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Abstract. The singular values of XY − Y X are the objects under investigation. Here, X and

Y are square matrices with complex entries, and one of them has rank one. Hence, there are at

most two non-trivial numbers among the commutator’s singular values, and the pairs of interest can

be depicted in the plane. The emphasis will lie on the unexpectedly intriguing case in which both

matrices are of rank one – because the result then is astonishingly complex, and the problem gives

rise to interpretations unveiling geometry acting in the background.
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1. Introductory words. In [2], questions concerning the magnitude of the com-

mutator of two matrices were raised. Suppose X,Y ∈ Rn×n with ‖X‖F = ‖Y ‖F = 1,

where ‖·‖F denotes the Frobenius norm. It was shown that ‖XY −Y X‖F tends to zero

in the mean with increasing matrix size n under certain reasonable conditions on the

underlying distribution. As an exemplification, if X and Y are drawn independently

from the (n2 − 1)-dimensional unit sphere, then the expected value and the variance

of the random variable ‖XY − Y X‖2F are given by (see [2, Theorem 1.1])

(1.1) E
(
‖XY − Y X‖2F

)
=

2

n
− 2

n3
≤ 2

n
and V

(
‖XY − Y X‖2F

)
≈ 8

n4
.
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To this effect, the norm of the commutator of two large matrices is typically quite

small – though almost surely nonzero.

The conjecture

(1.2) ‖XY − Y X‖F ≤
√

2‖X‖F‖Y ‖F

was posed (see [2, Conjecture 1.2]) and was proven independently and differently in

[6] and [7]. Pretty much the same time, (1.2) was shown to be valid even for all

complex n × n matrices ([3, Theorem 2.2]). The constant
√

2 in the upper bound is

not trivial – the triangle inequality and the submultiplicativity only grant

(1.3) ‖XY − Y X‖F ≤ ‖XY ‖F + ‖Y X‖F ≤ 2‖X‖F‖Y ‖F.

The worst-case-relation was studied with other norms (esp. these of the Schatten

type). The analogous inequality was then determined in many cases via a modified

Riesz-Thorin technique of complex interpolation; introduced in [8], this resulted in

[9]. Moreover, it was proven that equality in (1.2) may be attained only for very

special pairs of matrices ([3, Corollary 4.2]):

If X and Y form a maximal pair, i.e. X and Y are not zero and

‖XY − Y X‖F =
√

2‖X‖F‖Y ‖F, then

rankX ≤ 2, rankY ≤ 2, traceX = 0, traceY = 0,

and, in the Frobenius inner product, X and Y are orthogonal to each

other, as well as to several matrices built from these.

We now return to the problem of the average case. Although the maximal value

is known to be rare, this is not a sufficient explanation of the pretty small mean value

seen in (1.1). Fig. 1.1 gives an illustration and compresses the initial observations of

[2, Fig. 1] into one picture. The aim is to get some more insight into the structure

of the commutator operation in order to find a reason for the behaviour. . . and to

provide an answer to the question as to why XY − Y X cannot be expected to have

large norm. Our investigation of the dependence of the singular values of XY −Y X on

the matrices X and Y will be more detailed than the usual norm bounds. This results

into specific sets that turn out to be smaller than one could have thought. Here, we

only treat the situation in which one of the matrices X and Y has rank one. In most

cases we will obtain an intuitive triangle (Theorem 3.2). Whereas this has its origins

in suitable norm estimates, pairs of two rank one matrices behave differently and

surprise with a strange shape (Conjecture 3.6, Theorem 4.1). There is a much more

complicated, geometric reason that is not easy to handle. As this article is part of

the Electronic Journal of Linear Algebra, we are able to profit of multimedia features.

Selected figures are made interactive, giving a better understanding. Depending on

your pdf viewer, some features may be unavailable. It is best using Acrobat.
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Fig. 1.1. Norm of the commutator in different dimensions.

‖XY − Y X‖2F is plotted over the size n of X and Y , with values for 100 random matrix pairs each

(normalised). The predicted trend in the form of the expected value (1.1) is charted as a red curve.

The small variance is reflected in the points’ clustering within a band getting more and more tight

with growing size. Its width is of order 1
n2 , the standard deviation.

Note: Depending on your pdf viewer, some features may be unavailable. It is best using Acrobat.

By On we denote the n × n zero matrix, and In stands for the identity of size

n × n. We use the notation M ⊕N for the block diagonal matrix constructed of M

and N . For any matrix M , the adjoint is M∗, and the vector of (decreasingly ordered)

singular values si = si(M) will be denoted by σ(M) = (s1, . . . , sn). The already met

Frobenius norm can be represented in two way, either with help of the entries mjk

or in terms of si: ‖M‖2F =
∑ |mjk|2 =

∑
s2i . It is part of the family of Schatten p

norms ‖M‖pp =
∑
spi (1 ≤ p ≤ ∞). In this sense, ‖ · ‖F is ‖ · ‖2, and ‖ · ‖∞ gives the

widely known spectral norm. Here, clarification is wise since the last one often gets

subscript 2, too. Later on, ‖ · ‖ is written for the usual Euclidean vector norm.

2. How to capture the shape of a bilinear matrix map. Regard the com-

mutator as a function (X,Y ) 7→ XY − Y X that takes two matrices and turns them

into another one. Our attempt to catalogue some properties of such an abstract func-

tion is to determine the range of the image’s singular value vector where those of both

arguments are given in accordance with a special scheme.

Definition 2.1. A n×n matrix M ∈ Cn×n will be said to be of strict rank r if

σ(M) = (s, . . . , s︸ ︷︷ ︸
r

, 0, . . . , 0︸ ︷︷ ︸
n−r

)

with s > 0; we abbreviate this notion by M ∼(r) s.
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Let a, b ∈ C. For f : Cn×n → Cn×n, (X,Y ) 7→ aXY + b Y X, the sets

Sr̃,r(f) =
{
σ(f) : X ∼(r̃) 1√

r̃
, Y ∼(r) 1√

r

}

together form its σ-atlas.

Obviously, all rank one matrices are strict, but this is not always true for r ≥ 2. If

Y ∼(r) 1√
r
, then ‖Y ‖F = 1. So, a useful norm assumption based on the homogenicity

of singular values is already incorporated into the convention above.

When investigating XY − Y X, r̃ ≤ r may be demanded due to symmetry. A

bit sloppy, we also suppress the matrix order in what follows. At this point, we are

hinting that (in the case of the commutator) matrices are expected to be small, and

large ones presumably don’t contribute new information to the problem’s solution.

Every matrix can be padded with zeros to match larger sizes. Anyhow, X and Y

have to be at least r × r.

This publication considers only the cases with r̃ = 1. As rankX = 1 implies

rankXY = rankY X = 1, the commutator then has rank less or equal to two. Its

singular values (excluding the last n− 2 trivial ones) can hence be drawn in a plane.

Because of the non-negativity of singular values and the chosen order s1 ≥ s2 ≥ · · · ,
we may also restrict ourselves to a sector with angle π

4 . The simplified notation

Sr = {(s1, s2) : (s1, s2, 0, . . . , 0) ∈ S1,r(XY − Y X)}

is introduced to make it easier to study parts of the σ-atlas with the help of planar

graphs. Assigning the properties to X and Y in that order is no loss of generality.

Known results on singular values of arbitrary matrices rarely give exact informa-

tion, but they can be used to limit the regions we look for. The singular spectrum of

a 2× 2 matrix M can be calculated explicitly via

(2.1) s21,2(M) =
‖M‖2F

2
±
√
‖M‖4F

4
− | detM |2.

For general M,N ∈ Cn×n, Ky Fan established estimates for the singular values of

products and sums; also Weyl is credited for the result. Writing σ(M) = (µ1, ..., µn)

and σ(N) = (ν1, ..., νn), M and N suffice the following inequalities ([1],[5]):

max
i+j=k+n

µiνj ≤ sk(MN) ≤ min
i+j=k+1

µiνj ,(2.2)

max
i−j=k−1

{0, µi − νj , νi − µj} ≤ sk(M +N) ≤ min
i+j=k+1

µi + νj .(2.3)

That the estimates are not tight is demonstrated by the next example.
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Example 2.2. Take a closer look at a rank one matrix X. Y is arbitrary. Let

‖X‖F = ‖Y ‖F = 1. As pointed out before, the choice of X guarantees that the

commutator’s singular values s1 ≥ s2 ≥ 0 can be depicted.

With the usual norm bounds, we are able to restrict a combination of all singular

values. For instance, (1.3) implies that the pairs of the two largest ones are located

inside a circle of radius 2. The same procedure applies to the Schatten ∞ norm:

(2.4) ‖XY − Y X‖∞ ≤ 2‖X‖∞‖Y ‖∞.

Hence, the largest singular value s1(XY − Y X) = ‖XY − Y X‖∞ is bounded by 2.

This is a weaker statement, but it inspires to think about estimating s2 and turns our

attention to the Ky Fan inequalities.

By (2.2), we obtain 0 ≤ s1(XY ) ≤ s1(X)s1(Y ) (or by using s1(M) = ‖M‖∞
and certain norm inequalities: 0 ≤ ‖XY ‖∞ ≤ ‖X‖∞‖Y ‖∞). The other estimates

yield s2(XY ) = · · · = sn(XY ) = 0, whence the product retains rank one. Obviously,

similar assertions can be deduced for Y X. In addition, (2.3) gives

0 ≤
∣∣s1(XY )− s1(Y X)

∣∣ ≤ s1(XY − Y X)

≤ s1(XY ) + s1(Y X) ≤ 2s1(X)s1(Y ),(2.5)

0 ≤ s2(XY − Y X)

≤ min{s1(XY ), s1(Y X)} ≤ s1(X)s1(Y ),(2.6)

and s3(XY − Y X) ≤ s2(XY ) + s2(−Y X) = 0, ensuring the rank two property.

Clearly, (2.5) proves (2.4). The relation (2.6) for the second singular value is a

new restriction, partially better than (1.3). Nevertheless, we meanwhile know about

(1.2). This guarantees that the pair (s1, s2) doesn’t lie outside the circle with radius√
2, and gives the best bound, so far. A realisation of non-zero equality in Ky Fan’s

inequalities is barely possible with the very special case of the commutator. All bounds

to the attainable singular value pairs can be compared to each other in Fig. 2.1.

Remark 2.3. The estimates given in the last example depend solely on the

rank one restriction to X, but the sharpest inequality is free of this requirement. We

know that singular values of any commutator of normalised matrices are inside the√
2-ball (a disc in the previous situation). Of course, as one may have expected, all

these points do represent such a pair if X and Y are allowed to be arbitrary. Plotting

the singular values of enough random 2× 2 matrix pairs will cover the whole sector.

