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INVERTIBLE AND REGULAR COMPLETIONS
OF OPERATOR MATRICES*

DRAGANA S. CVETKOVIC-ILICT

Abstract. In this paper, for given operators A € B(X) and B € B()), the set of all C' € B(Y, X)
A

0 B
invertible, is described. Answers to some open questions are given. Also, in the case when A and
B are relatively regular operators, the set of all C € B(), X) such that M¢ is regular is described.
In addition, a necessary and a sufficient conditions are given for M to be regular with the inner

such that the operator matrix Mo = ( ) is injective, invertible, left invertible and right

inverse of a certain given form.
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1. Introduction. Let X, be Banach spaces and let B(X,)) denote the set of
all bounded linear operators from X to ). For simplicity, we also write B(X, X) as
B(X). For a given A € B(X,Y), the symbols N (A) and R(A) denote the null space
and the range of A, respectively and define a(A) = dim N (A) and S(A) = codimR(A).
If X = M@ N, by Py a we denote the projection onto M along N.

An operator A € B(X,)) is relatively regular (or simply, regular), if there exists
an operator X € B(), X) satisfying AXA = A. In that case any such X is an inner
inverse of A which we denote by A®) or A~. The set of all inner inverses of A is
denoted by A{1}. If X € A{1} satisfies XAX = X, then X is a reflexive or {1,2}-
inverse of A, denoted by A1), The set of all reflexive inverses of A is denoted by
A{1,2}.

It is well-known that A is relatively regular if and only if R(A) and N (A) are
closed and complemented subspaces of ) and X, respectively. Suppose that A €
B(X,Y) is relatively regular and let 7 = R(XA) and § = N(AX), for some X €
A{1}. We have the following decomposition of spaces X = T & N(A) and Y =

*Received by the editors on March 18, 2014. Accepted for publication on December 26, 2014.
Handling Editor: Ravindra Bapat.

TUniversity of Nis, Department of Mathematics, Faculty of Sciences and Mathematics, 18000 Nis,
Serbia (gagamaka@ptt.rs). Supported by Grant No. 174007 of the Ministry of Science, Technology
and Development, Republic of Serbia.

530



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 530-549, September 2015

Invertible and Regular Completions of Operator Matrices 531

R(A) @ S, and consequently the matrix form of A:

=(4 1)) ()

where Ay € B(T,R(A)) is invertible. Evidently, X must be of the form

ATt 0 R(A) T
X = 1 :
( 0 N> < s >H<N<A>>
for some N € B(S,N(A)). Using the above decomposition of X', by Pyr(4) we denote

the projection on N(A).

Among the various types of spectra of an operator A € B(X) that can be found
in literature, we will consider the following:

the spectrum: o(4) = {A € C: A — A is not invertible},
the point spectrum: o,(A) = {A € C: A — Al is not injective},
the left spectrum: o;(A) = {\ € C: A — Al is not left invertible},

the right spectrum: o,(4) = {A € C: A — AI is not right invertible}.

If 0.(A) is any of the spectra defined above, by p.(A) we will denote the set
C\ 0x(A). In the case when A is right (left) invertible, an arbitrary fixed right (left)
inverse will be denoted by (4); 1 ((A); ).

If for Banach spaces X, ), there exists a left invertible operators T' € B(X,)),
then we say that X can be embedded in ), which is denoted by X < ).

In this paper, we will consider some types of invertibility and regularity of upper-
triangular operator matrices which have already been subject of research before (see
[5]-[14] and for some related problems [3| [, [9]). In fact, the study of 2 x 2 upper-
triangular operator matrices arises from the following fact: If A € B(X) and S is a
closed, complemented A-invariant subspace of X', then A has the following represen-

RS HIGRG)

In this paper, we will consider the injectivity, invertibility, left (right) invertibility
and regularity of an operator matrix

A C
MC_(O B)7

where X =S @ P.
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where A € B(X) and B € B(Y) are given. There are few papers, which present
necessary and sufficient conditions for the existence of C' € B(Y, X) such that M¢ is
injective, invertible, left (right) invertible and regular (see [5], 7,7, [10,[6]). However, in
our paper we approach the problem using a technique different than those employed
in these papers and, in addition, for given operators A € B(X) and B € B(Y), we
also completely describe the set of all C € B(), X) such that M¢ is invertible, right
invertible, left invertible or regular, respectively, and answer Question 3 below which
has never been done before.

