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REPRESENTATIONS AND SIGN PATTERN OF THE GROUP
INVERSE FOR SOME BLOCK MATRICES*

LIZHU SUN', WENZHE WANG!, CHANGJIANG BU$, YIMIN WEIT, AND BAODONG

ZHENG
A B . . Q
Abstract. Let M= c o be a complex square matrix where A is square. When BCB** =
. BPAB® 0 _ .
0, rank(BC) = rank(B) and the group inverse of B9 0 exists, the group inverse of M

exists if and only if rank(BC + A (B?ABY)™ B?A) = rank(B). In this case, a representation of
M# in terms of the group inverse and Moore-Penrose inverse of its subblocks is given. Let A be a
real matrix. The sign pattern of A is a (0,4, —)-matrix obtained from A by replacing each entry
by its sign. The qualitative class of A is the set of the matrices with the same sign pattern as A,
denoted by Q(A). The matrix A is called S2GI, if the group inverse of each matrix A € Q(A) exists
and its sign pattern is independent of A. By using the group inverse representation, a necessary

A A1 YN
and sufficient condition for a real block matrix Az 0 0 to be an S2GI-matrix is given,
Yo 0 0

where A is square, Aj and Ag are invertible, Y7 and Y2 are sign orthogonal.
Key words. Group inverse, Moore-Penrose inverse, Sign pattern, S2GI-matrix.
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1. Introduction. Let C™*" and R™*" be the sets of m x n complex matrices
and m x n real matrices, respectively. For A € C"*", the group inverse of A is a
matrix X € C™*"™ satisfying

AXA=A, XAX =X, AX =XA.
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It is well-known that the group inverse exists if and only if rank(A4) = rank(A?);
in this case, the group inverse is unique (see [I]). As is customary, we denote the
group inverse of A by A#. When A is nonsingular, A# = A=, For A € C™*", the
matrix X € C"*™ is called the Moore-Penrose inverse of A if AXA = A, XAX =
X, (AX)* = AX and (XA)* = XA, where A* is the conjugate transpose of A. Let
AT denote the Moore-Penrose inverse of A. It is well-known that AT exists and
is unique (see [9]). Throughout this paper, A% = I — AA* A% =] — AT A and
A™ = I — AA# where I is the identity matrix.

There are many applications of the group inverse of matrices in algebraic con-
nectivity and algebraic bipartiteness of graphs (see [15] [19]), Markov chains (see [9]),
and resistance distance (see [6]). In 1979, Campbell and Meyer proposed the open
problem of finding explicit formulas for the Drazin or group inverse of a 2 x 2 block

. A
matrix ( C D
At present, the problem of finding explicit representations for the group inverse of

) in terms of its subblocks, where A and D are square (see [9]).

A B
( c oo ) have not been completely solved. Recently, the existence and the repre-

sentations for the group inverse of block matrices were given under some conditions
(see [8, 111 [13], 14} [18§]).

Let sgn(a) be the sign of a real number a, which is defined to be —,0 or +
depending on a < 0,a = 0 or a > 0. The sign pattern of A € R™*" is a (0,+, —)-
matrix obtained from A by replacing each entry by its sign, denoted by sgn(A4), i.e.,
for matrix A = (@i;)mxn, $g1(A) = (sgn(ai;j))mxn. The qualitative class of the real
matriz A is the set of the matrices with the same sign pattern as A, denoted by
Q(A) (sce [23]). For A € R™ ", A is called an SNS-matriz if each A € Q(A) is
nonsingular. The matrix A is called an S?NS-matriz if A is an SNS-matrix and
sgn(A—1) = sgn(A=1) for each A € Q(A) (see []). The matrix A € R™*™ is called an
SGI-matriz if A# exists for each A € Q(A). If A is an SGl-matrix and sgn(A#) =
sgn(A#) for each A€ Q(A), then A is an S2GI-matriz, sometimes we say A has
signed generalized inverse to indicate that A is an S2GIl-matrix (see [25]).