Similar pictures for n × n matrices cannot be given that easy as there are up to

n components in σ(XY − Y X). But, you may check that larger matrices result in

smaller norms that actually bound the singular values (Fig. 1.1). The message: points

are easier to find close to the origin and hardly reach the
√

2-sphere anymore.
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Fig. 2.1. Bounds to the singular values of the commutator of norm 1 matrices.

Different inequalities restricting (s1, s2): ordering s1 ≥ s2 (below grey line), trivial ∞-estimate

(2.4) or Ky Fan-s1-inequality (2.5) (left of yellow line), trivial F-estimate (1.3) (left of magenta arc),

Ky Fan-s2-inequality (2.6) (below blue line), sharp F-estimate (1.2) (left of orange arc).

Remark 2.4. The motivation for defining the σ-atlas is to obtain statements

on the singular spectrum of aXY + b Y X for prescribed singular values of X and Y .

Since arbitrary arguments will be very hard to handle, we focus on those for which

the non-zero values are all equal. The idea of constructing a skeleton made up of such

slices is inspired by the fact that the singular values of a linear operator reflect the

extremes of the unit ball’s elliptical image and thus give a description of the mapping.

Our map could also be interpreted as if it was acting on vectors. But for these,

spectral properties would be meaningless. Matrix arguments are naturally grouped

by the rank. However, matrices of different rank can be arbitrary close to each other.

Strictness regards only multiples of truncated isometries, for which the singular value

vectors are somehow extremal. Note that we allow to extend matrices with zeros for

the commutator, implying some independence of their order. In general, passing to

larger sizes by such an embedding can possibly increase the regions Sr̃,r(f).
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3. A cartography of the commutator. Fig. 3.1 gives an impression of Sr
with r 6= 1. The order of the matrices is taken to be r, which is the smallest possible

value and motivated by the known equality cases of (1.2) (see [3, Proposition 4.6]

for the so-called maximal pairs). Modified tests including larger matrices show no

noteworthy change in the pictures. We seemingly obtain triangles, whose corners are

not hard to guess. Once having an idea, verifying the assertion is straight forward.

The obtained images are misleading a bit. They suggest that the origin (at least

for large r) does not belong to the set. This conclusion is completely false.

Lemma 3.1. (0, 0) ∈ Sr for all r ∈ N.

Proof. We have to find commuting pairs subject to the constraints specified in

the declaration of Sr, resp. S1,r(XY − Y X). The two (r + 1)× (r + 1) matrices

X = I1 ⊕Or, Y = 1√
r
(O1 ⊕ Ir)

meet these criteria.

Knowing about convexity of the sets Sr or that they are star domains with center

(0, 0) would allow us to concentrate solely on the boundaries. But, although Sr will

turn out to satisfy both of these properties, we see no abstract way to a proof and

must fill the gaps manually.

Theorem 3.2. Let r ∈ N, r ≥ 2. Then,

Sr = conv
{

(0, 0),
(

2√
r
, 0
)
,
(

1√
r
, 1√

r

)}

is the convex hull of three points.

Proof. In the same manner as (1.3),

‖XY − Y X‖F ≤ 2‖X‖F‖Y ‖∞ =
2√
r
.

This can be based on Ky Fan’s inequalities by replacing the norm’s submultiplicativity

with the composite upper estimate ‖XY ‖F ≤ ‖X‖F‖Y ‖∞. We also have the stronger

estimate

‖XY − Y X‖1 ≤ 2‖X‖1‖Y ‖∞ =
2√
r
,

whence s1 + s2 ≤ 2√
r
. Since rankX = 1, always ‖X‖F = ‖X‖1 = s1(X). With the

restriction to the first 45 degree octant, Sr is contained in the specified convex hull.

For showing sharpness, we have to give examples with singular values on the outer

border (red line in Fig. 3.1).
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Fig. 3.1. Appraising Sr for r ≥ 2.

We see singular values of the commutator for 1000 random matrix pairs X ∼(1) 1, Y ∼(r) 1√
r

for

different r. A video (or a couple of snapshots in the overview print) outlines the path to a rule for

the line (red) that looks like the border. It does not coincide with the bound imposed by (1.2),

depicted orange. The coordinates shown in the animation are rounded to two digits.
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First, consider r = 2. Set

X0 =

[
0 1

0 0

]
, Y0 =

[
b a

a −b

]

with a, b ∈ R. Since the columns of Y0 are perpendicular, the matrix is 2-strict. Then,

X0Y0 − Y0X0 =
[
a −2b
0 −a

]
and, by (2.1), s21,2 = a2 + 2b2 ±

√
(a2 + 2b2)2 − a4, yielding

(s1 + s2)2 = 2a2 + 4b2 + 2
√
a4 = 4a2 + 4b2.

If a ∈
[
0, 1√

2

]
and b =

√
1−2a2

2 , one has ‖Y0‖F = 1 and gets s1 + s2 =
√

2, as desired.

Still, it needs to be clarified whether all points on the line may be obtained.

Therefore, in the case a = 0, observe that (s1, s2) = (
√

2, 0). When choosing a = 1√
2
,

the result is
(

1√
2
, 1√

2

)
. The intermediate value theorem applied on s1 (or s2) now

does the job.

So far, even for r = 2, it has been shown Sr ⊂ conv
{

(0, 0),
(

2√
r
, 0
)
,
(

1√
r
, 1√

r

)}
,

only. We appeal to specific constructions for proving the converse inclusion. For

every choice of a (and b, accordingly), there is a rank one matrix commuting with

Y0; simply consider X = 1
2I2 + 1√

2
Y0. Hence, with help of the intermediate value

theorem, there is an X for every value between s1 + s2 = 0 and s1 + s2 =
√

2. Similar

to our treatment of the outer boundary, the theorem can be utilised once more to

prove existence of examples for every point on these lines.

In order to tackle the case r > 2, we require at least the matrix size n = r. With

X0, Y0 as before, have a look at the pair

X = X0 ⊕Or−2, Y = Y0 ⊕
(

1√
2
Ir−2

)
.

Since σ(Y0) =
(

1√
2
, 1√

2

)
, Y has strict rank r. The singular values of XY − Y X

are the same as of X0Y0 − Y0X0. Certainly, Y furthermore has to been scaled with

λ =
√

1 + (r − 2)/2 for achieving norm 1. Thus, we have to multiply (s1, s2) from

the previous case (for which the sum of the two coordinates is
√

2) by λ−1 =
√
2√
r
,

giving the asserted value 2√
r
.

Up to now has been the easy part. Let us switch to the difficult case. For the

remainder, X and Y are both rank one matrices with norm 1. The logical continua-

tion of the last experiences would be to expect the singular values (s1, s2) inside the

triangular set spanned by the points (0, 0), (2, 0), and (1, 1). Compared to the trivial

estimate (1.3), this indeed would be an improvement. In fact, it is just the 1-norm-

analogue of the ∞-norm-inequality. But, (1.2) actually delivers a better bound and

entails that we should not rely on the triangle as the result can be at most a disc

sector, which is a proper subset (see Fig. 3.2a).
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When randomly selecting X,Y and portraying the corresponding singular value

pairs, the picture is another one again (Fig. 3.2b) – also the smallest bound seems

largely unreachable. We know that in principle all the points on the arc with radius√
2 occur as singular value pairs. In contrast, Theorem 3.2 gives a growing distance

of the singular value pairs to the arc if rankX = 1 and Y is strict with rank r ≥ 2.

However, even some pictures in Fig. 3.1 have shown areas delusively left empty by

random tests (compare with Lemma 3.1). But, as ranks are small and the distance

to the circle is remarkably large, we tempted to believe that the blank region is not

an issue of the experimental exploration. Let’s gather some more information. The

upcoming cases’ numbers are coloured according to their illustration in Fig. 3.2c.

Proposition 3.3. The following statements restrict S1 ⊂ R2.

a) Except for (1, 1) the points in the plane with distance
√

2 to the origin do not

belong to S1.

b) There are appropriate examples yielding (1, 0) ∈ S1. Points further right on

the s1-axis cannot be attained.

c) All the points

(3.1) (s1, s2) =

√
16 cosφ sinφ

1 + 2 cosφ sinφ
(cosφ, sinφ)

with φ ∈
[
0, π4

]
are in S1.

d) There exist rank one matrix pairs (both norm 1) whose commutator’s singular

values fill the line segment

(3.2) s2 = s1 − 1

spanned by the points (1, 0) and
(√

2+1
2 ,

√
2−1
2

)
.

e) The point
(√

2+1
2 ,

√
2−1
2

)
is the unique intersection of the curves defined by

the equations (3.1) and (3.2).

Proof. a) In Section 3.3 of [9] it was noticed that there is no maximal pair of

rank one matrices whose commutator also has rank one. Consequently, (
√

2, 0) 6∈ S1.

The same argument applies to almost all points on the circle. By [3, Proposition 4.5],

under these circumstances, without loss of generality X = ab∗, Y = ba∗ with unit

vectors a,b conforming to the orthogonality a∗b = 0. One easily observes

XY − Y X = aa∗ − bb∗ =

[ ·
a
·

·
b
·

] [
· a∗ ·
· − b∗ ·

]

and σ(XY − Y X) = (1, 1, 0, ...). This example already appeared in [8, Proposition 6]

in the context of (generalised) maximality.

b) For instance, X =
[
0 1
0 0

]
and Y =

[
1 0
0 0

]
yield (1, 0) ∈ S1.
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Fig. 3.2. Transporting the result of the case r ≥ 2 to a conjecture for r = 1 fails.

(a) The obvious claim for bounding S1 based on Theorem 3.2 (red) lies between the trivial

(1.3) (magenta) and sharp F-estimates (1.2) (orange).

(b) By testing 1000 pairs of normalised rank one matrices one obtains singular value pairs of

their commutator (blue dots). The slideshow discusses the intricate result. A cryptic curve

can be identified that fits the possible boundary of S1 quite good; details follow.

(c) There are points ensured to be not achievable by singular value pairs (orange and violet).

That S1 contains the curves (3.1) (green) and (3.2) (cyan) is secured. They share a point

of contact (black). Compare the image with (b) – the arrows will shift the sub-figure.