2. Left and right invertibility of M¢. The invertibility of the operator matrix
Mc for given operators A € B(X) and B € B()) was considered for the first time in
[5] in the case when X and ) are separable Hilbert spaces. Since then, many papers
have considered various types of spectra of M¢ for given operators A € B(X) and
B € B(Y) and in them the following three questions repeatedly arise:

QUESTION 1. Is there an operator C € B(Y, X') such that M¢ is invertible (right
invertible, left invertible, regular, ...)?

QUESTION 2. ﬂCeB(y,X) o«(M¢) =7, where o, is any type of spectrum such as
the point, continuous, residual, defect, left, right, essential, Weyl spectrum etc.

QUESTION 3. For given operators A € B(X) and B € B()), is there an operator
C’ € B(Y, X) such that

O'*(MC/): ﬂ U*(MC)a
CeB(Y,X)

where again o, is any type of spectrum?

The set (Noep(y,x) o(Mc) is completely described in [5] but Question 3 is still
not answered. The results from [5] are generalized in [7] in the case of Banach spaces,
but Question 3 remains open. Also, in [5] and [7], necessary and sufficient conditions
for the existence of C' € B(Y, X) such that M¢ is invertible are presented, but neither
is the set of all such operators C € B(Y, X) described nor does the proof offer a clue
as to what such operators could look like. In the main result of this section, we give
necessary and sufficient conditions for the invertibility of M¢, using a method which
is much simpler than the one used in [5] and completely different than the one used
in [7]. Our method allows us to completely describe the set of all C' € B(Y, X) for
which M is invertible for given operators A € B(X) and B € B(Y), in the case when
X and Y are Banach spaces. Also, in some cases we partially answer Question 3.

We note that for a given A € B(X) and B € B()), the set of all C' € B(), X) such
that M¢ is injective, invertible, left invertible and right invertible, will be denoted by
Sp(A, B), S(A, B), Si(A, B), Sr(A, B), respectively.
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Before proving the main result, given A € B(X), B € B(Y) and C € B(),X)
we consider necessary and sufficient conditions for injectivity of the operator M¢. In
connection with this problem, let us point out that the point spectrum is considered
in [14] in the case of separable Hilbert spaces, where the set (\ocp(y, 1) op(Mc) is
described by

(| op(Mc) =0,(A)U{A€C: (B —AI) > B(A—AI)}
CeB(Y,X)

without considering the question of existence of an operator C’ € B(Y, X) such that
op(Mcr) = ﬂces(y,x) op(Mc).

The proof of the following result will allow us to describe the set of all C' € B(Y, X)
for which M¢ is injective and also to partially answer Question 3 in the case of the
point spectrum.

THEOREM 2.1. Let A € B(X) and B € B(Y) be given operators. The operator
matriz Mc is injective for C € B(Y,X) if and only if A is injective and C|y(py is
injective with range disjoint with R(A).

Proof. (=) Suppose that M¢ is injective for some C € B(Y, X'). Then for z €
N(A), we get that < g ) € N(M¢) which implies that x = 0. Hence, N'(A) = {0}.

Taking y € N (B), we get that M¢ ( 2 > = ( %y ), so N(C)NN(B) = {0}. Now,

under the assumptions N'(A4) = {0} and N(C) NN (B) = {0}, it is evident that the
following holds:

(2.1) N(Me) = {0} & CN(B)) NR(4) = {0},

"
<

3. ( i > e N(Mc),z # 0,y # 0.

(Mc) # {0}, then there are three possibilities:

1

2.

N
)ENMC x #0,
)EN ), y #0,

< O

The first case holds if and only if N(A) # {0}. The second, if and only if
N(C)NN(B) # {0}. If neither of the assumptions 1. and 2. is satisfied, by (2.1]), we
get that the third one is satisfied if and only if C(N(B)) NR(A) # {0}. O
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Evidently, in the case when X and ) are Banach spaces:

ﬂ U,,(Mc):ap(A)U{)\G(C:/ECEB(y,X), C':./\/(B—)\I)1;1>X7
CeB(Y,X)

C(N(B = M) NR(A — \I) = {0}}.

As a corollary, using Lemma 2.1 from [I1], we get the result from [I4] in the case
when X and ) are separable Hilbert spaces:

COROLLARY 2.2. [I4] For given operators A € B(X) and B € B(Y), we have

(| op(Mc) =0,(A)U{A € C: (B~ AI) > B(A— AI)}.
CeB(Y,X)

REMARK 2.3. We can partially answer Question 3 in the case of the point
spectrum.