The sign pattern of matrix has important applications in the qualitative economics
(see [4, 16l 17, 20L 211 23]). The monograph of Brualdi and Shader introduces many
results on S2NS-matrices (see [4]). In 1995, Shader gave a description for the structure
of matrices with signed Moore-Penrose inverse (see [22]). In 2001, Shao and Shan
completely characterized the matrices with signed Moore-Penrose inverse (see [23]).
In 2004, Britz, Olesky and Driessche researched the signed Moore-Penrose inverse
for the matrices with an acyclic bipartite graph (see [3]). In 2010, M. Catral et
al. proved that a nonnegative matrix corresponding to a broom graph has a signed
group inverse (see [12]). In 2014, Bapat and Ghorbani gave some results on the zero
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pattern of the inverse of lower triangular matrices (see [2]). In [25], a real block matrix

A B
M = ( c oo ) was shown to be an SGI-matrix if sgn(BT) = sgn(C) and C has

signed Moore-Penrose inverse, and M is an S?GI-matrix with an additional condition

0
inverse were given under the condition sgn(B") = sgn(C) and other conditions.

A =0. In [7, 26], some results on real block matrices ( g B ) with signed Drazin

A B

Let M=
et (CO

) be a complex square matrix, where A is square. When

BSYABY 0
BCB* = 0, rank(BC) = rank(B) and the group inverse of ( ) exists,

CB® 0

. . . . . T 0
we obtain the group inverse of M exists if and only if rank(BC + A (BQ ABQ) B*A) =
rank(B). In this case, we give the representation of M# in terms of the group inverse
and Moore-Penrose inverse of its subblocks. By using this representation, we give a

A A Y
necessary and sufficient condition for a real block matrix Ay 0 0 to be
Y, 0 O

an S?GIl-matrix, where A is square, A; and A, are invertible, /}}Ig = 0 for each
Y; € Q(Y;)a i=1,2.

2. Some lemmas. Before our main results, some lemmas on the group inverse
of 2 x 2 block matrix and the matrix sign pattern are presented. First, we define the
notion of sign orthogonality and introduce other notations.

A B
C D
nonsingular. If the group inverse of S = D — CA™' B exists, then

LEMMA 2.1. [5] Let M = ( > be a complex square matriz, where A is

(i) M# emists if and only if R = A? + BS™C' is nonsingular; (ii) If M# ewists,

then M# = (;( ;;) , where

X = AR '(A+ BS*C)R'A,

Y = AR (A + BS*¥C)R™'BS™ — AR™'BS*,

Z=S"CR Y (A+ BS*C)R 'A— S*CR A,

W =S8"CR Y(A+ BS*C)R'BS™ — S*CR 'BS™ — STCR™'BS* 4 S*.
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A0 nxn rXT #
LeMMA 2.2. [I0] Let M= B o) € C and let A € C™*". Then M

exists if and only if A¥ exists and rank (A) = rank( g ) If M# exists, then

A# 0
M# = .
< B(A#)® 0 )
LEMMA 2.3. [24] Let M:( A B

nxn_ JfA—BD7IC is i ]
c D ) eC 'f C is invertible, then

M-l (M/D)™! —(M/D)"" BD!
“\ =p'c¢wm/D)"" D '4+DC(M/D)'BD )’

where M/D = D — CA™1B.

The term rank of a matriz, denoted by p(A), is the maximal cardinality of the
sets of nonzero entries of A no two of which lie in the same row or same column. It
is easy to see that p(A) = n when A is an invertible matrix of order n. Let A be an
m x n matrix, and let [m] = {1,...,m}, [n] ={1,...,n}. If S and T are the subsets
of [m] and [n] respectively, then A[S|T] denotes the submatrix of A, whose rows index
set is S and columns index set is T. If S = [m] or T' = [n], we abbreviate A[S|T] by
Al |T] or A[S| :]. Let (A);;, N,(A) and N.(A) denote the (i,7) entry of matrix A,
the number of rows and the number of columns of the matrix A, respectively.

DEFINITION 2.4. If sgn(AB) = 0 for all the matrices A € Q(A), B € Q(B)
(N.(A) = N,(B)), then the matrices A and B are called sign orthogonal.

