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ON WILKINSON’S PROBLEM FOR MATRIX PENCILS*

SK. SAFIQUE AHMAD! AND RAFIKUL ALAM?

Abstract. Suppose that an n-by-n regular matrix pencil A — AB has n distinct eigenvalues.
Then determining a defective pencil E—AF which is nearest to A—AB is widely known as Wilkinson’s
problem. It is shown that the pencil E — AF' can be constructed from eigenvalues and eigenvectors
of A — AB when A — A\B is unitarily equivalent to a diagonal pencil. Further, in such a case, it is
proved that the distance from A — AB to E — AF' is the minimum “gap” between the eigenvalues
of A — AB. As a consequence, lower and upper bounds for the “Wilkinson distance” d(L) from a
regular pencil L(\) with distinct eigenvalues to the nearest non-diagonalizable pencil are derived.
Furthermore, it is shown that d(L) is almost inversely proportional to the condition number of the
most ill-conditioned eigenvalue of L(X).

Key words. Matrix pencil, Pseudospectrum, Backward error, Multiple eigenvalue, Defective
pencil, Wilkinson’s problem.
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1. Introduction. Let L(\) := A — AB be an n-by-n regular matrix pencil with
n distinct eigenvalues. Then L()\) is diagonalizable, that is, there are nonsingular
matrices Y and X such that Y*AX and Y*BX are diagonal matrices. The columns
of Y and X are left and right eigenvectors of L()), respectively. A pencil is defective
if it is not diagonalizable. Define

d(L) := inf{|JAL] : L + AL is defective}, (1.1)

where ||-]| is a suitable norm on the vector space of pencils, see [2], B, [4]. Thus, d(L)
is the radius of the largest open ball centred at L(\) consisting of pencils which are
diagonalizable.

The problem of determining d(L) and a pencil AL(\), if it exists, such that the
infimum in () is attained at L(\)+ AL(X) is known as Wilkinson’s Problem [14} 26].
Wilkinson’s problem for matrices has been studied extensively over the years [5 [6] [7]
8, 111, [12) T3], 15, 07, I8, 2], 22] 23, 241 25| 26]. See [9] for the existence of a nearest
defective matrix and an algorithm that computes a solution to Wilkinson’s problem
for matrices.
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Wilkinson’s problem for matrix pencils has been investigated in [4] by consid-
ering the norm ||L|| := /||A4]|3 + || B||3 and in [10] by considering the norm ||L| :=
max(||A||2, || Bll2), see also [16]. It is shown in [4] that d(L) is the smallest value of e
for which at least two components of the e-pseudospectrum [4] of L coalesce. Further,
if A € C is a point of coalescence of the components, then A is a multiple eigenvalue
of a pencil L + AL (constructed from the SVD of L(X)) such that d(L) = ||AL].
Furthermore, L + AL is defective when the smallest singular value of L(\) is simple.
Therefore, generically the infimum in (II)) is attained. In the nongeneric case, that
is, when the smallest singular value of L(\) is multiple, whether or not the infimum in
(LJ) is attained remains inconclusive in [4] and is still an open problem. For example,
the nongeneric case always arises in the special case when L is unitarily equivalent to
a diagonal pencil.

The main contributions of this paper are as follows. We show that the infimum
in ([T is attained when L()\) is unitarily equivalent to a diagonal pencil (we refer to
such pencils as nongeneric pencils), that is,

U*AV = diag(a;) and U*BV = diag(8;) (1.2)

for some unitary matrices U and V. Further, we describe a construction of the nearest
defective pencil L(A)+AL(\) from eigenvalues and eigenvectors of L(\). We introduce
the notion of a “gap” between eigenvalues of L(\) and show that d(L) is the minimum
gap between the eigenvalues of L(\).

Note that d(L) is the distance from L()) to the nearest non-diagonalizable pencil.
Consequently, if a pencil AL()) is such that ||AL|| < d(L) then the perturbed pencil
L(X) + AL()) remains diagonalizable. Thus, in a sense, d(L) is the safety radius for
continuous evolution of diagonalizations of L(\). Hence, a lower bound of d(L) can
be employed for computing an eigendecomposition of L(\) stably[14].

We derive computable upper and lower bounds for d(L). We illustrate effective-
ness of these bounds by considering a few numerical examples. Further, we show that
d(L) is almost inversely proportional to the condition number of the most sensitive
eigenvalue of L(\) - a fact which is well known for matrices.

2. Preliminaries. We consider nonhomogeneous matrix pencil of the form
L(z) := A— 2B as well as homogeneous matrix pencils of the form L(c, s) := cA—sB.
A pencil L is said to be regular if det(L(z)) # 0 for some z € C. The spectrum of a
regular pencil L, denoted by A(L), is given by

A(L) = { {(c,s) € C?\ {0} : det(L(c,s)) =0}, L homogeneous,
{A € C:det(L(N) =0}, L nonhomogeneous.

If L(z) = A—2zB and B is singular then it is customary to consider A(L) as a subset of
Cw, the one-point compactification of C, and add oo to A(L). For completeness, we
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consider both homogeneous and nonhomogeneous matrix pencils. For homogeneous
L, normalizing (c,s) € A(L) as |c|? + |s|> = 1, we consider A(L) as a subset of the
unit sphere S! := {(c,s) € C? : |c|? + |s|> = 1}. An infinite eigenvalue of L, if any, is
then represented by (0,1).

