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REMARKS ON AN OPERATOR WIELANDT INEQUALITY*

PINGPING ZHANGT

Abstract. Let A be a positive operator on a Hilbert space H with 0 < m < A < M, and let
X and Y be isometries on H such that X*Y = 0, p > 0, and ® be a 2-positive unital linear map.
Define

I'= (®(X*AY)Q(Y*AY) 1o (Y*AX))” &(X*AX)7P.

Several upper bounds for %\F + I'*| are established. These bounds complement a recent result on
operator Wielandt inequality.
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1. Introduction. Throughout we reserve M and m for scalars, and I for the
identity operator. Other capital letters denote general elements of the C*-algebra
B(H) (with unit) of all bounded linear operator acting on a Hilbert space (H, (-,)).
Also, we identify a scalar with the unit multiplied by this scalar. The operator norm
is denoted by || - ||. In this article, the inequality between operators is in the sense
of Loewner partial order, that is, T > S (the same as S < T') means that T — S is
positive. A positive invertible operator 7' is naturally denoted by 7' > 0.

A linear map ® is positive if ®(A) > 0 whenever A > 0. It is said to be unital if

A B
®(I) = 1. We say that ® is 2-positive if whenever the 2 x 2 operator matrix [ B C }

. - . (A) ¥(B)
is positive, then so is [ o(B) B(C) ]

The Wielandt inequality [3 p. 443] states that if 0 < m < A< M, and z,y € H
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with L y, then

M—-—m

2
o) < (§m ) (o A As).

Bhatia and Davis [I, Theorem 2] proved that if 0 < m < A < M and X and YV
are partial isometries on ‘H whose final spaces are orthogonal to each other, then for
every 2-positive linear map ®

(1.1) B(XAY)D(Y*AY) L (Y *AX) < (H)Q B(X*AX).

Thus, inequality (IZT]) can be viewed as an operator version of Wielandt inequality.
In 2013, Lin presented the following conjecture.

CONJECTURE. [5 Conjecture 3.4] Let A be a positive operator on a Hilbert space
H with 0 < m < A< M, and let X and Y be partial isometries on H whose final
spaces are orthogonal to each other. Then for every 2-positive linear map ®

M—m)2

[®(X*AY)D(Y*AY) 1o(Y*AX)P(X*AX) Y| < (M —

Under the assumption that the conjecture is valid, the following two inequalities
follow without much additional effort

1 M—m\?
1.2 SD 4 <
o e« (22)
and

1 M—m\?
1. ST <
(13) 50+ < (3 )

where I' = ®(X*AY)®(Y*AY) 1Y *AX)B(X*AX) L.

If one can drop the strong assumption on the validity of the conjecture which
is still open, then apparently (I2)) and (3] are very attractive alternative operator
versions of Wielandt inequality. Thus, it is interesting to estimate %|F + I'*| and
%(I‘ + I'*) without the assumption that the conjecture is true. This is our main
motivation.

In this article, we consider a more general I' defined as
I'= (®(X*AY)D(Y*AY) '®(Y*AX))" ®(X*AX)™P, p>0,

where X,Y are isometries such that X*Y = 0, and ® is a 2-positive unital linear
map. Three upper bounds for both %|F +TI'™*| and %(F +T'*) are presented.
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2. Main results. The following two lemmas are needed in our main results.

LEMMA 2.1. [4, Lemma 3.5.12] For any bounded operator X,

tI X

X| <tl X<t
N R

E

LEMMA 2.2. [2| Theorem 6] Let 0 < A< B and 0 <m < A< M. Then

(M +m)*

B2
4Mm

A% <

REMARK 1. The condition 0 < m < A < M in Lemma can be replaced
by 0 < m < B < M by applying the continuity of operator and operator reverse
monotonicity of the inverse.

Now we present the main results of this paper.

THEOREM 2.3. Let A be a positive operator on a Hilbert space H with 0 < m <
A<M, and let X and Y be isometries on H such that X*Y =0, p >0, and ® be a
2-positive unital linear map. Define

I'= (B(X*AY)B(Y*AY) '&(Y*AX))" &(X*AX) 7.