LEMMA 2.5. [23] Let A be a real matriz of order n such that p(A) =n and A is
not an SNS matriz. Then there exist invertible matrices Ay and As in Q(A), and
integers p, q with 1 < p,q <n, such that (Al_l)q,p(Ag_l)q,p < 0.

In [23, Theorem 4.2], Shao and Shan gave a result on sgn(A™BC™T) for all matrices
A e Q(A), BeQ(B) and C € Q(C). By using the similar methods as [23, Theorem
4.2], we establish a result on sgn(ABC), for all matrices A € Q(A), B € Q(B) and
CeQ0).

LEMMA 2.6. Let A, B,C be real matrices with Nc(A) = Ny(B) and N¢(B) =
N,.(C). If sgn(ABC) = sgn(ABC) for all matrices B € Q(B), then sgn(ABC) =
sgn(ABC) for all matrices A € Q(A), B € Q(B) and C € Q(C).

Proof. Let D = ABC. Then

Ne(B) Nr(B)

(2.1) z]* Z Z 1191 k17k2(c)k27j'

ko=1 ki=1
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If there exist matrices A € Q(A), B € Q(B) and C € Q(C) such that sgn(ABC) #
sgn(ABC'), then there exist integers i1, j1, p1, P2, q1, g2 and (p1,q1) # (P2, q2) such
that

Sgn((A)ihpl (B);Dl,(h (C)(h,jl) =+,

Sgn((A)ith (B);Dz#h (C)qmjl) -
For k =1,2, let

)

(Bi)p.g = %(B)M, P =Dk 4q =gk
kpa (B)p,q, otherwise

wheree >0, p=1,...,N.(B) and ¢=1,...,N.(B). Clearly, B;, B; € Q(B) and
(2.2) sgn(AB1C) = sgn(AByC).

Let Dy = AB,C, Dy = AB,C. By (1)),

Ne(B) Nr(B)

1
(Dl)ih]& = Z Z Jir e (B1)ky ks (C)kz,h + (E - 1> (A)i17P1 (Bl)Pl,th (C)QIJI7
ko=1 ki=1
N.(B) N.(B) )
(D2)i17]’1 = Z Z Jir e (B2)ky ks (C)kz,h + (E - 1> (A)ih:Dz (BQ)p2,q2 (C)q21j1'
ko=1 ki=1

When ¢ is sufficiently small,

Sgn((Dl)’il,jl) = Sgn((A)’il,pl (Bl)pl,(h (C)Ch 7j1) =+,

sgn((D2)iy 1) = s80((A)iy ps (B2)ps,ga (Cga,in) = —

Thus, sgn((D1)4,,5,) # sgn((D2)4, 5, ), which contradicts (Z2]). So sgn(ABC) =
sgn(ABC) for all matrices A € Q(A), B € Q(B) and C € Q(C). O

3. Main results. In this section, some results on the existence, representations
and sign pattern for the group inverse of anti-triangular block matrices are given.

A B

THEOREM 3.1. Let M=
EORE e (C 0

> e Cntm)x(ntm) gy ch that the group inverse

CB® 0
BOB% =0 and rank(BC) = rank(B), then

Q A RO
0f< BTABT 0 ) erists. Let ' = BC + A (BQABQ)WBQA, where A € C*™. [If
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(i) M# exists if and only if rank(T') = rank(B);

XY
(i) If M# emists, then M#* = ( 7w ) , where

X = JAGAH — JAH — GAH — JAG + G + H + J,

Y = I'"B+JAGAT"B — JAT"B — GAT' " B,

Z= (C—-CGATY(I+AGAH — AH — AG) + CG* (I — AH),
W= (C-CGATTA(GAT*B -T"B) — CG*AT* B,

J= (B®AB®)" BYAT", H=T"A(B%AB%)" B%, G = (BAB%)" .

