Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 478-493, September 2015

CONJUGACY CLASSES OF TORSION IN GLy(Z)*

QINGJIE YANGH

Abstract. The problem of integral similarity of block-triangular matrices over the ring of
integers is connected to that of finding representatives of the classes of an equivalence relation on
general integer matrices. A complete list of representatives of conjugacy classes of torsion in the
4 X 4 general linear group over ring of integers is given. There are 45 distinct such classes and each
torsion element has order of 1, 2,3,4,5,6,8,10 or 12.
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1. Introduction. The problem that we consider in this paper is the determi-
nation of the conjugacy classes of torsion matrices in the n x n general linear group
over Z, the ring of integers.

Let My xm(Z) be the set of nxm matrices over Z. For a matrix A € M, xm(Z),
the transpose of A is denoted by AT. When n = m we simply denote M, x.,(Z) by
M, (Z). Let I, be the identity matrix in M, (Z).

A unimodular matrix of size m is an n X n integer matrix having determinant
+1 or —1. The general linear group of size n over Z, denoted by GL,,(Z), is the set
of unimodular matrices in M, (Z) together with the operation of ordinary matrix
multiplication. That is,

GL,(Z) = {A € M,(Z)||A| = £1},

where |A| is the determinant of A. An element T of GL,(Z) is a torsion element if
it has finite order, i.e., if there is a positive integer m such that A™ = I. A d-torsion
element is a torsion element that has order d.

Two matrices A, B of M, (Z) are conjugates or integrally similar, denoted by
A ~ B, if there is a matrix @ € GL,,(Z) such that B = Q~1AQ.

Finding finite groups or torsion of integral matrices up to conjugation has a long
history, see [5].
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Given a matrix A € M, (Z), we denote the characteristic polynomial of A by
fa(@) = lal — Al.

If Ae GL,(Z), then f,(x) is a monic polynomial with constant term f(0) = £1.

Let f(z) = 2" + ap_12" "' + -+ + a17 + ag € Z[z], the polynomial ring over Z,
with f(0) = 1. The set of all integral matrices with characteristic polynomial f(z)
is denoted by My. That is,

My ={A € GLn(2) | f(x) = f(2)}.

Let My be the set of all conjugacy classes of matrices in M. The size of My is
denoted by |M].

The matrix C given by

0 0 0 —ap

1 0 0 —ai
Cy = 0 1 0 —as

00 -+ 1 —ap_1

is known as the companion matrix of f(z) = z™ + Ap_12™" 1+ -+ az +ap. It is
known that Cy € My, and thus, My # 0.

For any A € GL,(Z), we use C(A) to denote its centralizer in GL,(Z). If A is
similar to the companion matrix of a polynomial over Z, then its centralizer is

C(A) ={9(A) € GL,(Z) | g(x) € Z[z] is of degree less than n}.

For A € My xm(Z) and B € Myyx+(Z), the direct sum of A and B is

aspoft 0

A 0
:| € M(n+s)><(m+t) (Z)

Obviously, A@® B is a unimodular matrix if and only if both A and B are unimodular
matrices.

A matrix A € GL,(Z) is decomposable if it is conjugate to a direct sum of two
matrices which have smaller sizes; otherwise, A is said to be indecomposable.

The characteristic polynomial of a decomposable matrix is reducible over Z, but
the converse is not true.
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In this paper, we mainly consider the integral similarity problem for upper block-
triangular matrices of the form

A X
1.1
(1) L
where A, B are unimodular matrices with coprime minimal polynomials. Our results
are based on the following lemmas. We state them without proof.

LEMMA 1.1. Fach A in M,(Z) is integrally similar to a block-triangular matriz

A A - Air
0 Ay -+ Ay
0 0 - A,

where the characteristic polynomial of Ay is irreducible, 1 < i < r. The block-
triangularization can be attained with the diagonal blocks in any prescribed order.

See [6l 9] for a proof.

LEMMA 1.2. Let A € GL,(Z) have irreducible minimal polynomial p(x) with
|[IMp| =1. Then A is integrally similar to

Co®Cp@ & Cp,

where C, is the companion matriz of p(x). That is |Mx| = 1.