We equip the vector space of n-by-n matrix pencils with the following norms:
ILl2 == I[A, Bllla, WLllF = I[4,Bll» and |Lll == (A3 + | B[3)"?  (2.1)

where || - | denotes the Frobenius norm. We write |L||as for M = 2, M = F and
M = (2. See [3 4] for various choices of pencil norms. The e-pseudospectrum of L is
given by [4]

Ad(L) = [ J{AL +AL) : AL s < €}

Now defining n(A,L) := min{||AL|la»s : A € A(L+AL)} and (¢, s, L) := min{||AL| 5 :
(¢c,s) € A(L + AL)} we have [4]

Umiﬂ(L()‘)) and n(c s L) _ UIIliU(L(c) 8))

VIR le? + [s]?

for ||-||F and ||-l;z norms. The equality in ([Z2]) holds for ||-||2 as well and follows

n(A,L) = (2.2)

from Proposition 2] which shows that the e-pseudospectrum A (L) is the same for
all three norms.

PROPOSITION 2.1. The pseudospectrum A (L) is the same for all three norms.

Proof. We outline the proof for nonhomogeneous pencils. Suppose that L(z) =
A —zB. Let A € A(L + AL). Then opmin(L(X)) < ||JAL(A)|l2 < JJAL|lav/1 + A2
for M = 2, F,¢*. Hence, n(\,L) > omin(L(N))/+/1+ |A[2. On the other hand, let
A € C. Let u and v, respectively, be left and right singular vectors of the matrix L(\)
corresponding to the smallest singular value opmin (L(A)). Then defining

[AA, AB]:= omin(L(N)) %

(2.3)
and considering the pencil AL(z) = AA — zAB, it follows that A € A(L + AL) and
IALlv = omin(L(N))//14 A2 for M = 2,F,¢?. Indeed, L(A\)v = omin(L(A))u
and AL(A)v = —omin(L(A))u show that (L(A) + AL(A))v = 0. Hence, n(A\,L) =
Omin(L(X))/+/1 + |A]2 for all three norms in (). Finally, note that A € A(L) if and
only if n(A\, L) < e. Hence the result follows. The proof is similar for homogeneous
pencils. O

This shows that we could choose any one of the three norms in (1)) for the
pseudospectra of L. As we shall see, d(L) is also the same for all three norms when
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L is a nongeneric pencil. For a block diagonal pencil L = diag(L;, Lz), it is easily
seen [4] that

Ac(L) = Ac(Ly) U Ac(Ly). (2.4)

Note that A (L) is invariant under unitary equivalence of L, that is, A.(ULV) = A.(L)
for unitary matrices U and V. Therefore, when L is nongeneric and satisfies (IL2]), by

22) and 24) we have

Ac(L) = U Qe(ay, By), (2.5)

Jj=1
where

{z € C:la; — 28| <e€]|(1,2)]l2}, L nonhomogeneous,

Qclay, ) = { {(c,s) € S* : |caj — s B;| <€}, L homogeneous, (26)

are components of A.(L). Now, supposing that L has n distinct eigenvalues, it follows
that for small € the components of A (L) given in (Z.6]) are disjoint. Hence, in such a
case, we have d(L) > e. We require the notion of a gap between two points in C? to
determine the smallest value of € for which at least two components of A.(L) coalesce.

3. Gap between two points in C2. Let T denote the unit circle in C, that is,
T:={z € C: |z| =1}. Given z := (a1,a2) € C* and y := (B, 32) € C?, we define
the gap between x and y by

Gap(z,y) := min |1 fo — azB1] |1 B2 — a3

etz —=Cyllz /2l +1lyll3 + 2z, y)]

(3.1)

where (z, y) is the usual inner product on C?, that is, (z, y) = y*z. The minimum
in BI) is attained at (min := —sign((y, x)), where sign(z) := z/|z| if z # 0 and
sign(0) := 1. Indeed, ||z — Cyl|3 = ||z||3 + ||y||3 — 2Re(z, Cy) is maximized when
¢ = Cmin- Thus, maxcer ||z — Cyll2 = /|3 + [ly[13 + 2[(z, y)], which proves @.1).

We also write Gap(z,y) as Gap(ai, as; 1, 82). If  and y are normalized, that
is, |z||l2 = |ly|l2 = 1 then it follows that

Gap(z,y) = %|a162 — a1 sec(0/2), (3.2)

where 6 € [0, 7/2] is such that cos(f) = |(z, y)|. Some essential properties of Gap(z, y)
are as follows:

e We have Gap(z,y) = Gap(y, r) and Gap(ai, az; f1, B2) = Gap(az, ai; B2, B1)-
e We have Gap(z,y) = 0 <= a = ty for some t € C. Equivalently,
Gap(z,y) =0 <= ay/az = f1/P2 in Cs := CU {o0}.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 632-648, October 2015

636 Sk.S. Ahmad and R. Alam

e We have Gap(tz,ty) = |t| Gap(z,y) for t € C.