Denote by P, the complement of the set (\oepy ) op(Mc) in C. Thus, P,
consists of all those A\ € p,(A) for which there is a C € B(Y, X) such that N (C) N
N(B —X) ={0} and C(N (B — X)) NR(A — AI) = {0}.

In Question 3, we actually seek a C’ € B(Y, X) such that N (C")NN (B—MXI) = {0}
and C"(N(B—AI))NR(A—XI) = {0} for each A € P,. If for each A € Ry = P,No,(B)
we fix a Oy € B(Y,X) with N(CX\)NN(B — M) = {0} and CAx(NM(B— X)) NR(A—
AI) = {0}, then any common extension of the restrictions C\|N'(B — AI) for X € P,
would be as required. Now, we point out in the sequel two particular cases in which
such extensions exist.

(1) The first case is when the set Rg is finite. Obviously, if Ry = @ then any
C' € B(Y,X) is a common extension. If Ry = {\1,..., A\x}, then we can take C' =

k k
ZC,\i’lTﬂT, where 7; : @N(B —NI) = N (B — \I), for 1 <i <k, are projections
i=1 j=1
k
corresponding to the given decomposition of the space P = @N (B — \;I) and
j=1

m:Y — P is an arbitrary (bounded) projection onto P. The reason there is such a
projection is because P can easily be seen to be closed by induction on k.

Note that Ry is finite in particular if A is a compact operator(Ry is finite also,
when A is a Riesz or polynomial Riesz operator). Indeed, then o(A) C 0,(A) U {0}
as is well known. So if A € P, \ {0} then A — AI is an invertible operator. Hence,
R(A — M) = X, and consequently, N'(B — AI) = {0}. This means that Ry C {0}.
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(2) When Y is a separable Hilbert space and B is a normal operator, as is well
known, all the eigenvalues of B can be arranged in a sequence (A, : n € N); and
the eigenspaces N (B — \;I) and N (B — A;I) are mutually orthogonal for ¢ # j. Let
T+ Y — N(B—X\,I) be the orthogonal projection onto the corresponding eigenspace

1
forn € N. Set D,, = T2 Cy,, for n € N. Clearly N (D,,)NN (B —AI) = {0} and
An
1
D,(N(B = XI))NR(A — X)) = {0}. From ||D,m,|| < || Dy < 3 it follows that the
o0

series Z D,,m, converges in the Banach space B(Y, X’) to its sum which we denote

n=1
by C’. Then C” is a common extension of the restrictions D, |N (B — A, I). For if we
take z € N(B — \,;) then 7, (z) = 0 for all m # n so C'(x) = Dy, m,(z) = Dy(x).

In the following theorem, we give necessary and sufficient conditions for the in-
vertibility of M, in the case when X and ) are Banach spaces. The method used
in the proof of the following result allows us to completely describe the set of all
C € B(Y,X), for which M¢ is invertible. Notice once again, that that for a given
A € B(X) and B € B(Y), the set of all C' € B(Y, X') such that M¢ is invertible will
be denoted by S(A, B).

THEOREM 2.4. Let A € B(X) and B € B(Y) be given operators. The operator
matriz Mc is invertible for some C € B(Y, X) if and only if

(i) A is left invertible,
(1) B is right invertible,
(1) N(B) =2 X/R(A).

If conditions (i) — (iii) are satisfied, the set of all C € B(Y,X) such that M¢ is
invertible is given by

S(A,B)z{CeB(y,X):Cz(C(;l 34 ) :(N?B))—)(R‘(SA) )

Cy is invertible, X = R(A) & S and Y =P EBN(B)}.

Proof. (=) Suppose that M¢ is invertible for some C' € B(Y, X). From

(2:3) MC(ég><é?><§?>

we have that B is right invertible and A is left invertible. Hence, R(A) and N(B)
are complemented subspaces of X and ), respectively.
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From invertibility of M¢, we get that there exists an operator

(Zw)(5)-(5)
2 (0 5)(2w)-(07)
(2.5) (;;)(32):(5?)