Now, assume X = ab∗, Y = cd∗, and

XY − Y X = (c,b)ad∗ − (a,d)cb∗

have rank one. Then, (a,d) = 0 or b = κd with |κ| = 1 (or similarly, (c,b) = 0 or

c = λa). When considering (a,d) = 0, the matrix XY − Y X = (c,b)ad∗ has norm

s1(XY − Y X) = ‖(c,b)ad∗‖F = |(c,b)| ≤ 1

as stated. If we suppose b = κd then XY −Y X = κ[(c,d)a−(a,d)c]d∗. Decomposing

c = αa + βc̃ with c̃ ⊥ a and |α|2 + |β|2 = 1,

‖XY − Y X‖F = |β|‖(c̃,d)a− (a,d)c̃‖,

whence c ⊥ a may be demanded. Thus, analogously writing d = αa + βc + γd̃,

‖(c,d)a− (a,d)c‖2 = |(c,d)|2 + |(a,d)|2 = |α|2 + |β|2 ≤ 1.
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c) With (2.1) calculate the singular values of

X =

[
s

c

] [
c −s

]
=

[
cs −s2
c2 −cs

]
, Y =

[
c

s

] [
s −c

]
=

[
cs −c2
s2 −cs

]
,

where s = sinφ, c = cosφ.

d) Regarding the pairs

X =

[
0 1

0 0

]
, Y =

[
c

−s

] [
c s

]
=

[
c2 cs

−cs −s2
]

with c = cosφ, s = sinφ, (2.1) leads to

s21,2 = 1
2 + t±

√
1
4 + t, where t = (cosφ sinφ)2 ∈

[
0, 14
]
.

We obtain (1, 0) for t = 0. And for t = 1
4 , we get the point

(√
2+1
2 ,

√
2−1
2

)
. In between

is a straight line since ds1
dt = ds2

dt .

Remark 3.4. The unforeseen curve appearing in Fig. 3.2 has been encountered

before. It brings back into mind the curve (40) from [3] – well, seemingly multiplied

with
√

2 in order to reverse the scaling done there. The result of a special group of

examples was introduced earlier for a concrete purpose. One may consider inequalities

like (1.2) with another norm, i.e.

‖XY − Y X‖? ≤ C?‖X‖?‖Y ‖?.

Of course, the number C? on the right-hand side then can be different from
√

2 (e.g. 2

for ‖·‖∞ and 2max{1/p,1−1/p} for the Schatten p norm). Under a natural normalisation

assumption the constant cannot be lower than
√

2 (see [3, Proposition 5.1]). Fixing

the size on 2× 2 matrices, the Frobenius norm is, in fact, the only unitarily invariant

one that allows this smallest constant in the estimate ([3, Theorem 5.4]). The proof

was founded on a statement that with a point

ρ(φ)(cosφ, sinφ)

also the point

ρ(φ)2
(√

cosφ sinφ+ cosφ−sinφ√
2

,
√

cosφ sinφ− cosφ−sinφ√
2

)

must be contained in the norm unit ball. The latter is the usual Euclidean unit disc

for the Frobenius norm, and also the converse is true. The fascinating, unexpectable

effect is that (3.1) (divided by
√

2) served as an excellent initial point for generating

a sequence of curves converging to the unit circle (see [3, Remark 5.5]). Fig. 3.3

illuminates these proceedings. Note that for 3 × 3 matrices other norms than the

Frobenius norm exist also having
√

2 as bounding constant (demonstrated in [4]).
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Fig. 3.3. An old friend.

Starting with a scaled by 1/
√

2 version of (3.1) (green), an eighth of the unit circle (orange) is

approximated. One point rises implications for another one. Although ρ2 reduces the modulus (thus

gains appearing unlikely), the smaller argument is able to compensate and results into monotone

convergence of the sequence of curves (black). You can navigate through some steps of the iteration

by clicking the arrows. The dependence between the curves’ points is then also given a description.

Remark 3.5. An incidental remark: the factor
√

2 in (1.2) suggests some kind

of orthogonality between XY and Y X. In fact, by

‖XY − Y X‖2F = ‖XY ‖2F + ‖Y X‖2F − 2 Re(XY − Y X) ≤ 2

and

‖XY ‖F, ‖Y X‖F ≤ 1

one could think Re(XY −Y X) ≥ 0. However, although in the real case [2, Remark 5.3]

gives ‖XY − Y X‖2F ≤ ‖XY ‖2F + ‖Y X‖2F whenever X commutes with Y ∗, these ideas

are not true in general. As we have seen the occurrence of X, Y , and XY − Y X
being all rank one matrices, it can happen that XY and Y X are linearly dependent.

Commutativity is a trivial example. Besides this, both summands may have opposite

directions, as demonstrated by

X = 1√
2

[
1 0
0 −1

]
, Y = 1√

2

[
0 1
1 0

]
, XY = 1

2

[
0 1
−1 0

]
, Y X = 1

2

[
0 −1
1 0

]

known from maximality. But then, at least one of the two norms is far away from 1.
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One might think that the curve (3.1) represents the outer boundary, but there are

definitely some points in the outside. Fig. 3.2c strongly indicates an additional area

bounded by a line segment. Moreover, we have just noticed that S1 does definitely

not contain the whole disc sector. Instead, a more complicated boundary is indicated.

Conjecture 3.6. S1 is the planar set enclosed by the curves (3.1) (taken for

s2 ≥
√
2−1
2 ), (3.2) (otherwise), and the rays s2 = 0, s2 = s1 bounding the first octant.

4. Treating the real case. The remainder is concerned with the verification

of a special case of the conjecture.

Theorem 4.1. When restricted to real matrices, Conjecture 3.6 is true.

The proof requires some work and basically consists of the following steps:

• Find a suitable description for the allowed matrices X and Y .

• Transform the singular value vectors of their commutator in such a way that

the set’s claimed boundaries have an accessible representation.

• Show several inequalities in order to bound S1 from above.

• Ensure the existence of an associated matrix pair for every point inside the

proposed singular value set.

First, let X = ab∗, Y = cd∗, whence

XY − Y X =

[ ·
a
·

·
c
·

] [
(c,b) 0

0 −(a,d)

] [
· d∗ ·
· b∗ ·

]
.

Here, a,b, c,d ∈ Rn with ‖a‖ = ‖b‖ = ‖c‖ = ‖d‖ = 1 are considered. By appropriate

unitary transformations from left and right,

XY − Y X ∼
[

1 (c,a)

0
√

1− |(c,a)|2
] [

(c,b) 0

0 −(a,d)

] [
1 0

(d,b)
√

1− |(d,b)|2
]

=

[
(c,b)− (c,a)(a,d)(d,b) −(c,a)(a,d)

√
1− |(d,b)|2

−(a,d)(d,b)
√

1− |(c,a)|2 −(a,d)
√

1− |(c,a)|2
√

1− |(d,b)|2
]
,

where only the non-trivial upper 2-by-2-block is taken into account. Singular values

are not altered during this process. Abbreviating

A = (a, c), B = (b,d), C = (c,b), D = (d,a),

we therefore get those of the commutator from the last matrix by employing (2.1):

(4.1) s21,2 = C2+D2

2 −ABCD±
√

(C2−D2)2

4 + (CD)2(A2 +B2)− (C2 +D2)ABCD.

Note that the transition to the real case cancels certain terms and allows to ignore

several absolute values.
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A

CB

D

a

c

b

d

Since A,B,C,D are scalar products of vectors with norm

one, all their values are between −1 and 1. Hence, (2, 0) is

in the range of the (4.1)-induced map

(A,B,C,D) ∈ [−1, 1]4 7→ (s1, s2).

We know that this is not a point in S1. Indeed, we require

a = d and a = −d to make that happen, which is im-

possible.

There are further restrictions to the domain generated by taking products of four

vectors in a circle. Passing to angles (A = cosα etc.) unveils these hidden links.

Lemma 4.2. Let a,b, c,d ∈ Rn be unit vectors. Suppose angles are named by

α = ∠(a; c), β = ∠(b;d), γ = ∠(b; c), δ = ∠(a;d).

Then,

α ≤ β + γ + δ ≤ α+ 2π,

β ≤ α+ γ + δ ≤ β + 2π,

γ ≤ α+ β + δ ≤ γ + 2π,

δ ≤ α+ β + γ ≤ δ + 2π.

Proof. The four left inequalities are simply seen similar to the triangle inequality

(extended to more than three participants).

For showing the top right inequality, remember that three vectors are without

loss of generality elements in R3. There exist unitary operations canceling the other

entries. For such a,b, c, clearly,

α

γβ

δ

a

c

b

d

α+ γ + ∠(a;b) ≤ 2π.

The inequality is strict whenever α + γ < π. Otherwise

equality holds only if the vectors are coplanar.

Analogously to the left inequalities, we have

β ≤ δ + ∠(a;b)

and, consequently, α+ γ + β − δ ≤ 2π as stated.

The other three inequalities are obvious by swapping names.

Fig. 4.1 gives a visualisation of these inequalities. Moreover, the additionally

shown experimental data suggests that they are sharp. This gives rise to the hope

that the fitting domain has been catched.
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α = 0

α = π
4

α = π
2

α = 3π
4

α = π

(
α
π
π

)

(
π
0

π−α

)

(
0
α
0

)

δ

γ
β

Fig. 4.1. Restrictions of angles in four-vector-configurations.

Lemma 4.2 given form: The 4-dimensional data can be made accessible by a series of slices that

depend on a moving (but fixed at a time) α. The axes of the remaining variables β, γ, and δ

are coloured red, green, and blue, resp., ranging roughly from 0 to π. The inequalities then can

be interpreted as eight planes defining half-spaces. Combined with the trivial restrictions imposed

by the cube [0,π]3, we obtain the triple (β, γ, δ) to be inside a cubeoctahedron (or tetrahedron in

degenerated cases).

Pushing the envelope: A test checks real vectors a = (1, 0, 0, 0), b = (b1, b2, 0, 0), c = (c1, c2, c3, 0),

d = (d1, d2, d3, d4) with norm 1 randomly. Thanks to isometry, this is sufficient. The attained

quadruples (α, β, γ, δ) are collected – rounded to a grid. Again, several 3D-cuts in dependence of

one parameterised component α are shown. The raster plots resemble the exact cubeoctahedra quite

impressively. You may toggle between precise results and experimental grid data with the second

button.