The chordal metric [I9] on CP!, the complex projective space, or on Co is closely
related to gap. Indeed, treating x := (a1, az) and y := (f1,B2) as points in CP! the
chordal distance between x and y is given by

chord(z,y) := 7|a162 — af|
’ |2 ly[l2

The chordal distance between aq/ag and 81/82 as points in C, is given by

_aifa —af| |y /o — B1/ B2
chord(ay /ag, B1/82) = ool \/1 n |a1/a2|2\/1 n |ﬂ1/52|2.

Since [[z[3+lyl3+2 {2, y)| > 2l|zll2llyll2 and [[z]3+]yl3+2 (2, y)| < (J2ll2+]yll2)%,

we have
21yl [l ll2llyll2
————== chord(z,y) < Gap(z,y) < {/ ————= chord(z, y). (3.3)
[z]l2 + llyll2 2

1
When x and y are normalized, by B2]) we have Gap(z,y) = achord(ac,y) sec(6/2)

and

1 1
achord(ac,y) < Gap(z,y) < —2(:h0rd(x,y). (3.4)

V2

By identifying A € C with (1,\) € C? and co with (0,1) € C2, we obtain “gap”
between two points in C,. Indeed, for A\, u € C,, we have

A —
Gap(\, ) = 3.5
1) VA AP+ 1+ [p? + 21+ Aal) (3:5)
1 1
and Gap(\, 00) = < = chord(\, ).

CVIFAFRADE T VIEDP

Note that Gap is not scale invariant whereas chord is scale invariant. The non-
invariance of Gap under scaling is important for perturbation analysis of eigenvalues
of L. We mention here that neither chordal metric nor any other measure of distance
used in perturbation analysis of eigenvalues of matrix pencils is helpful in determining
d(L).

4. Construction of nearest defective pencil. Let L be a nongeneric pencil
of size n with n distinct eigenvalues. Since by (1), d(L) is invariant under unitary
equivalence of L, that is, d(L) = d(ULV) for unitary matrices U and V, without
loss of generality, for the rest of this section we assume that L is a diagonal pencil
given by L(z) = diag(a;) — zdiag(5;) or L(c, s) = cdiag(a;) — sdiag(s;). Note that
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(Bj,;),j =1:n, are (unnormalized) eigenvalues of L(c, s) := cdiag(a;) — s diag(5;).
Recall that by (Z3) we have Ac(L) = Uj_;Qc(ay, B;), where Qc(a;, 5;) is given in
(Z8). The following result characterizes coalescence of components of A(L).

THEOREM 4.1.  Consider Ac(L) = Uj_;Qe(ay, ;) and set z; = (Bj,a;) for
j =1:n. Suppose that the components Qc(a;, ;) and Qc(aj, B;) contain only the
(unnormalized) eigenvalues z; and x; of L, respectively. Then Qe(cv, 8;)NQe(vj, B;) =
0 if and only if € < Gap(x;, x;). Set ¢ := sign({x;, z;)) and define
a; + Cay B+ (B

=———" qand S¢ =

_ . @i + Cay
Bi+ B ¢ i + Cayll

Ao - 2
¢ 2 + Cx512

Then ¢ (resp., (c¢, s¢) € St) is a common boundary point of Qe (v, B;) and Qe(a;, B5)
when € = Gap(x;, z;) and L is nonhomogeneous (resp., homogeneous).

Proof. Suppose that L is nonhomogeneous, that is, L(z) = diag(a;) — zdiag(5;).
Note that if Qc (o, 8;)NQe(aj, B;) # 0 then there is a complex number z € C such that

loi—zBi| |y —zB5] . o . .

T = €= H(]l,tZ)H; . Hence, a; — 28; = t(a; — 23;) for some ¢ € T. Consequently,
o; — ta

we have z = — L. Then by Z2) and @1, we have

Bi — tB;
e = 2Bi] By — il

@)l (e =t

Z Gap(mia 1']')'

Conversely, if € > Gap(x;, x;) then we have |a; — A\¢8;i| = |a; — A¢ ;] and

lai = AcBil iy — ;i
I i + Gl

= Gap(z;, zj) <e€ (4.1)

showing that A¢ € Qc(a, 5;) N Qe(a;, 5;). Hence the result follows. The proof is
similar when L is homogeneous. [

As an immediate consequence of Theorem [£.I] we have

d(L) > n;éln Gap(z;, z;). (4.2)
i#]
We show that the equality holds in (£2) for all three norms in (ZI]). The following
result, which is a special case of [4, Theorem 5.1] when M = ¢2, shows that it is fairly
easy to construct a nearest pencil with a multiple eigenvalue. This however does not
solve Wilkinson’s problem as formulated in (LI]).

