T T T
- ewarlFQens + ewarlFQewernz + 1’16wk+1F26n1+n3 +oeeet :L'n3€wk+1F2€n1+1
—_ T — T
- l‘1€n1+1F26n3 + xlenl—i-lFQewernz

2 T — T
+ |:L'1| en1+1F2€n1+n3 et xlxnsenlJrlFQenlJrl'

The nonzero terms occurring in this computation are the ones:

T o T _
e Foen, =Tng + 1010y,  —€7 F2uwyng = =101y,
T _ T —
—Tpg€) Foen, 41 = —Tn,, 7€wk+1F26n3 = ~Tng,
T _ =T o
L€y y1F2€n 41 = Ty, —Tiey,  Foen, = —T101 ny,

e J—
$16n1+1F2eWg+n3 - $1517n37

so that clearly, we obtain z;ngéng) = 0 in this subcase (recall that J; ; is the Kro-
(n3)

necker delta). Similarly, if £ is odd and ¢ is even, z; Fpz, *’ is given by
T _ T — T _ T T
(61 — Clptl T l‘1€n1+1) Fy (€n1+n3 - eweJr’ﬂs) =€ F2€n1+n3 —€ FQeweJrns

T T — T —-—,T _
- ewk-i-lFQenlJrns + ewk-i-lFQeweJrnz - £L’1€n1+1F2€n1+n3 + mlenl—i-lFQewerns =0.

Hereby, the result z,’;ngén3) = 0 is obtained since the last two terms above are zero

(recall that ¢ is even) and the first four terms are each equal to £d1 , so that they
exactly cancel out. (We remind that the case that k is even and /¢ is odd will later
follow from this case as f,, is Hermitian.) Finally, whenever k and ¢ are both even,
the term z;Foz, * is equal to
T T T T
(en1+1 - ewarl) Fy (€n1+n3 - eweJrnz) = en1+1F26’ﬂ1+n3 - en1+1FQewz+n3

T T _
— €opt1L2€n,4ns + €4, 11 F2€0,4n5 =0,
where the sum is zero since each of the four terms above is zero itself.

It remains to compute the other term z;Flzéng') for all k,¢ € {3,...,7}, but in
addition to the subcases from above, we have to account for another thing. Since the
results depend the list of signs of (E, A) attached to blocks of size ng, denoted by
Ly, we distinguish between the following cases:

case (a): mg > ng, since then L, = {e3,..., €},
case (b): ny > ng = ng, since then L, = {ea,..., €},
case (c): ny =ng = ng, since then L, = {e1,...,€}.
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Case (a): For odd k and ¢ we obtain that z,zFlzlEnS) is equal to

T T — T
(e1 — Cor+l — x1€n1+1) Fi(ens = €wptns = T1€ny4ng — = TngCny+1)

T T T T
=ej Fien, — €1 Fley,4ny — 161 Fi€n,4ny — -+ — Tngeq Fien, 41
—el' Fien,. +el . Fle +xiel . Fie + -t axpel L Fle
wp+1116ng wp+111Cwe+ns 1€4+1416n14ng n3Cwp4+1416n1+1

—_ T — T
- l‘1€n1+1F16n3 + xlenl—i-lFlewernz

2T — T
+1z1]" e, 1 F1enyng + -+ T, Fien, 11

min(k,€)

= E : €5 S5,k 85,0

Jj=3

since all terms other than egk+1Flew[+n3 are equal to zero. On the other hand, if k

is odd and / is even, z,:Flzéng) is equal to

T T — T _.T T
(61 —Cup+1l T xlenl-i-l) F (€n1+n3 - ewe+n3) =€ Flen1+n3 — € Flewe-l-ng
T T — T T
- ewk+1Flem+n3 + ewk+1F1€wz+ns - $16n1+1F1€n1+n3 + $1€n1+1F1@we+n3
min(k,f)

= E : €5 54,k 85,0

=3

since again only the term el ., Fie,, +n, contributes to the result. Finally, if £ and ¢
wr+1 ¢+ns

are both even, then z;Flze":")

is given by
T T
(enl—i-l - ewk—i-l) F (€n1+n3 - ewtz-‘rnz.)
_T T T T
= €n1+1Flen1+n3 - en1+1F1€w£+"3 - ewk+1Flen1+n3 + ewk+1Flew+n3
min(k,€)

= E €5 55,k 85,0

=3

for the same reason. Then, recalling (L3 and that f,, is Hermitian, we have de-
termined f,, (zx, z¢) for all k and £ in this case. Thus, to extract the signs of (€3]
at blocks of size n3, we consider that the matrix M := [Z?zlg(k’e) €555k 85,0 19
x-congruent (employing the same transformations that were described detail in the

treatment of blocks of type (i)) to the diagonal matrix
diag (63 |83,3|2 , €4 |5474|2 P & |57—,7—|2 ) (49)

Hence, since the matrix representation of f,, is given by M, the signs of ([@4]) at
blocks of size ng are clearly given by L)) = {e3,...,¢;}, i.e., the original signs.