Hints on the usage: The cube icon resumes to the interactive standard view. After activation, the

scene can be rotated freely by dragging the mouse while holding down the left mouse button. Instead

of an animated change playing back and forth in a loop (unavailable for pictures of the test), α can

also be set to selected values via clicks on the arrows.



var idx=0;

var speed=0;

var dir=1;

var t=0;

var al;

var displ;



function vanish(){

if(idx<=31){
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}

}







function show(){

if(idx==0){

this.scene.nodes.getByName("Mesh608").visible=true;

this.scene.nodes.getByName("Mesh607").visible=true;

this.scene.nodes.getByName("Mesh606").visible=true;

this.scene.nodes.getByName("Mesh605").visible=true;

}



if(idx==1){

this.scene.nodes.getByName("Mesh604").visible=true;

this.scene.nodes.getByName("Mesh603").visible=true;

this.scene.nodes.getByName("Mesh602").visible=true;

this.scene.nodes.getByName("Mesh601").visible=true;

this.scene.nodes.getByName("Mesh600").visible=true;

this.scene.nodes.getByName("Mesh599").visible=true;

this.scene.nodes.getByName("Mesh598").visible=true;

this.scene.nodes.getByName("Mesh597").visible=true;

this.scene.nodes.getByName("Mesh596").visible=true;

this.scene.nodes.getByName("Mesh595").visible=true;

this.scene.nodes.getByName("Mesh594").visible=true;

this.scene.nodes.getByName("Mesh593").visible=true;

this.scene.nodes.getByName("Mesh592").visible=true;

this.scene.nodes.getByName("Mesh591").visible=true;

this.scene.nodes.getByName("Mesh590").visible=true;

this.scene.nodes.getByName("Mesh589").visible=true;

this.scene.nodes.getByName("Mesh588").visible=true;

this.scene.nodes.getByName("Mesh587").visible=true;

this.scene.nodes.getByName("Mesh586").visible=true;

this.scene.nodes.getByName("Mesh585").visible=true;

}



if(idx==2){

this.scene.nodes.getByName("Mesh584").visible=true;

this.scene.nodes.getByName("Mesh583").visible=true;

this.scene.nodes.getByName("Mesh582").visible=true;

this.scene.nodes.getByName("Mesh581").visible=true;

this.scene.nodes.getByName("Mesh580").visible=true;

this.scene.nodes.getByName("Mesh579").visible=true;

this.scene.nodes.getByName("Mesh578").visible=true;

this.scene.nodes.getByName("Mesh577").visible=true;

this.scene.nodes.getByName("Mesh576").visible=true;

this.scene.nodes.getByName("Mesh575").visible=true;

this.scene.nodes.getByName("Mesh574").visible=true;

this.scene.nodes.getByName("Mesh573").visible=true;

this.scene.nodes.getByName("Mesh572").visible=true;

this.scene.nodes.getByName("Mesh571").visible=true;

this.scene.nodes.getByName("Mesh570").visible=true;

this.scene.nodes.getByName("Mesh569").visible=true;

this.scene.nodes.getByName("Mesh568").visible=true;

this.scene.nodes.getByName("Mesh567").visible=true;

this.scene.nodes.getByName("Mesh566").visible=true;

this.scene.nodes.getByName("Mesh565").visible=true;

}



if(idx==3){

this.scene.nodes.getByName("Mesh564").visible=true;

this.scene.nodes.getByName("Mesh563").visible=true;

this.scene.nodes.getByName("Mesh562").visible=true;

this.scene.nodes.getByName("Mesh561").visible=true;

this.scene.nodes.getByName("Mesh560").visible=true;

this.scene.nodes.getByName("Mesh559").visible=true;

this.scene.nodes.getByName("Mesh558").visible=true;

this.scene.nodes.getByName("Mesh557").visible=true;

this.scene.nodes.getByName("Mesh556").visible=true;

this.scene.nodes.getByName("Mesh555").visible=true;

this.scene.nodes.getByName("Mesh554").visible=true;

this.scene.nodes.getByName("Mesh553").visible=true;

this.scene.nodes.getByName("Mesh552").visible=true;

this.scene.nodes.getByName("Mesh551").visible=true;

this.scene.nodes.getByName("Mesh550").visible=true;

this.scene.nodes.getByName("Mesh549").visible=true;

this.scene.nodes.getByName("Mesh548").visible=true;

this.scene.nodes.getByName("Mesh547").visible=true;

this.scene.nodes.getByName("Mesh546").visible=true;

this.scene.nodes.getByName("Mesh545").visible=true;

}



if(idx==4){

this.scene.nodes.getByName("Mesh544").visible=true;

this.scene.nodes.getByName("Mesh543").visible=true;

this.scene.nodes.getByName("Mesh542").visible=true;

this.scene.nodes.getByName("Mesh541").visible=true;

this.scene.nodes.getByName("Mesh540").visible=true;

this.scene.nodes.getByName("Mesh539").visible=true;

this.scene.nodes.getByName("Mesh538").visible=true;

this.scene.nodes.getByName("Mesh537").visible=true;

this.scene.nodes.getByName("Mesh536").visible=true;

this.scene.nodes.getByName("Mesh535").visible=true;

this.scene.nodes.getByName("Mesh534").visible=true;

this.scene.nodes.getByName("Mesh533").visible=true;

this.scene.nodes.getByName("Mesh532").visible=true;

this.scene.nodes.getByName("Mesh531").visible=true;

this.scene.nodes.getByName("Mesh530").visible=true;

this.scene.nodes.getByName("Mesh529").visible=true;

this.scene.nodes.getByName("Mesh528").visible=true;

this.scene.nodes.getByName("Mesh527").visible=true;

this.scene.nodes.getByName("Mesh526").visible=true;

this.scene.nodes.getByName("Mesh525").visible=true;

}



if(idx==5){

this.scene.nodes.getByName("Mesh524").visible=true;

this.scene.nodes.getByName("Mesh523").visible=true;

this.scene.nodes.getByName("Mesh522").visible=true;

this.scene.nodes.getByName("Mesh521").visible=true;

this.scene.nodes.getByName("Mesh520").visible=true;

this.scene.nodes.getByName("Mesh519").visible=true;

this.scene.nodes.getByName("Mesh518").visible=true;

this.scene.nodes.getByName("Mesh517").visible=true;

this.scene.nodes.getByName("Mesh516").visible=true;

this.scene.nodes.getByName("Mesh515").visible=true;

this.scene.nodes.getByName("Mesh514").visible=true;

this.scene.nodes.getByName("Mesh513").visible=true;

this.scene.nodes.getByName("Mesh512").visible=true;

this.scene.nodes.getByName("Mesh511").visible=true;

this.scene.nodes.getByName("Mesh510").visible=true;

this.scene.nodes.getByName("Mesh509").visible=true;

this.scene.nodes.getByName("Mesh508").visible=true;

this.scene.nodes.getByName("Mesh507").visible=true;

this.scene.nodes.getByName("Mesh506").visible=true;

this.scene.nodes.getByName("Mesh505").visible=true;

}



if(idx==6){

this.scene.nodes.getByName("Mesh504").visible=true;

this.scene.nodes.getByName("Mesh503").visible=true;

this.scene.nodes.getByName("Mesh502").visible=true;

this.scene.nodes.getByName("Mesh501").visible=true;

this.scene.nodes.getByName("Mesh500").visible=true;

this.scene.nodes.getByName("Mesh499").visible=true;

this.scene.nodes.getByName("Mesh498").visible=true;

this.scene.nodes.getByName("Mesh497").visible=true;

this.scene.nodes.getByName("Mesh496").visible=true;

this.scene.nodes.getByName("Mesh495").visible=true;

this.scene.nodes.getByName("Mesh494").visible=true;

this.scene.nodes.getByName("Mesh493").visible=true;

this.scene.nodes.getByName("Mesh492").visible=true;

this.scene.nodes.getByName("Mesh491").visible=true;

this.scene.nodes.getByName("Mesh490").visible=true;

this.scene.nodes.getByName("Mesh489").visible=true;

this.scene.nodes.getByName("Mesh488").visible=true;

this.scene.nodes.getByName("Mesh487").visible=true;

this.scene.nodes.getByName("Mesh486").visible=true;

this.scene.nodes.getByName("Mesh485").visible=true;

}



if(idx==7){

this.scene.nodes.getByName("Mesh484").visible=true;

this.scene.nodes.getByName("Mesh483").visible=true;

this.scene.nodes.getByName("Mesh482").visible=true;

this.scene.nodes.getByName("Mesh481").visible=true;

this.scene.nodes.getByName("Mesh480").visible=true;

this.scene.nodes.getByName("Mesh479").visible=true;

this.scene.nodes.getByName("Mesh478").visible=true;

this.scene.nodes.getByName("Mesh477").visible=true;

this.scene.nodes.getByName("Mesh476").visible=true;

this.scene.nodes.getByName("Mesh475").visible=true;

this.scene.nodes.getByName("Mesh474").visible=true;

this.scene.nodes.getByName("Mesh473").visible=true;

this.scene.nodes.getByName("Mesh472").visible=true;

this.scene.nodes.getByName("Mesh471").visible=true;

this.scene.nodes.getByName("Mesh470").visible=true;

this.scene.nodes.getByName("Mesh469").visible=true;

this.scene.nodes.getByName("Mesh468").visible=true;

this.scene.nodes.getByName("Mesh467").visible=true;

this.scene.nodes.getByName("Mesh466").visible=true;

this.scene.nodes.getByName("Mesh465").visible=true;

}



if(idx==8){

this.scene.nodes.getByName("Mesh464").visible=true;

this.scene.nodes.getByName("Mesh463").visible=true;

this.scene.nodes.getByName("Mesh462").visible=true;

this.scene.nodes.getByName("Mesh461").visible=true;

this.scene.nodes.getByName("Mesh460").visible=true;

this.scene.nodes.getByName("Mesh459").visible=true;

this.scene.nodes.getByName("Mesh458").visible=true;

this.scene.nodes.getByName("Mesh457").visible=true;

this.scene.nodes.getByName("Mesh456").visible=true;

this.scene.nodes.getByName("Mesh455").visible=true;

this.scene.nodes.getByName("Mesh454").visible=true;

this.scene.nodes.getByName("Mesh453").visible=true;

this.scene.nodes.getByName("Mesh452").visible=true;

this.scene.nodes.getByName("Mesh451").visible=true;

this.scene.nodes.getByName("Mesh450").visible=true;

this.scene.nodes.getByName("Mesh449").visible=true;

this.scene.nodes.getByName("Mesh448").visible=true;

this.scene.nodes.getByName("Mesh447").visible=true;

this.scene.nodes.getByName("Mesh446").visible=true;

this.scene.nodes.getByName("Mesh445").visible=true;