THEOREM 4.2. Letxz; := (B;,;),j =1:n. Leti and j be such that Gap(z;, z;) =
ming; Gap(ay, x1). Also, let {, A\¢ be as in Theorem [} Set

U := e, ej] and V :=[sign(ay — A¢Bi)es, sign(a; — AcBy)e;],
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where e; is the j-th column of the identity matriz of size n. Define

Gap(z;, z;) —
[AA AB] = ———2 [-1, \]]@UV*
1L 2]z ‘
and consider the pencil AL(z) := AA — zAB. Then A¢ is a multiple eigenvalue of
L + AL of geometric multiplicity 2 and ||AL|r = d(L) = min;»; Gap(x;, ;) for
M =20

Proof. By (@I we have |a; — AeBi] = |a; — AeBj] = Gap(zs, z5) [|(1, Ae)|l2. Tt
is easy to check that (L(A¢) + AL(A\¢))V = 0 and U*(L(A\¢) + AL(A¢)) = 0. Hence
¢ is a multiple eigenvalue of L + AL of geometric multiplicity 2. Since ||AL|a =
Gap(zi, z;) > d(L) for M = 2,¢?, the desired result follows from (£2). O

Similar construction holds for a homogeneous pencil AL. Note that the construc-
tion in Theorem provides a pencil with a multiple eigenvalue which is closest to
L with respect to ||-]l2 and |||,z norms but not with respect to the Frobenius norm
lI-l7. This is due to the fact that the perturbation matrices AA and AB have rank
2. We now modify the construction in Theorem so as to obtain a pencil based on
rank-1 perturbation so that the resulting perturbed pencil is defective.

We need the following well known result [4] that characterizes multiple eigenvalues
of a pencil. Let A (resp., (A, 1)) be an eigenvalue of A — zB (resp., cA — sB). Then
the following results hold:

(¢) A multiple <= 3 z and y such that y* Bz =0,

4.
(#9) (A, p) multiple <= 3 z and y such that (y*Az,y*Bz) = (0,0), (43)
where x and y denote right and left eigenvectors corresponding to A (resp., (A, p)).

We now describe construction of a pencil AL()) such that L(A) + AL(\) is de-
fective and that |JAL|y = d(L) for M = 2, F, /2.

THEOREM 4.3. Consider L(z) = diag(coy;) — zdiag(B;) and set z; := (8;,¢;),j =
1:n. Then we have d(L) = min;«; Gap(z;,z;) for all three norms in (21)). Let i
and j be such that Gap(z;,xz;) = d(L). Also, let {, A\¢ be as in Theorem [{-1] Set

u:=te;+V1—1t2e; and v:= (te; —v1—1t2 (ej;)sign(a; — AeBi),

_ V51l + i, 25)]

where t := and e; is the j-th column of the identity matriz of size
s + G2
n. Define
Ga'p(xia z ) 3
[AA,AB] := ——22 1, \¢] @ uwv*
(L A)]2 :

and consider the pencil AL(z) :== AA — zAB. Then X\ is a defective eigenvalue of
the pencil L + AL and ||AL||xp = d(L) = Gap(z;, ;) for M =2, F, (2.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 632-648, October 2015

On Wilkinson’s Problem for Matrix Pencils 639

Proof. First, we show that v and v, respectively, are normalized left and right
eigenvectors of L+ AL corresponding to the eigenvalue A¢ and that u*(B+AB)v = 0.

Note that a; — A\¢Bi = —C(a; — A¢B3;) and sign(a; — A¢Bi) = —C sign(a; — A¢B;).
By Theorem 1] A¢ is the common boundary point of the components Q(a;, 5;)
and Qc(a;, 5;) for € = Gap(z;, ;). Hence, omin(A¢) = oy — A¢Bi| = |a; — Acfj] =
Gap(zi, z;)|[(1, Ac)||2 is the smallest singular value of L(A¢) and

|z + ()2

1020l = T E

(4.4)

Note that e, and egsign(ax — A¢Bi) are normalized left and right singular vectors
of L(A¢) corresponding to omin(A¢) for k =4, 5. Since

lasll3 + 1w o)l e lesl3 I o))

t? =
llzi + Cxj13 i + C;13

, (4.5)
a little calculation shows that u and v are unit left and right singular vectors of
L()‘C) corresponding to the smallest singular value Umin()\q)- Also, by construction u
and v are unit left and right eigenvectors of L + AL corresponding to the eigenvalue
A¢. Indeed, we have AL(A\¢) = —omin(Ac)uv™ and L(A¢)v = omin(Ac)u, which give
(L(A¢) +AL(A))v = Omin(A¢)u — Omin(A¢)u = 0. Similarly, u*(L(A¢) + AL(X¢)) = 0.

Now by ([&4) and ([@H), we have

; ] Aclai = AcBil Ac(on — A&z‘))
B+ AB)v=u"B = (1—t¢ T
B AR S “|m&m - RN TERnT:
TR

_wli2s N N Nl 4 (s @)
Gm+%>kmwm @?@mmmﬂ)

i3 + (i, ;)] ] _o
1Bi + CBi P (L, A)I3

where w := sign(a; — A¢f;). Therefore, by ([@3)), ¢ is a multiple eigenvalue of L+ AL.
Since rank(L(A¢) + AL(A¢)) = n — 1, A¢ is a nonderogatory defective eigenvalue of
L + AL. By construction, we have [|AL||ys = Gap(z;,z;) = d(L) for M = 2, F, (2.
Hence the proof follows. O

=w(B; + ¢B;) [tQ -1+

For completeness, we now describe homogeneous version of Theorem 3] that is,
when L is considered as a homogeneous pencil.