Proof. By the singular value decomposition (see [I]), there exist unitary matrices
U e C"™™ and V* € C™*™ such that

(3.1) UBV* = ( ﬁ 8 >

where A is an r x r invertible diagonal matrix and r = rank (B). Let

A1 AQ Cl CQ
2 AU = Y=
(3.2) UAU <A3 A4>’ VU <03 C4>’
I 0 0 0
~ u* 0 0 0 I 0
here A "7 Then M = ®MP*, where & =
where A1,C7 € C en , where ( 0 V*) 07 00
0 0 0 I
is a unitary matrix, and
A A Ay 0
~ Ci 0 Cy O
. M =
(8:3) As 0 A4 0
Cs 0 Cy4 O
Hence, if M# exists, then
—\ #
(3.4) M#:cE(M) o,

Since BCB* = 0, rank(BC) = rank(B), (3.) and (3:2) imply that C = 0 and
(4 is invertible. Partition (3] into the following form

Ay A Ay 0O

gl o000 .<N1 N2)
A3 0 A4 0 ' N3 N4 ’
Cs 0 Cy O
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where
Al A Ag 0 A3 0 A4 0
! (01 0)’ 2 (o 0)’ K (Cgo o Ci 0

0 (C)"
AL A4 (o)

that M/N; = Ny — N3(N1) "Ny = Ny It follows from (FI) and @B2) that
BYAB® 0
cB® 0

0 0 BeAB® 0
= ( ) ®*. Note that the group inverse of (

It is easy to see that (N;)™' = < ) Calculations show

0 Ny CB? 0
group inverse of M /N7 exists. Since Nj is invertible and the group inverse of M /N1
exists, by Lemma 2.1, M# exists if and only if R = (N;)? + No(M /N;)™ N3 is invert-
ible.

) exists, so the

— A7 0
According to Lemma 2.2, it yields that (M /N;)# = 4# 2 . Calcu-
Oy (A4 ) 0

lations yield

R = (N1)2 4+ No(M/Ny)™ N3
= (N))? + Ns (I — (M/Ny) (M/Nl)#) Ny

[ A2 AgAs — A ALAT A3+ ACT AA
B C1 4, 1A |-

Note that C] is invertible, so

rank(R) = rank ( A% + Az s - A2A4AfA3 +ac AA )

Cl Al CIA

AgAs — Ag AL AT As + ACY ALA
= rank .
0 C1A

Hence, R invertible implies that As Az — A2A4AfA3 + AC1 be invertible, that is
rank(AyAs — Ay Ay A% As + AC)) = r = rank(B).
By simple computations, we have

I = BC + A(BYAB®)" B%A = ( Ay Ay — Ay A Aff Az + ACy 0 ) |

0 0

Thus, R is invertible if and only if rank (T') = rank (B). Applying Lemma 2.1, we get

)= (F &%)
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where
X = NiR'KR Ny,
Y = MR 'KR 'Ny(M/Ny)™ — Ny R~ Ny(M /N;)#,
Z = (M/Ny)"NsR™'KR "Ny — (M/N;)#NsR™ "Ny,
W = (M/Ny)"N3sR™ KR~ 'Ny(M/Ny)™ — (M /Ny )#N3R~" Ny (M /Ny )™

— (M /N1)™N3R™ ' No(M /Ny ) +(M /N1)*,
K = Nj 4 No(M/Ny)#Ns.

By (@.4),
(3.5) M#Q(M)#CD*@(% z)@*.

From 31]), we get

BB*U*<£ g)U, B”U*<O O)U,

I 0 0 0
+p_ y* Q_
BBV(OO)V’BV<OI)V'

So by the above BB, B™, B*B, B and [3.2), it yields

A, 0 A O
o M 0Nge_(U 0O 00 0 0 U 0
0 0 Lo v C; 0 0 0 0V
0 0 0 0
BBTABB* B
(36) ( B+*BC 0>

Similarly, we have

0 N, BB1tABY 0
) o o =
@) (o % )e=("" 0)
0 0 . B@ABBt 0
(3.8) ®<N3 0>@ (BZCBB+ 0)’

0 0 . [ B2AB® 0
(39) ‘I)(o (M/N1)>q) -(Pem o)
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Note that BC B = 0. Since the group inverse of M/Nl exists, Lemma 2.2 and (3.9
imply that