By (Z3), it follows that X = (A); ! and by XC + Y B = 0, we get that

such that

(2.6) (A);'C(B); "B = (4),'C,

for any right inverse (B), ! of B. Analogous, by (24, it follows that W = (B),"! and
by AY + CW =0, we get that

(2.7) A(A)C(B), T = C(B), ",
for any left inverse (A); ! of A. Now, by (Z8) and (Z7), we get that
(2.8) C(B);'B = A(A)IC,

for some (A); " and (B);"!. Now, we can take corresponding decompositions of X’ and
YV, X =R(A)& S and Y =P & N(B) such that

(1) () ()

5= (4 0 ) (wm )~ (wim )

Let C be given by

([ C Gy P R(A)
(e ) (wm)= (")
Using (27)), we can check that Co = 0 and C3 = 0. Now, by (24, it follows that

A(A)f1 + CZ = I, which using the above decomposition of C' gives that Cy is right
invertible. Analogous, by (Z.5) and the equation ZC + (B), !B = I, we get that Cy

and
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is left invertible. Now, from the invertibility of Cy, we have that N'(B) = X/R(A).
Furthermore, we proved that if M¢ is invertible, then there exist some decompositions
of X and Y such that C' is given by

(0 R(4) N
C( 0 C4>'<N(B)>%< S >, where Cy is invertible.

(<) From (i) and (#i), it follows that there exist closed subspaces S and P such
that X = R(4A) @ S and Y = P & N (B). Using these decompositions, we have that
A R(A P
A:( 01) :X—)( é))ande(B1 O):(N(B))%y,where
Ay and B; are invertible. By the condition (4i%), there exists an invertible operator
Cy: N(B) = S. Let C1 : P — R(A) be arbitrary. It is easy to check that

A C; 0 X R(A)
Mc = 0 0 Cy |: P — S
0 By O N(B) Yy
AT 0 —AT'ovBrt
is invertible with the inverse given by 0 0 By !
0o ¢t 0

Now, it is clear that (Z2]) holds. O

REMARK 2.5. 1. We can check that if the conditions (i) — (#i7) of Theorem 2]
hold and if we take arbitrary but fixed decompositions of X and Y, X = R(4A) & S
and ) =P & N (B), then

S(A,B):{CEB(y,X):C:(g; gi ) :(N?B))_)(R‘(SA) )

(2.9)
Cy is invertible} .

To prove that, let denote by S1(A, B) the right side of 29). For C € Si(A, B), it is
easy to check that M is invertible and in that case the inverse is given by

AT —ATTCLOp —ATHCL - CCMCs) Bt

1 0 0 0
0 (Cy)t —Cy O3Byt

Hence, S1(A,B) C S(A,B). If C € S

(A, B)
of X and ), we get that A = (/(1)1) X — (RESA))andBZ(B1 0) :

, then using the given decompositions



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 530-549, September 2015

538 D.S. Cvetkovié-Ili¢

( N/(PB) ) — Y, where A; and B; are invertible. In that case, any right inverse of

—1

B and any left inverse of A are given by (B), ! = ( B% > Y = ( ./\/'/(PB) > and
1 1 R(A) .

(A, =(A1" R): S — X, for some operators T and R. Using (24) and

(Z3), we get that

Z =(I—(B),'B)Z(I - A(A)[ ),
AA) ' +CZ =1, (2.10)
ZC+ (B);'B=1.

Now if we suppose that

([ C Gy P R(A)
(e a) (i ) (5")
by (ZI0), we get that Cy is invertible, which means that C € S1(A, B). Hence, (Z9)
holds.

2. As in [7], we get that

(| o(Mc)=01(A)Uo,(B)U{A € C: N (B~ AI) = X/R(A - AI)}
CeB(Y,X)

but using (Z2]), we can partially answer Question 3. For arbitrary C' € B(Y, X), it
is evident that (Noepy, ) o(Mc) € (M) while the reverse inclusion holds if and
only if for every A € P = pj(A) Np.(B)N{\ € C: N (B — M) = Y/R(A — AI)} the
operator C’ belongs to S(A — AI, B — AI). In other words, there exists C' € B(), X)
such that

(2.11) o(Mc)= () o(Mc)
CeB(Y,X)

if and only if

() S(A= X, B =) #0.

AEP

In the case of separable Hilbert spaces, P = p;(A) Np.(B)N{A € C: a(B — \I) =
B(A — AI)}. In particular if A is a compact (Riesz and polynomial Riesz) operator
on a Banach space, then P = p(A) N p(B), so it is evident, that C’ can be arbitrary
operator from B(), X). Analogous as in Remark [Z3] (2), we can find an operator C’
which satisfies (ZI1]), in the case when B is normal and ) is separable Hilbert space.
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In the following theorem, we consider the right invertibility of Mc.