THEOREM 4.4. Consider L(z) = cdiag(o;)—sdiag(8;) and set xz; := (8;,¢5),j =
1:n. Leti and j be such that Gap(x;,z;) = d(L). Also, let (,c¢c,s¢c be as in
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Theorem [{.1] and t be as in Theorem [{.3 Set u :=te; + V1 —t2e; and v :=
(te; — V1 —t2 Cej)sign(ccoy; — s¢Bi). Define
[AA, AB] := Gap(z;, x;) [—¢, 5¢] ® uv”

and consider the pencil AL(c, s) == ¢cAA — sAB. Then (cc,s¢) is a defective eigen-
value of L + AL and ||AL||x = Gap(z;, z;) = d(L) for M =2, F, (2.

Proof. By Theorem BT (c¢, s¢) € S* and is a common boundary point of the
components (o, 3;) and Qc(aj, B;) for € = Gap(x;,x;). Hence, |ccay — s¢fi] =
lcca; — s¢Bj] = Gap(x;, x;). By construction, u and v are unit left and right singular
vectors of L(ce, s¢) corresponding to the smallest singular value Gap(z;, z;). Also, by
construction, we have (L(c¢, s¢) + AL(c¢, s¢))v = 0 and w*(L(ce, s¢) + AL(ee, s¢)) =
0, that is, u and v are left and right eigenvectors of L corresponding to (c¢,s¢),
respectively.

We now show that u*Av — e:Gap(z;,z;) = 0 and u*Bv + 5:Gap(z;, z;) = 0. We
have

u*Av — e Gap(z;, ;) = {t2(ai +Caj) — (aj]sign(qai —s¢Bi) —Cclecay — s¢Bil

= Sign(CCOLi — Sgﬂi) |:[t2(04i + Caj) — Caj] — Q(Cgai — SCﬂi)] .
Since |c¢|? + |s¢]? = 1, by ([@&H) we have
[t (ci + Coy) = Cay) = eg(ecai — s¢fi) = t2(i + Cay) — (e + Cay) + s¢(Scai + ¢ 5i)

D) == U.
s + C;13

= (o + (o)) {tQ -1+

This shows that u*(A + AA)v = u*Av — e¢Gap(x;, x;) = 0. Similarly, it can be
shown that u*(B + AB)v = u*Bv + 5¢Gap(x;, ;) = 0. Hence, by @3), (c¢, s¢) is
a multiple eigenvalue of L + AL. Since rank(L(c¢, s¢) + AL(ce, s¢)) =n — 1, (¢, s¢)
is a defective eigenvalue. By construction, we have ||AL|a = Gap(z;, z;) = d(L) for
M =2, F, (2. Hence the proof follows. O

Often in practice it is necessary to perturb the coefficient matrices of a pencil
relative to some weights. For example, P(z) := A — 2B may be perturbed to A +
AA — z(B + AB) such that ||AA|y < wae and ||AB|ym < wpge, where wa and
wp are nonnegative real numbers called weights. However, as shown in [4], weighted
perturbations require no special machinery and are easily incorporated by considering
weighted norm of matrix pencils. Indeed, consider the weight vector w := (w4, wg)
with the convention that w™! := (wy', wz') and w,' = 0 (resp., wz' = 0) if ws =0
(resp., wp = 0), and define the weighted scalar product on C? by

(@, Y)w = wi 17, + w%xg% for x,y e C2.
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Defining the norm/seminorm ||z||y.2 := /{2, *)w, we have (x, Y)w| < ||Z|lw,2 |¥]lw,2-
We define the weighted gap by

Gap (ac y) — min |x2y1 - x1y2| - |x2y1 - x1y2|
w ) T -

et o= CYllwe  (2l7,2 + 97,2 + 2, y)uw)/?’

where the minimum is attained at (ipin := —sign((y, )« ). The weighted norm/semi-

norm

1Pl = llwa’ A, wg' Bllla, IP] = lllws" A, wg' Bllp, [P]:= [[[wy" | All2, wp' | Bll2]ll2
(4.6)

gives Ac(L) = UP_, Ac(ay, B5), where Ac(ay, B;) == {(c,s) €Sy, : |aje — Bjs| < €} and
St = {(c,s) € C? : ||(¢,8)|lw2 = 1}. See [4] for more on weighted pseudospectra.
Consequently, we have the following result whose proof is easy to check.
THEOREM 4.5. Consider L(z) = cdiag(o;)—sdiag(8;) and set xz; := (8;,¢;),j =
1:n. Then
d(L) = min Gap,, (i, 7;)
i#]

for all three norms in (f.6]). Let i and j be such that Gap,(x;,xz;) = d(L). Set
¢ :=sign({x;, zi)w) and define

Vllesll2, 2+ (i, 25)ul

and t:=
w2 i + Cxj]lw,2

it B ity
©7 Jlwi + Caj

i+ Cayl

Y
w,2

CCZ

Also set u:=te; +v1—1t%e; and v:= (te;— V1 —t? (ej)sign(ccoy —s¢f;). Define
[AA’ AB] = Ga‘pw (Iivxj) [_Qwi}v %IUQB] ® uv*

and consider the pencil AL(c, s) == cAA — sAB. Then (cc,s¢) is a defective eigen-
value of L+ AL and | AL||pm = Gap,,(zi, z;) = d(L) for all three norms in ({{-6]).