00 0 0
o ° 0 "= - . ’ i
— L # *
0 (M/N))# 0 0 Aj , 0
00 ¢ (Af) 0
0 0 0 0
a0y =( U 0 0 A 00 U oy ( G 0
' Lo v 0 0 0 0 o v) \ca o)
2
0 Cy (Af) 0 0
where G = (BQABQ)#. Similarly,
0 0 (BAB®)" B 0
3.11 ® — Pt = .
(8:11) (0 (M/Nl)’f> ( ~COB%G B?
It follows from (B.8)-(B.8) and EI0) that

K 0
) o

N 0 0 Np\ [0 0 0 0
— Y "
o )mee (0 ) (0 e ) (v o)
(312) ([ BBTAGABB® +BBYABB* B
' - B*BC 0 )

Note that

o [ A+ A4 - Ay AL AT Az + AC,  ALA '
ClAl CIA
Computations yield that the Schur complement of R is
R/(C1A) = Ay Ag — Ay A, AT As + AC.

Since R/(C1A) is invertible, by Lemma 2.3, we have

Rl C -S4 crt
T\ AT A ST Ao AT A ST A O )

where S = R/(C1A). Computation shows that
St 0 0 0

0 00 r+ 0
1 o * =
(3:.13) 0 0 (0 0>’
0 0

o O O

0
0
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0 —stacit
0 0

0 0
0 0

< g+ 0)( 3[2 B+B><gg)]+
N )
v=( g o) (0 0)( 0 o)

(3.15) :(_BfAF+ g)

Similarly, we have

@*

\
e
AR
b
K
%
AR
oo oo
oo oo
cooo

0 0 0 0
P 0 A_ICfl + A‘1A15_1A10f1 0 0 P
0 0 0 0
(3.16) 0 0 0 0

0 0
B < 0 BYAItA(B+BC)" + B+ (B+BC)" ) '

Adding (3.I3)-(BI0) yields
(3.17)

of B1 0 ) g _ r+ I+ A(BTBO)
0 0 ~\ =BtArt BtArtA(B+*BC)" 4+ BT (BYBC)" |-
Substituting the equations (3.0)-(BI2) and BI7) into BH) gives that

X Y
#:
=z w)

X = JAGAH — JAH — GAH — JAG+ G + H + J,

Y = I'"B+ JAGATTB — JAI'"B — GAT'' B,

Z= (C—CGATT(I+AGAH — AH — AG) 4+ CG? (I — AH),
W= (C-CGATYA(GAT*B-TI"B) - CG*AT" B,

J= (BYAB®)" BAT", H=T"A(BAB%)"B%. O

where
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A

For th trix M=
or the matrix (C

B

0 ) in Theorem 3.1, when C = B* , we have the
following result.

A B
B* 0
group inverse of BYXABS exists, and let T = BB* + A (BQABQ)W B%A. Then

COROLLARY 3.2. Let M= < ), where A € C"*™ and B € C"*™. If the

(i) M# exists if and only if rank (I') = rank (B);

X Y
(i) If M# exists, then M#* = ( 7 W ) , where

X = JAGAH — JAH — GAH — JAG + G + H + J,

Y = I''B+ JAGATTB — JAI'"B — GAT' B,

Z = BT+ B*TYAGAH — B*TYAH — B*T AG,
W= BTTAGATYB - B'TTAT'B, G= (B®AB%)",
J= (BYAB®)" BATY, H=T"A(B%AB")" B

Let A be a nonsingular matrix. If sgn(A=1Y;) = sgn(A~1Y;) and sgn(Y2A~1) =
sgn(Y2A™Y) for all the matrices A € Q(A), V1 € Q(Y1) and Yz € Q(Y2) (N.(A) =
N,.(Y1), No(Y2) = N,.(A)), then A=1Y; and Y2A™! are called sign unique.