Case (b): Distinguishing as before, we start assuming that k and ¢ are both odd,
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then z,zFlzénS) is given by:

T T — T
(61 —Cupt1 T $1€n1+1) F (en3 — Cuwptng — L1€ny4ng — T T xn3en1+1)

T T T T
=ej Fien, — €1 Flew,4ny — 161 Fi€n,4ny — -+ — Tngeq Fien, 41

T T T T
- ewarlFlens + ewarlFlewernz + 1’16wk+1F16n1+n3 +oeeet :L'n3€wk+1F1€n1+1
—_ T — T
- l‘1€n1+1F16n3 + xlenl—i-lFlewernz
2. T —_ T
+1z1]" e, 1 F1enyng + -+ Ty, Fien, 11
min(k,€)

= Z €555 Sj 0+ €2(S2.k + T152,2)(S2,¢ + 152,2).
j=3

This result is obtained since

T o min(k,f)  —— -
Cont1F1Cwptng =D 523 €55k Sj0 + €252 k82,0,
T
1’16wk+1F16n1+n3

= €2X152,kS52,2,
J— T _ [—
T1€p, 11 F1€0,4n; = €2T182,252.¢,

|21]? T 1 Fren, ny = €2]71522]%,

and all other terms in the computation are equal to zero. Then again, if k is odd and

¢ is even, z;Flzéng) is equal to

T T — T _ T T
(61 - ewk-i-l - mlenl—i-l) Fl (en1+n3 - ewngng) =€ F1€n1+n3 — € Flewernz

T T —-— T —-— T
ewk+1Flen1+n3 + ewk+1Flewz+n3 - x1€n1+1F16n1+n3 + $1€n1+1F1€w,5+n3

min(k,£)
E €555k Sj¢ + €2(S2. + T152,2) (52,0 — S2,2),
i=3

since

T _ —_
_ewarlFlenl-l-nz. = —€252k522,
T o min(k,¢)  —— N
Cont1f1€w4ny = Zj=3 €5 Sk 8.6+ 63 52,k52,¢5
—_— T _ —_—
—T1€p, 1 F1€n, 4ny = —€271 [522]7,

- T _ -
T1e,, 1 F1€0,4n; = €2 71822520,

and all other terms are zero. At last, if £ and ¢ are both even, then z;Flzén:") is given
by

T T _ T T
(em-i-l - ewk-i-l) F (en1+n3 - ewé+n3) - en1+1Flen1+n3 - en1+1Flewtz+n3

T T 2 J— _
— i1 F1€n 1ng T e, p1 1604, = €2]522]" — €2522520 — €252 1522

min(k,£) min(k,£)
+ D TGRSt eaSarsa = 3 €5ksi0+ ea(sak — 522) (520 — $2.2)-
=3

=3
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Again, as f,, is Hermitian, this concludes the computation of f,, (zx, z¢) for all k and
£ in this case. Now, let us define the matrix B such that the matrix representation
of fn, with respect to the above basis is given by M + e B (where M is defined as in
case (a)). Further, we point out that B has the form ww* for a suitable w € C7~2.
Thus, assuming the matrix representation M + €2 B to be invertible (which is a generic
condition with respect to the entries of w,v), we can apply Lemma Recalling
that the signs of the eigenvalues of X can be read off from ([@3)), by this lemma the
desired list of signs £, attached to blocks of size n3 is obtained by removing either
exactly one sign —1 or exactly one sign +1 from the list £,,; = {ea,..., ¢, }.

Case (c): Whenever k and ¢ are both odd, z,’;Flzén3) is given by:

T T — T
(e1 — Cor+l — xlenlJrl) Fi(ens = €wptns = T1€ny4ng =+ — TngCny+1)

zelTFlen3 — elTFlewH_n3 - xlelTFlen1+n3 — = xn3elTFlem+1
- engrlFlens + engrlFlewernz + mlengFl@ernz +oeeet mngengFleerl
- 93—1@51+1F1€n3 + x_le'rj;l—i-lFlewernz
+ |I1|2 ezl+1Flen1+n3 +-t x_lxn3erTzl+1F1@m+1
min(k,€)