5. Bounds for Wilkinson’s distance. Let L(z) := A— 2B be an n-by-n pencil
with n distinct eigenvalues. We now derive computable upper and lower bounds for
d(L) and show that d(L) is almost inversely proportional to the condition number
of the most sensitive eigenvalue of L. First, note that d(L) = d(ULV)) for unitary
matrices U and V.

THEOREM 5.1. Let L(z) := A—2zB be an n-by-n pencil having n distinct eigenval-
ues. Let X andY be nonsingular matrices such that Y*L(z)X = diag(a;)—z diag(5;).
Then obviously (Bj,«;),j =1:n, are eigenvalues of L(c, s) = cA — sB and we have

Gap(ai, Bis aj, )

min < d(L) < min Gap(ay, 5i; a;, B4 5.1
BRI, < SEpemen i) B

for all three norms in (21).
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Proof. Let U and V be unitary matrices such that U*L(z)V = T4 —zTp, where Ty
and T’p are upper triangular matrices with diagonal entries a; and (;, respectively, for
i=1:n. Set P(z) := diag(«a;) — zdiag(8;). Then by Theorem [£3] there is a diagonal
pencil AP(z) such that P(z) 4+ AP(z) has a multiple eigenvalue and ||AP| s = d(P) =
min;2; Gap(w, Bi; aj, 8;) for M = 2, F,¢%. Consequently, T4 — 215 + AP(z) has a
multiple eigenvalue. Hence we have d(L) < ||AP|as = d(P). Since Y*L(2)X = P(z)
and | X AY | 5 < | X |2V 12 Allr, by () we have d(P) < ¥ 2]} X[l2 (L) for M =
2, F, /2. Hence the bounds follow. O

It is well known [21], 22 23] that in the case of a matrix, the distance to the
nearest defective matrix is directly related to the ill-conditioning of its eigenvalues.
More precisely, for A € C™**™ with distinct eigenvalues \;, j = 1 : n, we have [0, 22 23]

A
d(A) < min ﬂ, (5.2)
J cond(A;)%2 —1
where cond();) is the condition number [2I] of the eigenvalue A; and d(A) is the
Wilkinson’s distance from A to the nearest defective matrix [7]. Generically the upper
bound (&.2)) provides a sharp estimate of d(A) - this is specially true for matrices with
ill-conditioned eigenvalues; see [6].

An upper bound similar to (52) holds for matrix pencils as well and can be
derived easily. Let X,Y and L be as in Theorem 51l Then (5, «;) is an eigenvalue
of L(c,s) = cA— sB and, y; := Ye; and z; := Xej, respectively, are corresponding
left and right eigenvectors, that is, y7L(8;, a;) = 0 and L(B;, aj)z; = 0, for j =1 : n.
The eigenvalue (8;, ;) and, the left and the right eigenvectors y; and z;, respectively,
are normalized in the sense that a; = y7 Az; and 3; = yjBx; for j = 1: n. Then the
condition number of (3;, ;) with respect to the norms in () is given by [19]

[ 12lly;]l2
cond(f;, ) = ——————=——. (5.3)
Va1 + 18512
Similarly, when ; # 0, the condition number of the eigenvalue \; := «;/8; of L is

given by [I1, [19]

1 pIL: . .
Cond()\j) _ \/WHIJMH%HQ

ly; B

(5.4)

THEOREM 5.2. Let L, X and Y be as in Theorem [51l Consider the left and
right eigenvectors y; := Ye; and x; :== Xe;, respectively, corresponding to the eigen-
value (B;,;),7 = 1 : n. Suppose that ||zj|l2||yjll2 > 1 for some j. Then for the
homogeneous pencil L(c, s) = cA — sB, for all three norms in (21]), we have

L L
d(L) < min = 2"| I = = min ﬂ I > . (5.5)
i V(a2 +18iP) cond(Bj, )2 =15 /[la[3[ly;l13 — 1
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Furthermore, when y;Bxz; # 0 for j = 1 : n, considering L as a nonhomogeneous
pencil, that is, L(z) = A — zB, and the eigenvalues \j := «a;/B;,7 =1 :n, we have

IL . L] (5.6)
ly; Bx;[2cond(};)? j \/2—2_1 :
¢ WD om0y BIEDE

Proof. The bounds (&3] and ([G.6]) can be derived in almost the same way as the
bound (5:2); see [0, 22] 23] for a proof of (52)). Indeed, considering the eigenvalue

1,1 ) and without loss of generality assumin = an
(B1, 1) and without loss of generality assuming 4 = |°* “'| and B = [P U1]
0 A1 0 Bl

we have 21 = e and yf = [1, —(B1a1 — a1b1)(B1 A1 — a1 B1)~1]. This shows that

lyall3 < 1+ (Jeal® + [B1[*) a1, b1]lI3]1(Br A1 — 1 B1) |3
<14 (Jaa* + 1811 ILIZ[[(B1 A1 — an By) 3.