Then
M—m\"? 2 2
1 (M—fmn) PmT
2.1 —T+T" <
(21) S0+ < ; ,
and
4p
M—m ) = pr2p 4 pp—2p
1
(2.2) SC4T) < (52)
2 2
Proof. We need the following simple fact:
(2.3) IAB + BA|| <||A* + B?||, if A>0and B> 0.
Thus, (L) and Z.3) imply
1 1
SIT+17) < 5 H (B(X*AY)B(Y*AY) " B (V" AX))* + (I)(X*AX)‘Q”H

IN

% (|e(X*AY)(Y*AY) ' @(Y*AX)||* + || @(X*AX)1||*)
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1 ”
<3 PX*AX)|| + |P(X*AX)
M 4 2
P
M +m M=P +m~

(2.4)

IN

2

The last inequality above holds since X* X =Tland 0 <m < A < M, then m <

<

X*AX <M and som < ®(X*AX) <M, 17 L <P(X*AX)! S#.
Inequality (ZI) follows from Lemma 2] and inequality ([24). Inequality (2Z2])
holds from (ZT)) and the fact that |X| > X for any self-adjoint X. Thus, we complete

the proof. O
A sharper result is the following:

THEOREM 2.4. Under the same condition as in Theorem[2.3. Then

1 (%—;ﬁ)%, when 0<p<3
(2.5) §|F+I‘*| <
(%—I_ﬁ)%(%)p, when p > %
Consequently,
1 (empe. when 0<p<
(2.6) 5(F+F*) <
(%—M)QP(%) ., when p> %

Proof. Combining the inequality ([I) and the fact that f(t) = t" is operator
monotone for 0 < r < 1, we have
M—-m
M+m

2.7)  (B(XFAY)D(Y*AY) (Y AX))' < ( )2,, D(X*AX)P,

when 0 < p < 1. Inequality ([27) is equivalent to

M —m\*
2. I <
(2.8 0l < (3

1
when 0 <p <35

By Lemma 2] and inequality (2.8]), we have

(M m)2pI M—m 2;DI
SR () v
Mm 2p > 0 and Mtm 2p ZO
* M—m I r M—m I
r (M—i—m) (M+m)



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 577-584, September 2015

Remarks on an Operator Wielandt Inequality 581

Summing up these two operator matrices, we have
M=m\*

— *

2 (M——i-m) I I+l

2p
* M—m
rr 2 ()

> 0.

It follows from Lemma 2.1 again that

1 M —m\*
2. —T+T7 <
(29) S+ < (3 )

when 0 < p S . When p > —, it follows that

D < | (B(X*AY)B(Y*AY) " (Y * AX))” [[[B(X*AX) 7|
— (X" AY) (v AY) 0 APl (X AX) 7P

p
H O(X*AX)| |2(X*AX) P (by the inequality (TI))
M D
2.10) < — .
210 (M) ()
Similarly,
1 M —m\* (M\”
2.11 ~D+r < —
(2.11) 2| + |_<M+m) (m)’

when p > % Inequality (ZX) holds by inequalities (29]) and (ZI1]). While inequality
[236) holds by inequality (235]). This completes the proof of Theorem 24l O

REMARK 2. We provide a second method to prove the inequality (2.5]):

<1,

r+r1-
2

which together with (2.8]), ZI0) and Lemma [21] leads to the inequality (Z.3]).

REMARK 3. The bounds in Theorem [2.4] are tighter than those in Theorem
by the following inequalities

2 M+m m M+m

4p
M— _
WL () () = (e

The first inequality above holds by the scalar AM-GM inequality, and the second
inequality holds since m < M and p > 0.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 577-584, September 2015

582 Pingping Zhang

Our last result is the following:

THEOREM 2.5. Under the same condition as in Theorem[2.3. Then

2p M2 my 2 [p]
(2.12) %IF—FF*IS(M_m) <(m) + (37) ) |

M +m 2

where [p] is the ceiling function of p. Consequently,

(2.13) %(F—i—l“*)g (%;Z) <(W)

[NIS]

»\ [P]
+(%>2> |

2

Proof. Firstly, we prove the following inequality

2 My 5 m\ 2 [p]
(2.14) iri< (52) <(m) “”f)) .

M+m

The proof of (ZI4) is proved by induction on [p]. For [p] = 1, ie, 0 < p < 1,

combining (Z.7)) and Lemma 2.2] gives

(B(X*AY)B(Y*AY) 1 (Y AX))*

P(X*AX)?P

_(M=m P (MP 4 mp)?
“\M+m 4MPmp

) <Mm>4p <<%>% + <%>3>2@(X*AX)Q,J,

M+m 2

which is equivalent to

M—m\2 (M)?