See also [6].
Consider two monic polynomials
flx)=a2"4+apn 12" " +---4+ap and g(x) = 2™ +bp_12™ 4+ + by

in Z[x]. Recall that the resultant of f(z) and g(x) is the determinant

1 ap—1 . . . ap 0
1 An—1 - . . a 0 m TOWS
o 0 1 QAp—1 ap
Rif =1y . by 0
0 1 b1 bo 0 n rows
0 1 bm—l bO
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It is known that f(z) and g(x) are coprime if and only if R(f,g) # 0.

The following theorem, which is a corollary of Lemma [B.1] gives a sufficient con-
dition for decomposability.

THEOREM 1.3. Let A € M,(Z) with its characteristic polynomial a product of
two coprime polynomials whose resultant is £1. Then A is decomposable.

To explain our results, we need to develop some notation. For any A € GL,(Z),

A A
we use AT, A~ to denote the block matrices [0 ﬂ, [0 GJ respectively, where

e=(1,0,...,0)T € M, x1(Z). Clearly, AT, A= € GL,4+1(Z). Also, we let C,, denote
the companion matrix of ®,,(z), the nth cyclotomic polynomial of degree ¢(n), where
 is the Euler’s totient function.

Our results are given in following theorems. We will prove them in Section Bl

THEOREM 1.4. Letn>1and A= C,@C,&---®C,, the direct sum of s-copies
of Cyn. Let

A X

M:
{0 I

] , where X € Myy(n)xm(Z).

1. If n = pk, where p is a prime number and k > 1, then

(1.2) M~Cle---aCraC,® & Cp, &Ly,

t s—t

where the number t of C,I satisfies 0 <t < min(s,m) and is uniquely deter-
mined by M.

2. If n is not a power of a prime, then M ~ A& I,,.

The special case n = 2 was established by Hua and Reiner, [4]. Similarly, we have
the following.

THEOREM 1.5. Letn >2 and A= C,@C,®---®C,, the direct sum of s-copies
of Cy. Let

A X

M =
{0 —In

] , where X € Myy(n)xm(Z).

1. If n = 2p*, where p is a prime and k > 1, then

M~C,® - dC, ®C, D - BCLD(—Ln-1),

t s—t
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where the number t of C, satisfies 0 <t < min(s,m) and is uniquely deter-
mined by M.

2. Ifn # 2p%, then M ~ A® (—1I,).

A complete conjugacy list of torsion in GLs(Z) is already known.

LEMMA 1.6. All torsion in GL2(Z) up to conjugation are given in the following
table together with the centralizers and minimal polynomials of the conjugacy class
representatives

order | A C(A4) m, (z)
1 I GL,(Z) ®y(z) = (z—1)
2 K +1,+K (z—1)(x+1)
U +1,+U (z—1)(x+1)
3 W | 2L AW, 2T+ W) | &3(x) =2® + 2 +1
4 J +I,+J Oy(x) =22 +1
6 —W | £L AW, (I + W) | Og(z) =2% —z+1

1 0 1 0 1 1 0 -1
where[[ ],K[O 1],U{0 1],WC’3L 1],]04

For a proof, see [§].

Although the maximal finite subgroups of GL4(Z) up to conjugation have been
determined by Dade [I], a complete set of non-conjugate classes of torsion in GL4(Z)
is of value. We have solved the closely related problem of classifying the conjugacy
classes of elements of finite order in the 4 x 4 symplectic group over Z, see [12].

If A is a d-torsion element in GL4(Z), then its minimal polynomial m , (x) is a
factor of ¢ — 1, i.e., m,(x) is a product of cyclotomic polynomials. It is easy to
check that any torsion element A in GL4(Z) has order 1, 2, 3, 4, 5, 6, 8, 10 or 12.
Note that ¢(5) = ¢(8) = ¢(10) = ¢(12) = 4 and then ®,(z) is a quartic polynomial
for n = 5,8,10 or 12. According to Latimer, MacDuffee and Taussky [11], if the
characteristic polynomial of A is ®5(x), ®g(x), P19(x) or ®12(x), then A is conjugate
to C5, Cs, C1g or Cia respectively since Q((,,), where (,, is a primitive mth root of
unity, has class number one for all positive integers m less than 12. We reduce the
problem to the case that the characteristic polynomial of A is reducible. The cases
where m , () is an irreducible quadratic polynomial, that is m , (z) = ®,(z), n = 3,4
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or 6, can be solved by Lemma and Lemma Furthermore, the case where
A% = I was solved in complete generality by Hua and Reiner [4]. We only need to
consider the cases where m , () is one of the following: (z2+1)(z—1), (22 +1)(x+1),
(2 L+ (x—1), (@ +tz+1)(z+1), @£z +1)(2®+1), (@2 +r+1)(2® -2 +1),
(22 — 1)(2® + 1) and (22 — 1)(2% & 2 + 1). As a consequence, by Lemma [[LI) A is
integrally similar to a block upper triangular matrix with different diagonal 2 x 2
blocks chosen from Lemma By applying Theorem [[.4] or Theorem [[LAl we can
solve the problem for the first four cases where one and only one of £1 is an eigenvalue.
The case where m , (z) = (22 £ 2 + 1)(2% + 1) can be solved by Theorem For the
remaining three cases, we have the following result.