By G3) v/([en[? +[B1[?)eond(B1, 01)? — 1 < /len [ + [B1 2 LI [[(B1 A1 — a1 Br) |2
which gives

Imin((B141 —a1By) _ LA _ LA

VIiaP+1812 7 (a P+ [BiP)eond(Br,00)2 =1 /aalBlonllF -1

Consequently, considering L1(¢, s) = cA; — sB1, by [22) and ([23]), we have

Umin((ﬁlx‘h - 04131)

Vieal? + (612

and a pencil ALj (¢, s) = cAA;—sABj such that ||ALy || = (51, a1, L1) and (51, 01) €
A(L; + ALy). Hence, considering AA = diag(0, AA;) and AB = diag(0, AB;) and
the pencil AL(c, s) = cAA — sAB it follows that (81, 1) is a multiple eigenvalue of
L + AL and that ||AL|| = 7(81, a1, L1). This shows that

77(517041;141) =

d(L) < I _ I .
~ V(P + 1BiP)eond(Br, 1) =1 /[l [Bllyi]l3 — 1

Hence the bound (5H) follows.
Next, when §3; = y;Bx; # 0, by (&.3) and (5.4), we have

ll2llysll2_ _ cond(A;)
BilVI+INE 1+ A2

Hence (|oj|? + |Bj]?)cond(B;, oj)* = |B;|%cond();)?/(1 + |A;|?) gives the bound
5.0

cond(B;, aj) =
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We mention that the bounds (5:2)) and (B.6]) are closely related. This can be seen
by considering A as the pencil L(z) = A — zI. Indeed, let X 1AX = diag(A1,...,\n)
and set Y* := X 1. Then Y*AX = diag()\;) and Y*X = I. Thus, the condition num-
ber cond(A;, A) of \; as an eigenvalue of A is given by [21] cond(\;, A) = ||z;||2]/y;|2-
On the other hand, by (5.4)), the condition number cond();) of A; as an eigenvalue
of the pencil L(z) = A — 21 is given by cond();) = /1 + |\;]?cond();, A). Hence,
considering |L|| = ||[4, I]||2, by (B6]), we have

d(L) < min IL| i AT
0 VlzlBllyilE -1 7 (/eond(My, A)? — 1

On the other hand, by restricting perturbations to A in (II]) and thereby leaving I
unperturbed, we have d(L) < d(A). Consequently, for the pencil L(z) = A — zI, by

E7), we have

(5.7)

A Al
d(L) < d(A) < min 4]z < min A1l (5.8)
i y/cond(\j, A)2 —1 i y/cond(\j, A)2 —1

We now illustrate these bounds by considering a few numerical examples. For
the rest of the paper, we denote by LB and GP, respectively, the lower and the upper
bounds in Theorem Bl Also, we denote the upper bound in (5] by UB.

ExaMPLE 5.3. First, consider the diagonal pencils given by

142 0 10 2 0] [-03-02 0
L(z) = - P(z) = - .
(2) { 0 2+J Z[o 2] and P(2) {0 3} [ 0 0.2 + 0.5

By 3I), we have GP = 0.5628. Hence, by Theorem [£3] we have d(L) = GP =
0.5628 and A¢ = 1.1564 + 0.9877i. These values are also confirmed by the contour
plot of A (L). Indeed, the left plot in Figure 5] shows the contour plot of A (L) and
the coalescence of pseudospectral components at ¢ for e = 0.5628.

The eigenvalues of P are Ay := —4.6154 + 3.07697 and A2 := 2.0690 — 5.17241.
Again by (BI)) we have GP = 0.4115. Thus, by Theorem we have d(P) = GP =
0.4115 and A¢ = —5.0868 —14.6297i. Again, these values are confirmed by the contour
plot of A.(P). Indeed, the right plot in Figure [5.J] shows the contour plot of A(P)
and the coalescence of pseudospectral components at A for e = 0.4115.

The contour plot of A.(P) in Figure [l needs to be interpreted properly as it
contains co. For sufficiently small €, the components of A (P) are bounded regions
in the complex plane containing the eigenvalues A; and A in their interiors. As €
grows gradually to 0.3606, the component containing Ay remains bounded but the
component containing A; becomes unbounded and contains co. When e is further
increased to 0.4115, the two components coalesce at A¢. Indeed, for e = 0.4115, A(P)
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is multiply connected and consists of the entire complex plane except for the region
enclosed by two almost elliptical disks (almost crescent shaped region) as shown in
Figure[5.Jl The region enclosed by the inner elliptical disk is the component containing
Ao and the region exterior to the outer elliptical disk is the component containing A;.
The complex number A¢ is the common boundary point of the two elliptical disks and
is the point of coalescence of the two components.

Note that oo enters into the component of A.(P) containing A\; before it coalesces
with the component containing Ay at A¢ for e = 0.4115.

y-axis

x—axis

Fic. 5.1.  The left and the right figures show contour plots of Ac(L) and Ac(P), respectively,
and the coalescence of pseudospectral components. The eigenvalues are indicated by + and the point
of coalescence A¢ by X.