SE
o
|
—
SIS
+ |1
33
N
5
—
iz
[MiS)
[\
SE
o
~—

Thus, inequality (2I4) holds for [p]| = 1.

Now, suppose that inequality ([2I4]) holds for [p] < k (k > 1). That is

||| < (Mm)2p <(%)§ N (%ﬁ)fzﬂ’

M+m 2

which is equivalent to
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(B(X*AY)B(Y*AY) "1 (Y* AX))*

4p bl m\% 2P]
(2.15) < (Mm) <M> B(X*AX)?P.

M+m 2
Combining inequality (215 and Lemma leads to
(B(X*AY)B(Y*AY) "1 (Y* AX)) "

(e ((%)5 - ()" )4“” ((%w : <%>p>2¢<X*AX>4p
< (Aomy” <<%>” : <%>p>”’” <<,—A,{>p - (%)”>2¢<X*AX)4P
_ (%1:)817 ((%)P;r(%)p)?(fzﬂ+l) (I)(X*AX)4P

where [p] < k. Inequality [2I6)) is equivalent to
(B(X*AY)D(Y*AY)10(Y*AX))?

k+1)

ap /(M5 L (my B\ 2
(2.17) < (M _m) <M> (I)(X*AX)QP,

M +m 2

o83

where [p] < 2k. Since k+ 1 < 2k when k > 1, inequality (ZI7) holds for [p] = k+1,

ie.,

(B(X*AY)D(Y*AY) " 1o(Y*AX)) ™
Vom0 (3
S(Mer) ( 2

_ (M ‘m)4p <—(%)g s (%)12))2[1’] B(X*AX),

[NIS]
+
SS/

(NS

N———
=
¢
N
ks’
S

M4+m

which is equivalent to

||| < (Mm)2p <(%)§ N (%)g>rm,
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when [p] = k + 1. Thus, inequality (ZI4) holds for [p] = k + 1. This completes the

induction.

Combining inequality (2I4]), Remark 2 and Lemma [Z]leads to inequality (Z12)).
Similarly, inequality (ZI3) holds by inequality (ZI2]). O

M % m %
REMARK 4. Since M > 1, the bounds in Theorem [2.4] are sharper than
those in Theorem when 0 < p < % It follows from the fact §; <1 < % that

D5 G)f _ (aryt : : :

e (E) . Thus, the bounds in Theorem are tighter than those in
Theorem 24 when 1 < p < 2. When p is large enough, such as p > 2 + 2logu 2,
the bounds in Theorem 2.4 are tighter than those in Theorem by the following

inequalities

M2 M
<—> >2 —, if p>2+42logm 2,
m m ™

((%)%+( ) >fp1><ﬁ>m><@>p
2 2 - 2

Therefore, neither of the bounds in Theorem 2.4]and Theorem 2.5 are uniformly better
than the other.

and

SE
NS

Acknowledgment. The author thanks the referee for the valuable comments
and suggestions which improve the presentation of the paper.

REFERENCES

[1] R. Bhatia and C. Davis. More operator versions of the Schwarz inequality. Comm. Math. Phys.,
215(2):239-244, 2000.

[2] M. Fujii, S. Izumino, R. Nakamato, and Y. Seo. Operator inequalities related to Cauchy-
Schwarz and Holder-McCarthy inequalities. Nihonka: Math. J., 8(2):117-122, 1997.

[3] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge, 1985.

[4] R.A. Horn and C.R. Johnson. Topics in Matriz Analysis. Cambridge University Press, Cam-
bridge, 1991.

[5] M. Lin. On an operator Kantorovich inequality for positive linear maps. J. Math. Anal. Appl.,
402(1):127-132, 2013.