}



if(idx==9){

this.scene.nodes.getByName("Mesh444").visible=true;

this.scene.nodes.getByName("Mesh443").visible=true;

this.scene.nodes.getByName("Mesh442").visible=true;

this.scene.nodes.getByName("Mesh441").visible=true;

this.scene.nodes.getByName("Mesh440").visible=true;

this.scene.nodes.getByName("Mesh439").visible=true;

this.scene.nodes.getByName("Mesh438").visible=true;

this.scene.nodes.getByName("Mesh437").visible=true;

this.scene.nodes.getByName("Mesh436").visible=true;

this.scene.nodes.getByName("Mesh435").visible=true;

this.scene.nodes.getByName("Mesh434").visible=true;

this.scene.nodes.getByName("Mesh433").visible=true;

this.scene.nodes.getByName("Mesh432").visible=true;

this.scene.nodes.getByName("Mesh431").visible=true;

this.scene.nodes.getByName("Mesh430").visible=true;

this.scene.nodes.getByName("Mesh429").visible=true;

this.scene.nodes.getByName("Mesh428").visible=true;

this.scene.nodes.getByName("Mesh427").visible=true;

this.scene.nodes.getByName("Mesh426").visible=true;

this.scene.nodes.getByName("Mesh425").visible=true;

}



if(idx==10){

this.scene.nodes.getByName("Mesh424").visible=true;

this.scene.nodes.getByName("Mesh423").visible=true;

this.scene.nodes.getByName("Mesh422").visible=true;

this.scene.nodes.getByName("Mesh421").visible=true;

this.scene.nodes.getByName("Mesh420").visible=true;

this.scene.nodes.getByName("Mesh419").visible=true;

this.scene.nodes.getByName("Mesh418").visible=true;

this.scene.nodes.getByName("Mesh417").visible=true;

this.scene.nodes.getByName("Mesh416").visible=true;

this.scene.nodes.getByName("Mesh415").visible=true;

this.scene.nodes.getByName("Mesh414").visible=true;

this.scene.nodes.getByName("Mesh413").visible=true;

this.scene.nodes.getByName("Mesh412").visible=true;

this.scene.nodes.getByName("Mesh411").visible=true;

this.scene.nodes.getByName("Mesh410").visible=true;

this.scene.nodes.getByName("Mesh409").visible=true;

this.scene.nodes.getByName("Mesh408").visible=true;

this.scene.nodes.getByName("Mesh407").visible=true;

this.scene.nodes.getByName("Mesh406").visible=true;

this.scene.nodes.getByName("Mesh405").visible=true;

}



if(idx==11){

this.scene.nodes.getByName("Mesh404").visible=true;

this.scene.nodes.getByName("Mesh403").visible=true;

this.scene.nodes.getByName("Mesh402").visible=true;

this.scene.nodes.getByName("Mesh401").visible=true;

this.scene.nodes.getByName("Mesh400").visible=true;

this.scene.nodes.getByName("Mesh399").visible=true;

this.scene.nodes.getByName("Mesh398").visible=true;

this.scene.nodes.getByName("Mesh397").visible=true;

this.scene.nodes.getByName("Mesh396").visible=true;

this.scene.nodes.getByName("Mesh395").visible=true;

this.scene.nodes.getByName("Mesh394").visible=true;

this.scene.nodes.getByName("Mesh393").visible=true;

this.scene.nodes.getByName("Mesh392").visible=true;

this.scene.nodes.getByName("Mesh391").visible=true;

this.scene.nodes.getByName("Mesh390").visible=true;

this.scene.nodes.getByName("Mesh389").visible=true;

this.scene.nodes.getByName("Mesh388").visible=true;

this.scene.nodes.getByName("Mesh387").visible=true;

this.scene.nodes.getByName("Mesh386").visible=true;

this.scene.nodes.getByName("Mesh385").visible=true;

}



if(idx==12){

this.scene.nodes.getByName("Mesh384").visible=true;

this.scene.nodes.getByName("Mesh383").visible=true;

this.scene.nodes.getByName("Mesh382").visible=true;

this.scene.nodes.getByName("Mesh381").visible=true;

this.scene.nodes.getByName("Mesh380").visible=true;

this.scene.nodes.getByName("Mesh379").visible=true;

this.scene.nodes.getByName("Mesh378").visible=true;

this.scene.nodes.getByName("Mesh377").visible=true;

this.scene.nodes.getByName("Mesh376").visible=true;

this.scene.nodes.getByName("Mesh375").visible=true;

this.scene.nodes.getByName("Mesh374").visible=true;

this.scene.nodes.getByName("Mesh373").visible=true;

this.scene.nodes.getByName("Mesh372").visible=true;

this.scene.nodes.getByName("Mesh371").visible=true;

this.scene.nodes.getByName("Mesh370").visible=true;

this.scene.nodes.getByName("Mesh369").visible=true;

this.scene.nodes.getByName("Mesh368").visible=true;

this.scene.nodes.getByName("Mesh367").visible=true;

this.scene.nodes.getByName("Mesh366").visible=true;

this.scene.nodes.getByName("Mesh365").visible=true;

}



if(idx==13){

this.scene.nodes.getByName("Mesh364").visible=true;

this.scene.nodes.getByName("Mesh363").visible=true;

this.scene.nodes.getByName("Mesh362").visible=true;

this.scene.nodes.getByName("Mesh361").visible=true;

this.scene.nodes.getByName("Mesh360").visible=true;

this.scene.nodes.getByName("Mesh359").visible=true;

this.scene.nodes.getByName("Mesh358").visible=true;

this.scene.nodes.getByName("Mesh357").visible=true;

this.scene.nodes.getByName("Mesh356").visible=true;

this.scene.nodes.getByName("Mesh355").visible=true;

this.scene.nodes.getByName("Mesh354").visible=true;

this.scene.nodes.getByName("Mesh353").visible=true;

this.scene.nodes.getByName("Mesh352").visible=true;

this.scene.nodes.getByName("Mesh351").visible=true;

this.scene.nodes.getByName("Mesh350").visible=true;

this.scene.nodes.getByName("Mesh349").visible=true;

this.scene.nodes.getByName("Mesh348").visible=true;

this.scene.nodes.getByName("Mesh347").visible=true;

this.scene.nodes.getByName("Mesh346").visible=true;

this.scene.nodes.getByName("Mesh345").visible=true;

}



if(idx==14){

this.scene.nodes.getByName("Mesh344").visible=true;

this.scene.nodes.getByName("Mesh343").visible=true;

this.scene.nodes.getByName("Mesh342").visible=true;

this.scene.nodes.getByName("Mesh341").visible=true;

this.scene.nodes.getByName("Mesh340").visible=true;

this.scene.nodes.getByName("Mesh339").visible=true;

this.scene.nodes.getByName("Mesh338").visible=true;

this.scene.nodes.getByName("Mesh337").visible=true;

this.scene.nodes.getByName("Mesh336").visible=true;

this.scene.nodes.getByName("Mesh335").visible=true;

this.scene.nodes.getByName("Mesh334").visible=true;

this.scene.nodes.getByName("Mesh333").visible=true;

this.scene.nodes.getByName("Mesh332").visible=true;

this.scene.nodes.getByName("Mesh331").visible=true;

this.scene.nodes.getByName("Mesh330").visible=true;

this.scene.nodes.getByName("Mesh329").visible=true;

this.scene.nodes.getByName("Mesh328").visible=true;

this.scene.nodes.getByName("Mesh327").visible=true;

this.scene.nodes.getByName("Mesh326").visible=true;

this.scene.nodes.getByName("Mesh325").visible=true;

}



if(idx==15){

this.scene.nodes.getByName("Mesh324").visible=true;

this.scene.nodes.getByName("Mesh323").visible=true;

this.scene.nodes.getByName("Mesh322").visible=true;

this.scene.nodes.getByName("Mesh321").visible=true;

this.scene.nodes.getByName("Mesh320").visible=true;

this.scene.nodes.getByName("Mesh319").visible=true;

this.scene.nodes.getByName("Mesh318").visible=true;

this.scene.nodes.getByName("Mesh317").visible=true;

this.scene.nodes.getByName("Mesh316").visible=true;

this.scene.nodes.getByName("Mesh315").visible=true;

this.scene.nodes.getByName("Mesh314").visible=true;

this.scene.nodes.getByName("Mesh313").visible=true;

this.scene.nodes.getByName("Mesh312").visible=true;

this.scene.nodes.getByName("Mesh311").visible=true;

this.scene.nodes.getByName("Mesh310").visible=true;

this.scene.nodes.getByName("Mesh309").visible=true;

this.scene.nodes.getByName("Mesh308").visible=true;

this.scene.nodes.getByName("Mesh307").visible=true;

this.scene.nodes.getByName("Mesh306").visible=true;

this.scene.nodes.getByName("Mesh305").visible=true;

}



if(idx==16){

this.scene.nodes.getByName("Mesh304").visible=true;

this.scene.nodes.getByName("Mesh303").visible=true;

this.scene.nodes.getByName("Mesh302").visible=true;

this.scene.nodes.getByName("Mesh301").visible=true;

this.scene.nodes.getByName("Mesh300").visible=true;

this.scene.nodes.getByName("Mesh299").visible=true;

this.scene.nodes.getByName("Mesh298").visible=true;

this.scene.nodes.getByName("Mesh297").visible=true;

this.scene.nodes.getByName("Mesh296").visible=true;

this.scene.nodes.getByName("Mesh295").visible=true;

this.scene.nodes.getByName("Mesh294").visible=true;

this.scene.nodes.getByName("Mesh293").visible=true;

this.scene.nodes.getByName("Mesh292").visible=true;

this.scene.nodes.getByName("Mesh291").visible=true;

this.scene.nodes.getByName("Mesh290").visible=true;

this.scene.nodes.getByName("Mesh289").visible=true;

this.scene.nodes.getByName("Mesh288").visible=true;

this.scene.nodes.getByName("Mesh287").visible=true;

this.scene.nodes.getByName("Mesh286").visible=true;

this.scene.nodes.getByName("Mesh285").visible=true;

}



if(idx==17){

this.scene.nodes.getByName("Mesh284").visible=true;

this.scene.nodes.getByName("Mesh283").visible=true;

this.scene.nodes.getByName("Mesh282").visible=true;

this.scene.nodes.getByName("Mesh281").visible=true;

this.scene.nodes.getByName("Mesh280").visible=true;

this.scene.nodes.getByName("Mesh279").visible=true;

this.scene.nodes.getByName("Mesh278").visible=true;

this.scene.nodes.getByName("Mesh277").visible=true;

this.scene.nodes.getByName("Mesh276").visible=true;

this.scene.nodes.getByName("Mesh275").visible=true;

this.scene.nodes.getByName("Mesh274").visible=true;

this.scene.nodes.getByName("Mesh273").visible=true;

this.scene.nodes.getByName("Mesh272").visible=true;

this.scene.nodes.getByName("Mesh271").visible=true;

this.scene.nodes.getByName("Mesh270").visible=true;

this.scene.nodes.getByName("Mesh269").visible=true;

this.scene.nodes.getByName("Mesh268").visible=true;

this.scene.nodes.getByName("Mesh267").visible=true;

this.scene.nodes.getByName("Mesh266").visible=true;

this.scene.nodes.getByName("Mesh265").visible=true;