THEOREM 2.6. Let A € B(X) and B € B(Y) be given operators. The operator
matriz Mc is right invertible for C € B(Y,X) if and only if

(1) B is right invertible,
(i) ( A CPun(py ) is right invertible.

Proof. There is a C € B(), X) such that the operator M¢ is right invertible if
and only if there exist appropriate operators X, Y, Z, W, T such that

(0 5) (2 w)-(5 1)

i.e., if and only if the following system is solvable:

AX+CZ =1
BZ =0 (2.12)
BW =1.

Evidently, [2I2) is solvable if and only if B is right invertible and the equation
AX+CPypyQ = I is solvable for some Q € B()) (the last condition being equivalent
to the right invertibility of ( A CPy(p) )). O

REMARK 2.7. From Theorem [2.6] we can conclude that the right invertibility of
M is equivalent to the right invertibility of B and the solvability of the equation

(2.13) AX + CPy(sQ =1

for some @ € B(Y).

If we impose the additional condition of the regularity of A € B(X'), we have the
following result:

THEOREM 2.8. Let A € B(X) and B € B(Y) be given operators. If A is regular,
then the operator matrix M¢ is right invertible for some C € B(Y, X) if and only if

(1) B is right invertible,
(it) X/R(A) = N(B).

If conditions (i) — (i) are satisfied, the set of all C € B(Y,X) such that M¢ is
right invertible is described by
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ST(A,B){CEB(JJ,X):C ( g; gi > :(N?B) > — < RfsA) >

(2.14)
Cy is right invertible},

where X = R(A) & S and Y =P & N (B).

Proof. (=) From Remark 27 we get that the right invertibility of M¢ is equiv-
alent to the right invertibility of B € B()) and the solvability of the equation (ZI3)).
Let X and Y be any solutions of (2I3). Since A is regular, we have that

em (D) () (%)

where A; € B(T,R(A)) is invertible and X = T @ N(A) = R(4) & S. Also,

(2.16) B=( B 0):<N/é))%y,

where By € B(M,)) is invertible and Y = M & N (B). Suppose that
(X1 X2\ [ R(A T
X<X3 X4>'< S >%<N(A)>’
(Y Y\ [ RA) M
() () (i)

[ C Co M R(A)
(e o) (wm )2 (5"
We have that (2I3) is equivalent to

AL 0 ( X X\ (G G 0 0 Yi 2\ _ (I 0
0 0)\ X3 X4 Cs Cy 0o 1)\vs va) o 1)

ie.,

and

(217) A1 X1+ 0Y3 = 1, A1 Xy +COYY, = 0, CiY3=0, C,Yys=1.

Evidently, (ZI3)) is solvable if and only if Cy is right invertible. Hence, X'/R(A) <
N (B).
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| ) . (0 0\ [ M
(<) If (i) and (i7) are satisfied, we can take C' = ( 0 ) ' ( N(B) ) -

( R‘(S,A) ), where CYy is right invertible. It is evident that the right inverse of M¢ is

given by
At 0 0 T
0 0 0 . RéA) L v
0 0 Bt | v M
0 (Cyyt 0 N(B)

To prove that the set of all C' € B(),X) such that M¢ is right invertible is

described by (2.I4), it is enough to note that if C' = ( g; gj ) : ( N/E/IB) ) -

( R((S‘A) ) for decompositions X = R(A) ® § and Y = M @® N(B), then we have

that A and B are given by (ZI5) and (Z.I6]), respectively, and in that case, a right
inverse of M¢ is given by

ATH —ATICo(Co) 't —ATH(CIBT! = Co(Ca); YO BT

_ 0 0 0
2.1 M)t = .0
(2.18) (Mc), 0 0 B!
0 (Ca); —(Ca); ' CsBr !

REMARK 2.9. The condition (ii) of Theorem 2.6 in the case when X and Y
are Hilbert spaces is equivalent to the condition R(A) + R(CPy(py) = X. In the
case, when X and ) are separable Hilbert spaces, the condition (i) of Theorem
is equivalent to a(B) < B(A).

Similarly, we can consider the left invertibility of M¢:

THEOREM 2.10. Let A € B(X) and B € B(Y) be given operators. The operator
matriz Mc is left invertible for C € B(Y, X) if and only if
(1) A is left invertible,

(i) ( (- Pg(A))C ) is left invertible.