A A Y
THEOREM 3.3. Let N = Ay 0 O be a real square matrix, where A
Y, 0 O

is square, A1 and Ao are invertible, Y1 and Ys are sign orthogonal. Then N is an
S2GI-matriz if and only if the following hold:

(1) AT'Y: and oA are sign unique;
I Y2A;0 0 0

AN A 0

0 Ay ATV

0 0 I

(i) U = is S2NS-matriz.

o O O

Y, c 0
Ay and A, are invertible, Y; and Y are sign orthogonal, we get that B = 0 and
BeAB® 0 -
cBeY 0)

Proof. LetB:(A1 Sfl)andC’(AQ ) ThenN(A B>. Since

rank(BC) = rank(B). By computing, we get BOB® = 0, <

( g 8 ) and rank(BC + A(B®AB®)"B®A) = rank(BC) = rank(B). By Theo-
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rem 3.1, the group inverse of N exists and

0 AV OATIATY
(3.18) N# = ATt -X, — X, ,
VoA AT X3 -X,
where

X, = ATTAA ALY,

X, = ATTAAY,
Xy = Yo A ATTAA AT Y.

X3 = Yo A5 ATTAALY,

Next, we show that the condition is necessary. Since A; is invertible, p(A;)

N (Ay).
Next, we show that A; and As are SNS-matrices. If Ay is not an SNS-matrix.
~ ~—1

By Lemma 2.5, there exist matrices Ay, A; € Q(A;) such that (ﬁfl)q,p(AI )a.p <O,
where the integers p, ¢ with 1 < p,q < N,.(A1). Let

A 31 Yi A 81 Yi
N1 = AQ 0 0 ) N2 = AQ 0 0
Y, 0 0 Y, 0 0

Clearly, N1, No € Q(N) and N;#, No# exist. From (BI8) and (ﬁfl)q,p(ﬁl )a.p <O,
we have (N#)NT(A)+q,p(N2#)NT(A)+q,p < 0. This is contrary to N being an S>GI-
matrix. Thus, we have A; is an SNS-matrix. Similarly, Ay is an SNS-matrix.

A A Yy
Therefore, for each matrix N=| A, 0 0 € Q(N), we have
Yo 0 0
0 A7V ASIATY
N# = ! 1_1A *{1 *{2 ;
LAGIATY -X5; —Xy
where

X, = A7VAAGY, Xy = ATVAAS ALY,

Xs = VoA ATTAAS Y,

Since N is an S?GIl-matrix, we have
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for all matrices A1 € Q(A1), Ay € Q(Ay), Y1 € QY1) and Yo € Q(Yz). Since
sen(A7Y) = sgn(A7Y), sgn(A; 1) = sgn(Ay1), both A; and Ay are $2NS-matrices.
Hence, there exists permutation matrix P; such that (P1Asz);; # 0 (i = 1,2,...,
N, (P Ay)).

I 0 0 A AP T
Let Ql = 0 P1 0 and W1 = QlNQ,{ = PlAQ 0 0 It
0 0 I Ys 0 0
follows from Theorem 3.1 that
0 A'PE ASTPEPIATY
Wi = PAT? —P X, PT —Pi X,
Y205 ' PIPATY —XsPF -X,

Note that N is S2GI-matrix. Thus, W; is an S?GI-matrix. So sgn(ﬁglPlTPlﬁflffl)
= sgn(A; 'PIPLATYY) for all the matrices A; € Q(A1), Ay € Q(As) and Y] €
QM1).

Next, we prove Al_lYl and Yo A5 L are sign unique. If Al_lYl is not sign unique.
Let Z; = A1 PI and letZy = Py As. Then Zlel = PlAlel is not sign unique, i.e.,
there exist integers i1, i2 and matrices 571, 171 € Q(Y1) such that (Zflffl)il,h > (0 and
(Z7'Y1)iy 0, < 0. For 1 <i < N.(Za),e >0, let

~ . Z2[Z| 3] Z 7é il,
Zsli| :] =
2l ] { eZoli] ] 0=
Clearly, Zy € Q(Z5). It is easy to see that

~ Z—l).. i # iy ‘
Zlii{(Qh’Z 77 (1 <i <N (Z2).
= { S T (%)

Note that
~ ~ 1 ~ Ne(Z2) ~
(2527 W)y n = E(Zz_l)il,il(zflyl)il,m + Y (ZyailZy )i
i=1,i%i,