}



if(idx==18){

this.scene.nodes.getByName("Mesh264").visible=true;

this.scene.nodes.getByName("Mesh263").visible=true;

this.scene.nodes.getByName("Mesh262").visible=true;

this.scene.nodes.getByName("Mesh261").visible=true;

this.scene.nodes.getByName("Mesh260").visible=true;

this.scene.nodes.getByName("Mesh259").visible=true;

this.scene.nodes.getByName("Mesh258").visible=true;

this.scene.nodes.getByName("Mesh257").visible=true;

this.scene.nodes.getByName("Mesh256").visible=true;

this.scene.nodes.getByName("Mesh255").visible=true;

this.scene.nodes.getByName("Mesh254").visible=true;

this.scene.nodes.getByName("Mesh253").visible=true;

this.scene.nodes.getByName("Mesh252").visible=true;

this.scene.nodes.getByName("Mesh251").visible=true;

this.scene.nodes.getByName("Mesh250").visible=true;

this.scene.nodes.getByName("Mesh249").visible=true;

this.scene.nodes.getByName("Mesh248").visible=true;

this.scene.nodes.getByName("Mesh247").visible=true;

this.scene.nodes.getByName("Mesh246").visible=true;

this.scene.nodes.getByName("Mesh245").visible=true;

}



if(idx==19){

this.scene.nodes.getByName("Mesh244").visible=true;

this.scene.nodes.getByName("Mesh243").visible=true;

this.scene.nodes.getByName("Mesh242").visible=true;

this.scene.nodes.getByName("Mesh241").visible=true;

this.scene.nodes.getByName("Mesh240").visible=true;

this.scene.nodes.getByName("Mesh239").visible=true;

this.scene.nodes.getByName("Mesh238").visible=true;

this.scene.nodes.getByName("Mesh237").visible=true;

this.scene.nodes.getByName("Mesh236").visible=true;

this.scene.nodes.getByName("Mesh235").visible=true;

this.scene.nodes.getByName("Mesh234").visible=true;

this.scene.nodes.getByName("Mesh233").visible=true;

this.scene.nodes.getByName("Mesh232").visible=true;

this.scene.nodes.getByName("Mesh231").visible=true;

this.scene.nodes.getByName("Mesh230").visible=true;

this.scene.nodes.getByName("Mesh229").visible=true;

this.scene.nodes.getByName("Mesh228").visible=true;

this.scene.nodes.getByName("Mesh227").visible=true;

this.scene.nodes.getByName("Mesh226").visible=true;

this.scene.nodes.getByName("Mesh225").visible=true;

}



if(idx==20){

this.scene.nodes.getByName("Mesh224").visible=true;

this.scene.nodes.getByName("Mesh223").visible=true;

this.scene.nodes.getByName("Mesh222").visible=true;

this.scene.nodes.getByName("Mesh221").visible=true;

this.scene.nodes.getByName("Mesh220").visible=true;

this.scene.nodes.getByName("Mesh219").visible=true;

this.scene.nodes.getByName("Mesh218").visible=true;

this.scene.nodes.getByName("Mesh217").visible=true;

this.scene.nodes.getByName("Mesh216").visible=true;

this.scene.nodes.getByName("Mesh215").visible=true;

this.scene.nodes.getByName("Mesh214").visible=true;

this.scene.nodes.getByName("Mesh213").visible=true;

this.scene.nodes.getByName("Mesh212").visible=true;

this.scene.nodes.getByName("Mesh211").visible=true;

this.scene.nodes.getByName("Mesh210").visible=true;

this.scene.nodes.getByName("Mesh209").visible=true;

this.scene.nodes.getByName("Mesh208").visible=true;

this.scene.nodes.getByName("Mesh207").visible=true;

this.scene.nodes.getByName("Mesh206").visible=true;

this.scene.nodes.getByName("Mesh205").visible=true;

}



if(idx==21){

this.scene.nodes.getByName("Mesh204").visible=true;

this.scene.nodes.getByName("Mesh203").visible=true;

this.scene.nodes.getByName("Mesh202").visible=true;

this.scene.nodes.getByName("Mesh201").visible=true;

this.scene.nodes.getByName("Mesh200").visible=true;

this.scene.nodes.getByName("Mesh199").visible=true;

this.scene.nodes.getByName("Mesh198").visible=true;

this.scene.nodes.getByName("Mesh197").visible=true;

this.scene.nodes.getByName("Mesh196").visible=true;

this.scene.nodes.getByName("Mesh195").visible=true;

this.scene.nodes.getByName("Mesh194").visible=true;

this.scene.nodes.getByName("Mesh193").visible=true;

this.scene.nodes.getByName("Mesh192").visible=true;

this.scene.nodes.getByName("Mesh191").visible=true;

this.scene.nodes.getByName("Mesh190").visible=true;

this.scene.nodes.getByName("Mesh189").visible=true;

this.scene.nodes.getByName("Mesh188").visible=true;

this.scene.nodes.getByName("Mesh187").visible=true;

this.scene.nodes.getByName("Mesh186").visible=true;

this.scene.nodes.getByName("Mesh185").visible=true;

}



if(idx==22){

this.scene.nodes.getByName("Mesh184").visible=true;

this.scene.nodes.getByName("Mesh183").visible=true;

this.scene.nodes.getByName("Mesh182").visible=true;

this.scene.nodes.getByName("Mesh181").visible=true;

this.scene.nodes.getByName("Mesh180").visible=true;

this.scene.nodes.getByName("Mesh179").visible=true;

this.scene.nodes.getByName("Mesh178").visible=true;

this.scene.nodes.getByName("Mesh177").visible=true;

this.scene.nodes.getByName("Mesh176").visible=true;

this.scene.nodes.getByName("Mesh175").visible=true;

this.scene.nodes.getByName("Mesh174").visible=true;

this.scene.nodes.getByName("Mesh173").visible=true;

this.scene.nodes.getByName("Mesh172").visible=true;

this.scene.nodes.getByName("Mesh171").visible=true;

this.scene.nodes.getByName("Mesh170").visible=true;

this.scene.nodes.getByName("Mesh169").visible=true;

this.scene.nodes.getByName("Mesh168").visible=true;

this.scene.nodes.getByName("Mesh167").visible=true;

this.scene.nodes.getByName("Mesh166").visible=true;

this.scene.nodes.getByName("Mesh165").visible=true;

}



if(idx==23){

this.scene.nodes.getByName("Mesh164").visible=true;

this.scene.nodes.getByName("Mesh163").visible=true;

this.scene.nodes.getByName("Mesh162").visible=true;

this.scene.nodes.getByName("Mesh161").visible=true;

this.scene.nodes.getByName("Mesh160").visible=true;

this.scene.nodes.getByName("Mesh159").visible=true;

this.scene.nodes.getByName("Mesh158").visible=true;

this.scene.nodes.getByName("Mesh157").visible=true;

this.scene.nodes.getByName("Mesh156").visible=true;

this.scene.nodes.getByName("Mesh155").visible=true;

this.scene.nodes.getByName("Mesh154").visible=true;

this.scene.nodes.getByName("Mesh153").visible=true;

this.scene.nodes.getByName("Mesh152").visible=true;

this.scene.nodes.getByName("Mesh151").visible=true;

this.scene.nodes.getByName("Mesh150").visible=true;

this.scene.nodes.getByName("Mesh149").visible=true;

this.scene.nodes.getByName("Mesh148").visible=true;

this.scene.nodes.getByName("Mesh147").visible=true;

this.scene.nodes.getByName("Mesh146").visible=true;

this.scene.nodes.getByName("Mesh145").visible=true;

}



if(idx==24){

this.scene.nodes.getByName("Mesh144").visible=true;

this.scene.nodes.getByName("Mesh143").visible=true;

this.scene.nodes.getByName("Mesh142").visible=true;

this.scene.nodes.getByName("Mesh141").visible=true;

this.scene.nodes.getByName("Mesh140").visible=true;

this.scene.nodes.getByName("Mesh139").visible=true;

this.scene.nodes.getByName("Mesh138").visible=true;

this.scene.nodes.getByName("Mesh137").visible=true;

this.scene.nodes.getByName("Mesh136").visible=true;

this.scene.nodes.getByName("Mesh135").visible=true;

this.scene.nodes.getByName("Mesh134").visible=true;

this.scene.nodes.getByName("Mesh133").visible=true;

this.scene.nodes.getByName("Mesh132").visible=true;

this.scene.nodes.getByName("Mesh131").visible=true;

this.scene.nodes.getByName("Mesh130").visible=true;

this.scene.nodes.getByName("Mesh129").visible=true;

this.scene.nodes.getByName("Mesh128").visible=true;

this.scene.nodes.getByName("Mesh127").visible=true;

this.scene.nodes.getByName("Mesh126").visible=true;

this.scene.nodes.getByName("Mesh125").visible=true;

}



if(idx==25){

this.scene.nodes.getByName("Mesh124").visible=true;

this.scene.nodes.getByName("Mesh123").visible=true;

this.scene.nodes.getByName("Mesh122").visible=true;

this.scene.nodes.getByName("Mesh121").visible=true;

this.scene.nodes.getByName("Mesh120").visible=true;

this.scene.nodes.getByName("Mesh119").visible=true;

this.scene.nodes.getByName("Mesh118").visible=true;

this.scene.nodes.getByName("Mesh117").visible=true;

this.scene.nodes.getByName("Mesh116").visible=true;

this.scene.nodes.getByName("Mesh115").visible=true;

this.scene.nodes.getByName("Mesh114").visible=true;

this.scene.nodes.getByName("Mesh113").visible=true;

this.scene.nodes.getByName("Mesh112").visible=true;

this.scene.nodes.getByName("Mesh111").visible=true;

this.scene.nodes.getByName("Mesh110").visible=true;

this.scene.nodes.getByName("Mesh109").visible=true;

this.scene.nodes.getByName("Mesh108").visible=true;

this.scene.nodes.getByName("Mesh107").visible=true;

this.scene.nodes.getByName("Mesh106").visible=true;

this.scene.nodes.getByName("Mesh105").visible=true;