= Z €555k Sj.0 + €2(S2,k + 2152,2)(S2,0 + T152.2)
j=3

+er(sip— s11+ 2151,2)(S1,6— S11+ T151,2)-

To obtain this, we have to consider all nonzero terms in the above computation,
namely:

T _ 2 T _ —
e1 Fien, = €1]s11]°, —ei Fiew,4ny, = —€151,151,¢,

T _ — T _ —
—z1e; Fien, yny, = —€17151181,2, —€ +1F16ny = —€151 511,

T _ min(k,l)  —— _— _—
Cont1F1€uwptng =D i3 €55k Sje T €252 k82,0 + €151 k51,0,

T _ PR —_—
x1€, +1F1€n, 40y = €2 X182 kS22 + €1 T151 k51,2,
R T _ J—
—ZT1€,, +1F16n; = —€1 71512511
—_— T _ _ —_—
T1€,, 1116040y = €2T152.282 ¢ + €1 T151 251,05

j21[% €2, Fien, tny = €2 |v1522]° + €1 [m1s10]”.
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Similarly, if k is odd and /£ is even, z,zFlzénS) is equal to

T T — T _ T T
(61 — Cup+l T Ilenl—i-l) Fl (en1+n3 - ewtz+n3) =€ Flenl-l-ng —€ Flewtz+n3

T T — T
— o1 F1n, tng T €, 1 F1€0,pns — T1€, (1 F160, 40y +T1€5, 1 F1€0, 40,

min(k,£)
=€151,151,2 — €151,151,0 — €252 k52,2 — €1 S1,kS1,2 + g €5 Sj kS5
Jj=1
— 2 — 2 _ _
— €271 |52,2| —€1T1 |S1,2| + €2T152252,¢ + €1 T151,251,¢
min(k,l)
= > 6 5Esie+ea(s2k + 0182) (52,0 — 52.2)
Jj=3

+e1(s1,6 — S1,1 +x151,2) (81,0 — S1,2)-

Finally, if £ and ¢ are both even, then z;Flzén:") is given by
T T
(enl—i-l - ewk-i-l) Fl (€n1+n3 - eweJrnz)
=€p,+14'1€6ny+n3 Cni+141€wp+ng Cok+141€6n 1 +ng Cop+111€w,+ns

=€ |82,2|2 + € |81,2|2 — €282282 ¢ — €1 51,2510 — €252 kS22 — €1 51 k51,2
min(k,l)

+ Z €85k Sj0
min(k,) J=1
= Z €55k Sj.0 + €2(82,6 — 52,2) (52,0 — 82.2) +€1(51,k — 51,2) (51,0 — 51,2)-

j=3
As in the previous cases, this concludes the computation of f,,,(zk, z¢) for all k and £.
Now, we define the matrix C' such that the matrix representation of f,, with respect
to the above basis is given by M +e2 B+ €;C in this case (where M and B are defined
as before). Then, also C has the form ww* for some w € C™~2. Clearly, assuming the
generic condition that both M + €2 B and M +e3B +¢,C are invertible, we may apply
Lemma .13 twice, so that the desired list of signs L] is obtained by removing either

exactly two signs —1, —1 or exactly two signs —1, +1 or exactly two signs +1, +1 from
the list £,,, = {€1,...,€6-}. O

5. Conclusion. The canonical form of regular Hermitian matrix pencils was in-
vestigated under generic structure-preserving rank-1 and rank-2 perturbations.
Hereby, regarding the sizes of the Jordan blocks, a generic Hermitian rank-1 or rank-2
perturbation does not differ from a generic unstructured rank-1 or rank-2 perturba-
tion: At each eigenvalue X, the largest one or two, respectively, Jordan blocks are
destroyed and in addition, if Nis a (simple) eigenvalue of the perturbation, a new
block of size one is created. In addition, if X is real (or infinite), under a rank-1 or
rank-2 perturbation, all but one or two, respectively, of the signs at each eigenvalue
are preserved, whereby the signs that are not preserved correspond to blocks that
have been destroyed.
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Finally, the sign of the potential new block of size one at X can be determined
as follows (in case it is real or infinite): If there exist blocks of size greater than one
in the unperturbed pencil at X, then generically the sign that is attached to X in the
perturbation is added to the list of signs at blocks of size one. On the other hand, if
the largest blocks in the unperturbed pencil at X have size one, then the list of signs
at these blocks is generically changed as follows: First, the sign that is attached to
X in the perturbation is added, and then exactly one sign —1 or +1 is removed from
that list.

Acknowledgment. The author is grateful to Christian Mehl for his careful read-
ing of this manuscript. The author also thanks an anonymous referee for many helpful
suggestions for this paper.