~ ~ Ne(Z2) ~
~ .= 1 -~ .= _ .=
(Z3' 27 Y )iria = (2 Divin 20 Y i+ Y (Ze DiilZ7 Y )i
=1,

When ¢ is sufficiently small, we get

~ L~ 1 -~ L~
Sgn((Z2 1Zl lyi)i17i2) = Sgn(g(ZQ 1)i1,i1 (Zl 1Y1)i1,’i2)a
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sen((Z5 2V 1), ) = 582 (2 )i (20 V1))
Since
sgn((Z7 ' V1)iy i) = *Sgn((Zflffl)il,iz)a
we have
sen(Zs ' 25 V)i i) = —senl((Z3 ' 20V i)

This contradicts the assumption that W is an S?GI-matrix. So Alel is sign unique
and sgn(A; ' Hy) = sgn(A; 'AT'Y;) for all matrices Ay € Q(Az), Hy € Q(AT'YY).
Similarly, YaA5? is sign unique, and sgn(ﬁgﬁfl) = sgn(Yo Ay 'ATY) for all matrices
Hy € Q(Y2A7Y), Ay € Q(Ay).

Next, we prove that part (ii) of the theorem holds. Let
Li=A7', Lo=A' Ly=A;'AT'Y), Li=Y:A; A7
Then
X1 =L1ALs, Xo=L1AL3, X5= L4 ALy, X4= L4ALs.

Since sgn(AT'AASY) = sgn(X;) for all matrices A, € Q(A;), A € Q(A) and A, €
Q(As,), we have sgn(L1ALy) = sgn(L; ALy) for each matrix A € Q(A). It follows from
Lemma 2.6 that sgn(L1ALy) = sgn(L; ALy) for all matrices Ly € Q(L1), A € Q(A)
and Eg € Q(Lz). Similarly, sgn(ilﬁfg) =sgn(L1AL3), Sgn(E4A\E2) = sgn(L4ALs),
sgn(L4ALs) = sgn(Ls4ALs) for all matrices A € Q(A), L1 € Q(L1), Ly € Q(L),
Ls € Q(Ls), Ly € Q(Ly).

Let
I Y2A;0 0 0
g0 A& A »
0 0 Ay AT'wy
0 0 0 I

Since Ay and As are SNS-matrices, U is an SNS-matrix. By calculation, we have

—L4 L4AL2 —L4AL3
L1 —LlALg LlALg
0 Lo —Lj

0 0 I

(3.19) U-t=

S O O~
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I Hy, O 0
Clear] ot U1 for all matrices 0 — | 0 o 40 U
ear sgn = sgn or all maftrices = N 7y
0 O 0 I

where 1,1 € Q(I), Ay € Q(A1), Ay € Q(As), A € Q(A), Hy € QAT'YY), Hy €
Q(Y2ALh). Hence, U is an S2NS-matrix. So (i) and (ii) hold.

If (i) and (ii) hold, then by (I8) and BI9), N is an S2GI matrix. O

A I YN
THEOREM 3.4. Let N = I 0 O be a real square matriz, where A is
Y, 0 0

square, Y1 and Yy are sz’gnwortiogonal. Then N is an SQQE—matrix if and only if
sgn(Y2A4) = sgn(Y24), sgn(Y2AY1) = sgn(Y2AY1) and sgn(AY1) = sgn(AY1) for each
A€ Q(A),Y1 € QY1) and Y € Q(Y2).

Proof. From Theorem 3.3, we have N is an S2GI-matrix if and only if U =

I Y5 O 0
g é 1;1 vi is an S2NS-matrix.
0 0 O I

Clearly, U is an SNS-matrix. Calculations gives

I =Y, Y2A —-Y2AY
g |0 1 -4 An

0o 0 I -V

0 0 0 I

Since sgn(%ﬁ) = sgn(¥24), sgn(gjgﬁ) = sgn(Y2AY1) and sgn(ﬁ?{) = sgn(AY7) for
each A € Q(A),Y1 € Q(Y1) and Vs € Q(Y2), we have U is an S?NS-matrix. Hence,
N is an S?Gl-matrix. O
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