}



if(idx==26){

this.scene.nodes.getByName("Mesh104").visible=true;

this.scene.nodes.getByName("Mesh103").visible=true;

this.scene.nodes.getByName("Mesh102").visible=true;

this.scene.nodes.getByName("Mesh101").visible=true;

this.scene.nodes.getByName("Mesh100").visible=true;

this.scene.nodes.getByName("Mesh99").visible=true;

this.scene.nodes.getByName("Mesh98").visible=true;

this.scene.nodes.getByName("Mesh97").visible=true;

this.scene.nodes.getByName("Mesh96").visible=true;

this.scene.nodes.getByName("Mesh95").visible=true;

this.scene.nodes.getByName("Mesh94").visible=true;

this.scene.nodes.getByName("Mesh93").visible=true;

this.scene.nodes.getByName("Mesh92").visible=true;

this.scene.nodes.getByName("Mesh91").visible=true;

this.scene.nodes.getByName("Mesh90").visible=true;

this.scene.nodes.getByName("Mesh89").visible=true;

this.scene.nodes.getByName("Mesh88").visible=true;

this.scene.nodes.getByName("Mesh87").visible=true;

this.scene.nodes.getByName("Mesh86").visible=true;

this.scene.nodes.getByName("Mesh85").visible=true;

}



if(idx==27){

this.scene.nodes.getByName("Mesh84").visible=true;

this.scene.nodes.getByName("Mesh83").visible=true;

this.scene.nodes.getByName("Mesh82").visible=true;

this.scene.nodes.getByName("Mesh81").visible=true;

this.scene.nodes.getByName("Mesh80").visible=true;

this.scene.nodes.getByName("Mesh79").visible=true;

this.scene.nodes.getByName("Mesh78").visible=true;

this.scene.nodes.getByName("Mesh77").visible=true;

this.scene.nodes.getByName("Mesh76").visible=true;

this.scene.nodes.getByName("Mesh75").visible=true;

this.scene.nodes.getByName("Mesh74").visible=true;

this.scene.nodes.getByName("Mesh73").visible=true;

this.scene.nodes.getByName("Mesh72").visible=true;

this.scene.nodes.getByName("Mesh71").visible=true;

this.scene.nodes.getByName("Mesh70").visible=true;

this.scene.nodes.getByName("Mesh69").visible=true;

this.scene.nodes.getByName("Mesh68").visible=true;

this.scene.nodes.getByName("Mesh67").visible=true;

this.scene.nodes.getByName("Mesh66").visible=true;

this.scene.nodes.getByName("Mesh65").visible=true;

}



if(idx==28){

this.scene.nodes.getByName("Mesh64").visible=true;

this.scene.nodes.getByName("Mesh63").visible=true;

this.scene.nodes.getByName("Mesh62").visible=true;

this.scene.nodes.getByName("Mesh61").visible=true;

this.scene.nodes.getByName("Mesh60").visible=true;

this.scene.nodes.getByName("Mesh59").visible=true;

this.scene.nodes.getByName("Mesh58").visible=true;

this.scene.nodes.getByName("Mesh57").visible=true;

this.scene.nodes.getByName("Mesh56").visible=true;

this.scene.nodes.getByName("Mesh55").visible=true;

this.scene.nodes.getByName("Mesh54").visible=true;

this.scene.nodes.getByName("Mesh53").visible=true;

this.scene.nodes.getByName("Mesh52").visible=true;

this.scene.nodes.getByName("Mesh51").visible=true;

this.scene.nodes.getByName("Mesh50").visible=true;

this.scene.nodes.getByName("Mesh49").visible=true;

this.scene.nodes.getByName("Mesh48").visible=true;

this.scene.nodes.getByName("Mesh47").visible=true;

this.scene.nodes.getByName("Mesh46").visible=true;

this.scene.nodes.getByName("Mesh45").visible=true;

}



if(idx==29){

this.scene.nodes.getByName("Mesh44").visible=true;

this.scene.nodes.getByName("Mesh43").visible=true;

this.scene.nodes.getByName("Mesh42").visible=true;

this.scene.nodes.getByName("Mesh41").visible=true;

this.scene.nodes.getByName("Mesh40").visible=true;

this.scene.nodes.getByName("Mesh39").visible=true;

this.scene.nodes.getByName("Mesh38").visible=true;

this.scene.nodes.getByName("Mesh37").visible=true;

this.scene.nodes.getByName("Mesh36").visible=true;

this.scene.nodes.getByName("Mesh35").visible=true;

this.scene.nodes.getByName("Mesh34").visible=true;

this.scene.nodes.getByName("Mesh33").visible=true;

this.scene.nodes.getByName("Mesh32").visible=true;

this.scene.nodes.getByName("Mesh31").visible=true;

this.scene.nodes.getByName("Mesh30").visible=true;
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this.scene.nodes.getByName("Mesh28").visible=true;

this.scene.nodes.getByName("Mesh27").visible=true;

this.scene.nodes.getByName("Mesh26").visible=true;

this.scene.nodes.getByName("Mesh25").visible=true;

}



if(idx==30){

this.scene.nodes.getByName("Mesh24").visible=true;

this.scene.nodes.getByName("Mesh23").visible=true;

this.scene.nodes.getByName("Mesh22").visible=true;

this.scene.nodes.getByName("Mesh21").visible=true;

this.scene.nodes.getByName("Mesh20").visible=true;

this.scene.nodes.getByName("Mesh19").visible=true;

this.scene.nodes.getByName("Mesh18").visible=true;

this.scene.nodes.getByName("Mesh17").visible=true;

this.scene.nodes.getByName("Mesh16").visible=true;

this.scene.nodes.getByName("Mesh15").visible=true;

this.scene.nodes.getByName("Mesh14").visible=true;

this.scene.nodes.getByName("Mesh13").visible=true;

this.scene.nodes.getByName("Mesh12").visible=true;

this.scene.nodes.getByName("Mesh11").visible=true;

this.scene.nodes.getByName("Mesh10").visible=true;

this.scene.nodes.getByName("Mesh9").visible=true;

this.scene.nodes.getByName("Mesh8").visible=true;

this.scene.nodes.getByName("Mesh7").visible=true;

this.scene.nodes.getByName("Mesh6").visible=true;

this.scene.nodes.getByName("Mesh5").visible=true;

}



if(idx==31){

this.scene.nodes.getByName("Mesh4").visible=true;

this.scene.nodes.getByName("Mesh3").visible=true;

this.scene.nodes.getByName("Mesh2").visible=true;

this.scene.nodes.getByName("Mesh1").visible=true;

}



if(idx==36){
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this.scene.nodes.getByName("Points4").visible=true;
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this.scene.nodes.getByName("Points18").visible=true;
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if(idx==35){
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}



if(idx==33){
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}



if(idx==32){
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if(idx>=32){
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this.scene.nodes.getByName("Points3956").visible=true;

this.scene.nodes.getByName("Points3957").visible=true;

this.scene.nodes.getByName("Points3958").visible=true;

this.scene.nodes.getByName("Points3959").visible=true;

this.scene.nodes.getByName("Points3960").visible=true;

this.scene.nodes.getByName("Points3961").visible=true;

this.scene.nodes.getByName("Points3962").visible=true;

this.scene.nodes.getByName("Points3963").visible=true;

this.scene.nodes.getByName("Points3964").visible=true;

this.scene.nodes.getByName("Points3965").visible=true;

this.scene.nodes.getByName("Points3966").visible=true;

this.scene.nodes.getByName("Points3967").visible=true;

this.scene.nodes.getByName("Points3968").visible=true;

this.scene.nodes.getByName("Points3969").visible=true;

this.scene.nodes.getByName("Points3970").visible=true;

this.scene.nodes.getByName("Points3971").visible=true;

this.scene.nodes.getByName("Points3972").visible=true;

}



scene.update();

runtime.refresh();

}







function orig(ah,dis){

al=ah;

displ=dis;

pause();

vanish();

idx=0;

al.fr[al.idx].display=displ.hidden;al.fr[0].display=displ.visible;al.idx=0;

show();

}



function toggle(ah,dis) {

al=ah;

displ=dis;

pause();

vanish();

if(idx<=3){//idx==0

idx=32;

}

else{

if(idx<=11){//idx==8

idx=33;

}

else{

if(idx<=19){//idx==16

idx=34;

}

else{

if(idx<=27){//idx==24

idx=35;

}

else{

if(idx<=31){//idx==31

idx=36;

}

else{

if(idx==32){

idx=0;

}

else{

if(idx==33){

idx=8;

}

else{

if(idx==34){

idx=16;

}

else{

if(idx==35){

idx=24;

}

else{//idx==36

idx=31;

}

}

}

}

}

}

}

}

}

al.fr[al.idx].display=displ.hidden;al.fr[idx].display=displ.visible;al.idx=idx;

show();

}



function play(ah,dis){

al=ah;

displ=dis;

if(idx<=31){

speed=1;

};

}



function pause(ah,dis){

speed=0;

}



function prev(ah,dis) {

al=ah;

displ=dis;

pause();

vanish();

if(idx<=3){//idx==0

}

else{

if(idx<=11){//idx==8

idx=0;

}

else{

if(idx<=19){//idx==16

idx=8;

}

else{

if(idx<=27){//idx==24

idx=16;

}

else{

if(idx<=31){//idx==31

idx=24;

}

else{

if(idx>32){

idx=idx-1;

}

}

}

}

}

}

al.fr[al.idx].display=displ.hidden;al.fr[idx].display=displ.visible;al.idx=idx;

show();

}



function next(ah,dis) {

al=ah;

displ=dis;

pause();

vanish();

if(idx<=3){//idx==0

idx=8;

}

else{

if(idx<=11){//idx==8

idx=16;

}

else{

if(idx<=19){//idx==16

idx=24;

}

else{

if(idx<=27){//idx==24

idx=31;

}

else{

if(idx<=31){//idx==31

}

else{

if(idx<36){

idx=idx+1;

}

}

}

}

}

}

al.fr[al.idx].display=displ.hidden;al.fr[idx].display=displ.visible;al.idx=idx;

show();

}



timeEvHnd=new TimeEventHandler();

timeEvHnd.onEvent=function(event) {

//  t=t+event.deltaTime;

//if(t>0.1){

  if(speed!=0){

vanish();

if(dir==1){

if(idx<31){

idx=idx+1;

}

else{

idx=30;

dir=-1;

}

}

else{

if(idx>0){

idx=idx-1;

}

else{

idx=1;

dir=1;

}

}

show();

al.fr[al.idx].display=displ.hidden;al.fr[idx].display=displ.visible;al.idx=idx;

//t=0;

  }

//}

}



runtime.addEventHandler(timeEvHnd);
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Handling the cyclically linked four angles is not easy. We decouple them and pass

to two independent pairs in the following way:

α− β = ω1, γ − δ = ω3 (ω1, ω3 ∈ [−π,π]),

α+ β = ω2, γ + δ = ω4 (ω2, ω4 ∈ [0, 2π]).