REFERENCES

[1] R. Alam, S. Bora, M. Karow, V. Mehrmann, and J. Moro. Perturbation theory for Hamiltonian
matrices and the distance to bounded-realness. SIAM J. Matriz Anal. Appl. 32:484-514,
2011.
[2] L. Batzke. Generic rank-one perturbations of structured regular matrix pencils. Linear Algebra
Appl., 458:638-670, 2014.
[3] L. Batzke. Generic rank-two perturbations of structured regular matrix pencils. Preprint Series
of the Institute of Mathematics, Technische Universitat Berlin, Preprint 09-2014, 2014.
[4] L. Batzke. Sign characteristics of regular Hermitian matrix pencils under generic rank-1 and
rank-2 perturbations. Preprint Series of the Institute of Mathematics, Technische Univer-
sitdat Berlin, Preprint 36-2014, 2014.
[5] F. De Terdn and F. Dopico. A note on generic Kronecker orbits of matrix pencils with fixed
rank. SIAM J. Matrixz Anal. Appl., 30:491-496, 2008.
[6] F. De Terdn, F. Dopico, and J. Moro. Low rank perturbation of Weierstrass structure. STAM
J. Matriz Anal. Appl., 30:538-547, 2008.
[7] J.H. Fourie, G.J. Groenewald, D.B. Janse van Rensburg, and A.C.M. Ran. Rank one pertur-
bations of H-positive real matrices. Linear Algebra Appl., 439:653-674, 2013.
[8] F.R. Gantmacher. Theory of Matrices, Vol. 1. Chelsea, New York, 1959.
[9] F.R. Gantmacher. Theory of Matrices, Vol. 2. Chelsea, New York, 1959.
[10] I. Gohberg, P. Lancaster, and L. Rodman. Matriz Polynomials. Academic Press, New York,
1982.
[11] I. Gohberg, P. Lancaster, and L. Rodman. Matrices and Indefinite Scalar Products. Birkhauser,
Basel, 1983.
[12] I. Gohberg, P. Lancaster, and L. Rodman. Indefinite Linear Algebra and Applications.
Birkhauser, Basel, 2005.
[13] L. Hormander and A. Melin. A remark on perturbations of compact operators. Math. Scand.,
167:113-118, 1994.
[14] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge, 1985.
[15] P. Lancaster and L. Rodman. Canonical forms for Hermitian matrix pairs under strict equi-
valence and congruence. SIAM Rewv., 47:407-443, 2005.
[16] P. Lancaster and M. Tismenetsky. The Theory of Matrices, second edition. Academic Press,
Orlando, 1985.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 30, pp. 760-794, November 2015
794 L. Batzke
[17] C. Mehl, V. Mehrmann, A.C.M. Ran, and L. Rodman. Eigenvalue perturbation theory of

21]
[22]

[23]

[24]

[25]

classes of structured matrices under generic structured rank one perturbations. Linear
Algebra Appl., 435:687-716, 2011.

C. Mehl, V. Mehrmann, A.C.M. Ran, and L. Rodman. Perturbation theory of selfadjoint
matrices and sign characteristics under generic structured rank one perturbations. Linear
Algebra Appl., 436:4027-4042, 2012.

C. Mehl, V. Mehrmann, A.C.M. Ran, and L. Rodman. Jordan forms of real and complex
matrices under rank one perturbations. Oper. Matrices, 7:381-398, 2013.

C. Mehl, V. Mehrmann, A.C.M. Ran, and L. Rodman. Eigenvalue perturbation theory of sym-
plectic, orthogonal, and unitary matrices under generic structured rank one perturbations.
BIT Numerical Mathematics, 54:219-255, 2014.

V. Mehrmann and H. Xu. Perturbation of purely imaginary eigenvalues of Hamiltonian matrices
under structured perturbations. Electron. J. Linear Algebra, 17:234-257, 2008.

J. Moro and F. Dopico. Low rank perturbation of Jordan structure. SIAM J. Matriz Anal.
Appl., 25:495-506, 2003.

S.V. Savchenko. Typical changes in spectral properties under perturbations by a rank-one
operator. Mat. Zametki, 74:590-602, 2003. (Russian). Translation in Math. Notes, T4:557—
568, 2003.

S.V. Savchenko. On the change in the spectral properties of a matrix under a perturbation of
sufficiently low rank. Funkts. Anal. Prilozh., 38:85-88, 2004 (in Russian). English transla-
tion in Funct. Anal. Appl., 38:69-71, 2004.

S.V. Savchenko. Laurent expansion for the determinant of the matrix of scalar resolvents. Mat.
Sb., 196:121-144, 2005 (in Russian). English translation in Sb. Math., 196:743-764, 2005.