With the additional assumption of the regularity of B, we have the following:

THEOREM 2.11. Let A € B(X) and B € B(Y) be given operators such that B is
regular. The operator matrix Mc is left invertible for some C € B(Y, X) if and only

if

(i) A is left invertible,
(i) N(B) = X/R(A).
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If the conditions (i) — (ii) are satisfied, the set of all C € B(Y,X) such that M¢
is Tight invertible is described by

Sl(A,B):{CeB(y,X): C- ( g; gi ) :(/\/7()3) ) N ( RESA) )

Cy is left invertz’ble}.

where X = R(A) &S and Y =P & N(B).

In the case when X and ) are separable Hilbert spaces, the condition (ii) of
Theorem [ZTT]is equivalent to a(B) < B(A).

REMARK 2.12. Analogous as in the case of the point spectrum, when X and )
are Hilbert spaces, we can answer Question 3 in the case of right (left) spectrum and
find such operator C’ in the following cases: when A is compact or Riesz or polynomial
Riesz operator; when B is a normal operator; when the set P. = py(B)N{X € C :
0<BA-XN)<aB-A)} (P=p(A)N{AeC:0<a(B-A)<B(A=X)})is
finite.

3. Regularity of M. In this section, we will consider the regularity of an

operator matrix
A C
M~ =
C ( 0 B >7

where A € B(X) and B € B()) are given. We will completely describe the set of
all C € B(Y, X) such that M¢ is regular. Furthermore, we will give a necessary and
sufficient condition under which M¢ is regular and has an inner inverse of the form

AL x
( v a2 ), where A12) € A{1,2}, B1?) ¢ B{1,2} and one of the operators
X eB(Y,X)and Y € B(X,)) is zero.

In the next theorem, we present a necessary and sufficient condition under which
My is regular for a given A € B(X') and B € B()). Using its proof, we can completely
describe the set Mc{1}.

THEOREM 3.1. Let A € B(X) and B € B(Y) be relatively regular. The operator
matriz Mc is relatively regular if and only if (I — AAW)C(I — BMB) is regular, for
some A € A{1} and B™Y € B{1}.

Proof. Since A € B(X) and B € B(Y) are relatively regular, it follows that X
and ) have the following decompositions

X=TaNA=RA &S, Y=PaN(B)=R(DB)® 9,
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and consequently, that A and B are given by

(8 ()= ()
(% 8): () ()

where Ay : T — R(A) and By : P — R(B) are invertible. There exist A1) € A{1}

and BY € B{1} such that AAY) = Pr4y s, AVA = Pr x4y, BBY = Prp o
and BM B = Pp y(p). Let C be given by

C1 Oy P R(A)
3.1 C= : —
1) (o o) (wtm ) = (5
and suppose that M is relatively regular. In that case, there exists an operator

(0 G-
oo ()7 w)(0 ) (0 %)

which is equivalent to the following system of the equations:

and

AXA+CZA= A,
BZC + BWB = B,

(3.3)
BZA =0,
AXC+CZC+AYB+CWB=C.
Suppose that X,Y, Z and W are given by
(X1 X2\ [ RA T
(% &) ()= ()
_( Y Y2\ (R(B) T
=y v ) (%) (i )
(3.4) We
Z<Zl Z2> <R(A)>%< P )
S\ Zs Z, N(B) )’

get that the third equation of (B3)), BZA = 0, is equivalent with B1Z1A4; = 0, i.e.,
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Z1 = 0. Now, using that Z; = 0, the first equation of B3] is equivalent with

X, = A7 — 0y Z3),

(3.5) while
CyZs =0,

the second one holds if and only if

Wy = (I — Z,C3)By*,

(3.6) Now,
Z3Cy = 0.

the last equation of [B3) is equivalent with

A1 X5C3 4+ CoZ4Cs + A1Y1B) + CoW3By + C =0,
A1 XoCy + CyZ4Cy =0,

CyZ4,Cs+ CyW3B1 =0

C1Z4,Cy = Cy.