The upper and lower bounds in Theorem [B.1] are expected to be tight for a pencil
L with well-conditioned eigenvalues. In such a case, GP is expected to provide a
better estimate of d(L) than UB. On the other hand, if the eigenvalues of L are ill-
conditioned then the upper bound UB in (5.3]) is expected to provide a better estimate
of d(L) than GP. We illustrate this fact by considering a few examples.

EXAMPLE 5.4. The numerical results given below are correct to the digits shown
and have been obtained by using MATLAB. First, we consider two pencils

1 3 2 1 2 5 7 -2 0 2 -1 0
Liz)=|5 3 2|—-2z|4 3 1|,P>)=|-2 6 -2|-z|-1 2 -1
1 -1 2 2 1 2 0o -2 5 0o -1 2

with well-conditioned eigenvalues (condition numbers < 14). The MATLAB gz com-
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mand returns the following unitarily equivalent upper triangular pencils

[2.4495 —0.8693 1.8012 1.2247 —3.0594  0.3740
L(z)~ | 0 42769 —45142| —z| 0 25570 —4.2420
0 0 3.0546 0 0 5.4283
[3.5857 —2.8060 0.5455 0.6425 —0.7687 0.1818
P(z)~| 0 65455 3.8060| —z| 0 21818 14353
0 0 6.9024 0 0  2.8536

The bounds on d(L) and d(P) are given in Table 5.1l The upper bound UB does not
exist for the pencil P as the condition on eigenvectors in Theorem [5.2]is not satisfied.

TABLE 5.1
Bounds on d(L) and d(P).

Pencil | LB d(Pencil) GP UB
L 0.0063 0.0076 0.1329 | 0.8681
P 0.1307 | 0.2297 | 0.2520 -

Next, we consider bounds for randomly generated pencils. We generate n-by-n
pencil L(z) = A — zB using the MATLAB commands A = rand(n) and B = rand(n).
Table shows the results for various values of n. Observe that LB and GP provide
good estimates of d(L) and that the upper bound GP is a better estimate of d(L)
than UB because randomly generated pencils are not expected to have highly ill-
conditioned eigenvalues.

TABLE 5.2
Bounds on d(L) for randomly generated pencil L of size n.

n LB GP UB

50 | 4.8385e-4 | 6.2000e-2 1.7599
100 | 7.3282e-6 | 1.0200e-2 | 2.4590e-1
150 | 2.1514e-4 | 7.6500e-2 1.5212
200 | 1.9335e-4 | 4.4000e-2 4.0096
250 | 5.5859e-5 | 3.7400e-2 1.7628

Finally, we illustrate that for a matrix pencil L with ill-conditioned eigenvalues the
upper bound UB usually provides a better estimate of d(L) than GP. For this purpose,
in view of (&), we consider L(z) = A — zI and choose A having ill-conditioned
eigenvalues. Then using MATLAB command gz we obtain unitariliy equivalent upper
triangular pencil. We choose A to be the Wilkinson matrix W which is a 20-by-20
bi-diagonal matrix whose diagonal entries are 20, 19,...,1 and the supper-diagonals
are 20. The matrix W is known to have highly ill-conditioned eigenvalues and it is
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shown by Wilkinson that d(W) ~ 107!, see [21], pp. 90-92]. It is shown in [7] that
d(W) = 6.13 x 10~ In view of (5.8)), we have d(L) < d(W) < UB.

Further, we consider Frank matrix which is also known to have ill-conditioned
eigenvalues, see [21, pp. 90-92]. We denote by F;, the Frank matrix of size n, which
is generated by the MATLAB command Gallery(’frank’, n). The ill-conditioning
of the eigenvalues of F,, increases rapidly with n and d(F,) = O(1071%) for n = 15,
see [7, 21]. The bounds LB and UB in Table 53] confirm these results. The values of
d(A) in Table B3 for A =W and A = F,, are taken from [1].

TABLE 5.3
Bounds on d(L) for pencils L with ill-conditioned eigenvalues.

A LB d(A) UB GP

W | 5.2290e-16 | 6.13e-14 | 7.2577e-012 | 2.5600e-02
Fs | 3.6083¢-04 | 5.56e-04 | 2.5940e-01 | 5.3900e-02
Fio | 1.7389¢-08 | 3.93c-08 | 1.3415¢-04 | 1.4300e-02
Fiy | 5.9423¢-11 | 1.85e-10 | 1.2314e-06 | 9.2000e-03
Fis | 7.9951e-15 | O(1071%) | 4.9733¢-10 | 5.5000e-03

Conclusion. Given a regular pencil L(\) with distinct eigenvalues, we have
described construction (Theorems 3] and [£4]) of a defective pencil L(\) + AL())
which is closest to L(A) when L()) is unitarily diagonalizable. We have shown that
the construction of AL(X) requires only the eigenvalues and eigenvectors of L(\).
Thus, we have shown that the infimum in (L)) is attained for nongeneric pencils.
For the general case when L(\) is regular with distinct eigenvalues, we have derived
computable upper and lower bounds (Theorems Bl £2) for d(L). The bound in
Theorem [5.2shows that d(L) is almost inversely proportional to the condition number
of the most sensitive eigenvalue of L(\).
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