The restrictions of the angles given in Lemma 4.2 now read

0 ≤ −ω1 + ω4 ≤ 2π, 0 ≤ ω2 − ω3 ≤ 2π,

0 ≤ ω1 + ω4 ≤ 2π, 0 ≤ ω2 + ω3 ≤ 2π,

and they can be easily given a graphical representa-

tion. The benefit is brought to light if one introduces

the terms Wi = cosωi. In some sense, we return to

the origins by transforming back to scalar products –

only those related to other angles.

ω1|ω3

ω4|ω2

−π π
0

2π

In the W -notation, the inequalities of Lemma 4.2 are equivalently restated by

(4.2) W4 ≤W1 and W2 ≤W3.

Eq. (4.1) can be rewritten as

(4.3)
4s21,2 = −(W1 +W2)(W3 +W4) + 2(1 +W3W4)± 2

√
(1 +W1W2)(W3 +W4)2

−(W1 +W2)(W3 +W4)(1 +W3W4) + (1−W 2
3 )(1−W 2

4 )

for describing the commutator’s singular values.

The underlying domain of admissible points is

converted from a set bounded by four lower and four

upper inequalities to one which is determined by

the inequality pair (4.2). The picture for the angle

ωi restrictions was a square. Their counterparts

in scalar products Wi yield a half space. This is

reduced to a triangle by the mapped cube bounds

−1 ≤Wi ≤ 1.

W1|W3

W4|W2

−1 1
−1

1

Based on these simple restrictions, it is not hard to convince oneself of s1−s2 ≤ 1

by utilising standard methods of analysis. Calculating extremes of a real-valued

function over interior points via partial derivatives and respecting points of non-

differentiability yield that the set S1 is above the noticed line that seems to be half

of its boundary. We are already pretty close to our aims and it ensures at least the

existence of a large blank area inside the theoretically possible circular sector that

vaguely has been predicted by the experiments near by (
√

2, 0) (cf. Fig. 3.2b).
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The next difficulty is the strange boundary of S1 composed of two curves which

are positioned to each other such that a proper case differentiation appears barely

possible – (3.1) bounds s1 for large s2, but for smaller ones, (3.2) is dominant instead.

That’s why we are going to substitute s1 and s2.

By (4.3), we know

(4.4) s1 =
1

2

√
x+

√
x2 − y2, s2 =

1

2

√
x−

√
x2 − y2

with the abbreviations

x = −(W1 +W2)(W3 +W4) + 2(1 +W3W4), y = (W1 −W2)(W3 +W4).

It is not hard to verify

(4.5) x = 2(s21 + s22), |y| = 4s1s2,

a kind of inversion formula to (4.4). Actually, (s1, s2)↔ (x, y) may be interpreted as

a coordinate transform. The big advantage in this point of view is demonstrated in

Fig. 4.2: the two parts of S1’s apparent boundary now are the graph of a function,

as it seems. Its law can be specified via direct calculation.

Lemma 4.3. In the x-y-system determined by (4.5), the curve (3.1) is given by

y = 8− x−
√

(8− x)2 − x2,

the line (3.2) follows the rule

y = x− 2,

and their intersection
(√

2+1
2 ,

√
2−1
2

)
is mapped onto (3, 1). The end points are trans-

ferred by (1, 0) 7→ (2, 0) and (1, 1) 7→ (4, 4).

Finally, we translated our problem from s1,2(a,b, c,d) into
(
x
y

)
(W1,W2,W3,W4),

in which a case differentiation can be properly done. To continue our plan, suppose

W3,W4 are arbitrarily picked out of [−1, 1], but fixed. Then, by (4.2), W1,W2 are

allowed to be chosen from a specific interval only. This manifests in a vertical or a

horizontal line in the domain picture. Consequently, (W1,W2) lies in the rectangle

spanned by the points (W4,−1), (1,−1), (1,W3), and (W4,W3):

W3

W2

−1 1
−1

1

W1

W4

−1 1
−1

1

W1

W2

−1 1
−1

1 (W4,W3)
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0 1 2 3 4
0

1

2

3

4

Fig. 4.2. S1 in the x-y-system.

With (s1, s2) 7→ (x, y) according to (4.5), the curves (3.1) and (3.2) (green and cyan), as well as

their intersection (black point) become more handy. Further, the relation s1 − s2 ≤ 1 is perfectly

identifiable for the eye in the form x− |y| ≤ 2. The
√

2-circle of the sharp F-estimate (1.2) becomes

a vertical line in this system (orange).

The reduced function (W1,W2) 7→ (x, y) (with W3,W4 as parameters) is an affine

linear mapping. Indeed, replacing p = W3 +W4 and q = 2(1 +W3W4),

[
x

y

]
=

[ −p −p
p −p

] [
W1

W2

]
+

[
q

0

]
.

Hence, it suffices to map the corners of the (W1,W2)-rectangle to determine its image.

So, the two variables W1,W2 are eliminated. The four points (W4,−1), (1,−1),

(1,W3), and (W4,W3) correspond to

Pi = (2 +W3W4 −W 2
4 +W3 +W4, W3W4 +W 2

4 +W3 +W4),

Pii = (2 + 2W3W4, 2W3 + 2W4),

Piii = (2 +W3W4 −W3 −W4 −W 2
3 , W3 +W4 −W 2

3 −W3W4),

Piv = (2−W 2
3 −W 2

4 , W 2
4 −W 2

3 ).

The interior points of the original rectangle have images somewhere inside the quad-

rangle spanned by these four points. If p = 0, the latter collapse to a single point.

When the sign of p changes, the order of the points in pictures is reversed.
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Next, we show that all these points lie inside the asserted area, whence S1 cannot

be larger. With help of Lemma 4.3, we may completely work in the x-y-system,

allowing the use of more pleasant formulas. We drop the discussion on the sign of

y, as it’s not a really big issue. We have to regard only four cases, in each of which

W3,W4 ∈ [−1, 1] are chosen arbitrarily and independently of each other.

IV: Obviously, x ≤ 2. One also checks |y| ≤ x and |y| ≤ 2−x. The enclosed area

suffices the claim of the theorem without any doubt.

III: By swapping W3 ↔ −W4 and multiplying y with −1, the cases I and III

are the same. Hence, in both situations, one may check y ≤ x and −y ≤ x.

Further estimates will be postponed to I.

II: Again, validating |y| ≤ x is no problem. Because of |y| ≤ 4 and

y2 = 4W 2
3 + 4W 2

4 + 8W3W4 ≥ 16W3W4 = 8(x− 2),

we also obtain x− 2 ≤ y2

8 ≤ |y|. By the way, this is equivalent to s1− s2 ≤ 1.

Now, we derive benefit from the system’s representation for the most inter-

esting part. The chain (of rather raw estimates)

|y| ≥
√

8(x− 2) ≥ 2x− 4 ≥ 3x− 8 ≥ 8− x−
√

(8− x)2 − x2

is valid for 3 ≤ x ≤ 4. Clearly, values x > 4 may not be achieved.

I: In the current situation, also y ≥ x − 2 and x ≤ 4 are easily verified. The

leftover is the challenging part of the boundary associated with 3 ≤ x ≤ 4:

(4.6) y = x− 2 + 2W 2
4 ≥ 8− x−

√
64− 16x

is true if and only if x is between the roots 3−W 2
4 ± 2|W4|, i.e.

(4.7) 3−W 2
4 − 2|W4| ≤ 2 +W3W4 −W 2

4 +W3 +W4 ≤ 3−W 2
4 + 2|W4|.

The second inequality is always true, and the first one as long as x ≥ 3.

x

y The provided estimates are of different strength. The picture on

the left side highlights the possible locations of the four corners:

Pi � � � Pii � � � Piii � � � Piv �

The red square is folded to a triangle when passing to absolute

values. This element even manifests in the outcome of Fig. 3.2b

by a visibly higher point density; it is hit more often in tests.

The very last step is showing that every point of the de-

scribed set has to be in S1. We act in a similar fashion as we

have done in the proof of Theorem 3.2.
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By (3.1) and (3.2), each point on the right curve limiting the cyan and yellow

areas is connected to certain (W1,W2,W3,W4). All of them are a corner Pi or Piii

of a quadrangle that must be part of S1 (revealing the advantage of the reduction to

extremal points of convex sets). We need to show that the union covers everything.

x

y

Pi

Piv

Analysing the equality cases of (4.6), we are required to look

at the right end point of the interval which restricts x; see (4.7).

These thoughts lead to W3 = 1 and W4 ≥ 0. In fact, for W4 = 0,

we have Pi = (3, 1), and we arrive at Pi = (4, 4) with W4 = 1. In

between, we are passing through the outer boundary. Similarly,

Piv is on the path spanned by (1,−1) and (0, 0). All the created

lines have slope 1 due to Pi − Piv = (2 + 2W4, 2 + 2W4). This

finishes the proof of Theorem 4.1.

In the words of the referee: It is a shame that the complex case isn’t yet un-

derstood. But, the ideas used in the proof of the shape relied on the real numbers

(most prominently, the concept of angles). In addition, Conjecture 3.6 is not a mere

consequence of the real result. Nevertheless, computer experiments don’t display any

differences between real and complex inputs.

The determined sets Sr correspond to one row of the commutator’s σ-atlas. Al-

though the pattern’s anomaly is interesting on its own, this gives a (partial) foundation

of the overwhelming presence of almost commuting matrix pairs. The rank has much

more freedom with increasing matrix size, and the majority of the pairs yields small

singular values. Apart from determining the other sets Sr̃,r(XY − Y X), it would be

interesting whether one can find an interpolation property to characterise the singular

values of the commutator of arbitrary matrices.
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[3] A. Böttcher, D. Wenzel. The Frobenius norm and the commutator. Linear Algebra Appl.,

429:1864–1885, 2008.

[4] K.-S. Fong, C.-M. Cheng, I.-K. Lok. Another unitarily invariant norm attaining the minimum

norm bound for commutators. Linear Algebra Appl., 433:1793–1797, 2010.

[5] R.A. Horn, C.R. Johnson. Matrix Analysis, Cambridge University Press, Cambridge, 1985.

[6] Z. Lu. Proof of the normal scalar curvature conjecture. arXiv:0711.3510v1 [math.DG], Novem-

ber 22 2007.
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