(3.7)

From the last equation of (1), we conclude that Cy must be relatively regular.
So, we get that the regularity of (I — AAM)C(I — BYB) is a necessary condition
for the regularity of Mc. On the other hand, if C, is relatively regular, taking
Zy=CW, 2, =0,2, =0, Zs = 0, X, = A7Y(I — CaZ3), X5 = —A7'CL,CY,
Y1 = —A7HC1 + A1 XoCs 4 Oy Z4Cs + CoWsBy)By Y, Wy = (I — ZyC3)Byt, Wi =
fC’il)C’ngl, where X3, X4, Ys,Y5,Yy, Zo, Z3, Wy, Wy are arbitrary, using (3.5), (B.6])
and () we can easily check that [B2]) holds. Thus, M¢ is relatively regular. O

REMARK 3.2. (1) Using the previous theorem, we can completely describe the

set Mc{1} in the case when M¢ is regular. So, ( )Z( ;T// ) : < ;( ) — < ;( > €

Mc{1} if and only if XY, Z, W are given by

v ( ATNI = CoZs) —ATLC,080 + M(I - cycY) ) . ( R(A) ) . ( T

*s X4 S N(A)
()= ()
z<203 CZ§)>:<R<(S‘A)>%<N7(DB)>’ (3.8)

B (I — Z,C3)B; " W2\ [ R(B) P
W= ( —cMesBr (1 - VoS wy ) ' ( Q > - ( N(B) )

where Zy = E(I — C4C\V), Zs = (I — C\VC)F, N = C1 + A1 X205 + CoZ4C +
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C5W3B; and the others operators which appear are arbitrary.
(2) Evidently, Theorem B.I]is a generalization of Theorem 2.1 [G].

In the following theorem, we present a necessary and sufficient condition under
AL x
v B0.2) ), where
A2 e A{1,2}, B2 € B{1,2} and one of the operators X € B(),X) and Y €
B(X,)) is zero with the assumption that the operator C' has the matrix representation
from the proof of Theorem 311

which M¢ is regular and has an inner inverse of the form (

THEOREM 3.3. Let A € B(X) and B € B(Y) be relatively regular. For C' €
B(Y,X), the operator matrix Mc is relatively reqular with an inner inverse of the

A2 x
form ( v B512) > where AM2) ¢ A{1,2}, BM2) € B{1,2} and one of the

operators X € B(Y,X) and Y € B(X,)) is zero, if and only if C satisfies one of the
following conditions:

(1) CN(B)) S R(4),

(2) Cy is regular, C1Cy Cy =0, C3Cy C1 =0, C3C] Cy = —Cl,

where Cy; = (I — AAONC(I — BM2B), Oy = (I — AAG2)CBI2B, €3 =
AARDC(I — BYAB), Oy = AAM2DOBYADB and Cf € C1{1}.

Proof. The fact that for some C' € B(Y, X) the operator matrix M¢ is relatively

A2 x
v g2 ), for X € B(Y,X) and
Y € B(X,)) , is equivalent with the fact that the following system of the equations

is solvable:

regular with an inner inverse of the form <

CYA=0,
AAUDC 4 OYC + AXB+CBM2B = ¢, (3.9)
BYA =0,
BYC = 0.

Since we have an additional condition that one of the operators X and Y is equal to
zero, we will consider two cases.

First, we will consider the case when Y = 0. Then the system (B.3)) is equivalent
to:

AADC + AXB+ CBM?B = C. (3.10)

Hence, for a given C € B(Y, X) the operator M¢ is regular and has an inner inverse
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A1,2) X

of the form ( 0 B2

), if and only if the following equation is solvable:

(3.11) AXB =C — AAM2C — B2 B,

This in turn holds if and only if (I — AAM2)C(I — B2 B) = 0, which is equivalent
with the fact that C(N(B)) C R(A).

In the case when X = 0, the system (B) is equivalent to:

CYA =0,
AAYDC ocye +CcBYYB =,

(3.12)
BY A =0,
BYC =0,

Now, it is clear that Mc will be relatively regular with an inner inverse of the form
AL2) 0

( y B2

ability of the system (B.12).

) ), for each C' € B(), X) which satisfies the conditions for the solv-

Suppose that such C' exists. Then C and Y can be represented by

o o=(88) (80, )- ().
pan  vo (B (ML),

for some operators C; and Y;, i = 1,4. Since the equation BY A = 0 is equivalent
with the equation B2 BY AA(1:2) = 0 and since

e < 8 ? > : < Ng;}j;)) > N ( Ngz’;)) ),
BB — ( 8 3 > : ( Rj(\gf,l)) ) - < Rj(\;((?l)) ),

we conclude that Y, = 0. Now, CY A = 0 is equivalent with C1Y5 = 0 and C3Y =0,
while BY C' = 0 is equivalent with Y3C7 = 0 and Y3C5 = 0. Now, we are looking for
the conditions under which the second equation of the system (B3.12) is satisfied. The
same computations as above show that the second equation of the system (BI2) is
satisfied for some operators C' and Y given by (8I3) if and only if operators C; and
Y, satisfy the following system:

01Y101 = Cl, 01Y102 = 07 03Y101 = 0, C3Y102 = —04. (315)
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From the first equation of the system (BIH), it follows that C; must be relatively
regular and that Y7 is an inner inverse of C;. Now, by [BI3) we get that (BI5) is
equivalent to (¢3). O

REMARK 3.4. (1) Theorem is a special case of Theorem B] so each of the
conditions (1) and (2) of Theorem implies the regularity of (I — AAM)C(I —
BWB), for some A € A{1} and BM) € B{1}. That this is true for the condition
(2) is evident. For the condition (1) this follows from the fact that it is equivalent
with the fact that (I — AAM)C(I — BYB) = 0.

(2) Obviously, (312) can be written as

B 0 0
1 Y(A = .
(3.16) ( C ) (4 ¢) < 0 C—AA0C - CBUYR )
Now, it is clear that M¢ will be relatively regular with an inner inverse of the form
(1,2)
( AY B(?Q) >, for each C' € B(), X) which satisfies the conditions for the solv-

ability of the equation (BI0]). Hence, (i%) is equivalent to

(2)(2) (8 7)a eriaer=(3 )

where T = C — AA2C — ¢BY?) B. Using ([B.16), we can describe all such Y.

(3) It is interesting to note that by Theorem B3] we have that for any relatively
regular operator C' € B(), X) which satisfies C(I — Py (p)) = 0 and Pr4)C =0, for
some projections Pyr(py and Pr(4), the matrix operator Mc¢ is relatively regular with
AL2) 0 )

an inner inverse of the form < v BO2)

In the special case when X and ) are separable Hilbert spaces, we state the
following result concerning the regularity and the form of the Moore-Penrose inverse
of Mc.

THEOREM 3.5. Let A € B(X) and B € B(Y) be relatively regular. For C €
B(Y,X), the operator matriz M¢ is relatively reqular with the Moore-Penrose of the

At X
form ( v gt ), where one of the operators X € B(Y,X) andY € B(X,)Y) is zero

if and only if C' satisfies one of the following conditions:

(1) R(C*) € R(BY), R(C) € R(A),
(2) C is relatively regular, R(C) C N(A*), R(B*) C N(C).

Furthermore, in the case when X =0, the operator Y must be equal to CT.
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Proof. First, if one of the conditions (1) — (2) is satisfied then by Theorem
and Remark [Z.5] it follows that M¢ is relatively regular, which is equivalent with the
existence of the Moore-Penrose inverse. Now, we will show that the Moore-Penrose
inverse of M¢ has the mentioned form if and only if one of the conditions (1) — (2) is
satisfied.

First, suppose that for some C € B(Y, X)), there exist X such that the operator
A X

Bt
equations, this is equivalent with the fact that the following system of the equations

matrix Mc has the Moore-Penrose of the form ( ) By the four Penrose

is solvable:

AX 4+ CB' =0,
AtTC+XB=0,

AATC + AXB+ CB'B =0,
ATAX + ATCB" + XBB' = X.

(3.17)

We can check that the system (@3I7) has a solution X if and only if BfBC* = C*
and AATC = C which is equivalent with R(C*) C R(B*), R(C) C R(A).

On the other hand, the fact that for some C € B(Y, X), there exist Y such that
A0
the operator matrix M has the Moore-Penrose inverse of the form ( v gt ) is

equivalent with the fact that the following system of the equations is solvable:

(CB")* = BY, CY = (CY)*,YC = (YCO)*,
(ATC)* =Y A, CYA=0, BYC =0, ATCB' =0,
AATC +CYC+ CB'B =C,

YAA' +YCY + B'BY =Y.

(3.18)

Suppose that there exists Y which satisfies (3.I8). Then, using that (CBT)* =
BY, we get that BY C' = 0 is equivalent with C Bt = 0 which implies that B BY = 0.
Similarly, using that (ATC)* = Y A, we get that CY A = 0 is equivalent with ATC =0
which implies that Y AAT = 0. Now, the system (Z.I8) has the form:

BY =0, CY = (CY)*,YC = (YO)*,
YA=0, AfC =0, CB' =0,

CYC = C,

YCY =Y.

(3.19)

It is clear that C' must be relatively regular and that ATC' = 0 and CBf = 0. Fur-
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thermore, by ([3.I9) we get that Y = CT. [0
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