THEOREM 1.7. All elements in GL4(Z) with some given reducible characteristic
polynomials f(x) up to conjugation are listed below:

1. When f(z) = (2® — 1)(2® + Az + 1), where X\ = £1,

o=y w oo wl oo wlofo wl
2. When f(z) = (22 — 1)(2? + 1),
S B T A 1 e B P )
3. When f(z) = (2 +z+1)(2? —z+1),

S (A )3

1 0
here B = .
where L) 0}

To prove our results we need to develop some new tools. The idea we use in
this paper comes from Roth’s Theorem [10]. For a general form of Roth’s Theorem,
see [2] or [3]. We shall generalize Roth’s Theorem to the integral similarity problem
for upper block-triangular matrices of the form (L)) with the diagonal blocks have
coprime characteristic polynomials. In Section 2] we shall study (A, B)-equivalence in
M, 5m(Z). Then we transform our similarity problem to the problem finding (A, B)-
equivalent classes and prove our results in Section[Bl We use the program Mathematica
to calculate some of results in this paper.

2. (A, B)-equivalence. Let A € GL,(Z), B € GL,,(Z) and suppose that their
respective characteristic polynomials f(x) and g(x) are coprime. We define a linear
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transformation ¢ on M, «m(Z) by
¥ Mysm(Z) = Maxm(Z), T+ AT —TB.
Since f(z), g(z) are coprime, ¥ is injective. Let (A, B) be the image of v, that is
(A,B) ={AT —TB|T € Mn,xm(Z)}.

By choosing a suitable basis, the matrix of 1 is A ® I,, — I, ® BT, where ® is the
Kronecker product of matrices. Then the determinant of v is equal to R(f,g), the
resultant of f(r) and g(x). Let r = |R(f,g)|, the absolute value of R(f,g). The
quotient module M,,«.(Z)/(A, B), called the cokernel of 1) and denoted by coker ),
is of order r. Let X € Mpxm(Z). Then an equivalent condition for X € (A, B) is
that the Sylvester equation

(2.1) AT —TB =X

has a unique integral solution for matrix T". Clearly, if X = 0 (mod r), then X €
(4, B).

LEMMA 2.1. Let Cy be the companion matriz of f(z) of degree n and o €
My x1(Z) be an integral column vector. Then o € (Cy,I1) if and only if the integer
number f(1) divides £(«), the sum of components of .

Proof. Let f(x) = 2" + ap—12" 1 + -+ + a12 + a9 and o = (c1,¢a,...,¢,)T. In
this case,

(Cp, ) ={(Cy — DX | X = (21,29, -, 7n)" € Myy1(Z)}.

So, a € (Cy, I) if and only if the system of linear equations

—T1 —apTn = C1
T1 — T2 —a1Tp = C2
o — T3 —agxy — C3

Tn-1 _(1 + an—l)xn =Cn

has an integral solution. This system is equivalent to the following system,

—x1 —apTp = C1
—T2 —(ap+ a1)xy, =c1+ c2
—Tn—1 —(ap+ar+ - +an1)rp=c1+ca+-+cpa

—(I+ap+ar+-+ap1+ap)rn=cr+cot-+cp1+tcy
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which has an integer solution for x1, zs, ..., x, if and only if

f)y=0+ap+ar+ - +an—1+an)lci+ca+- 4 cno1+cn) =£a).
Thus, a € (Cf, I) if and only if f(1) divides £(c). O

Similarly, a € (Cy, —1I4) if and only if f(—1) divides ¢; —c2 + -+ (=1)" "¢,
the alternating sum of components of «.

We now define an equivalence relation on My, xm (Z).

DEFINITION 2.2. Let X,Y € M,xm(Z) be any two matrices. X and Y are
said to be (A, B)-equivalent, denoted by X = Y (mod A,B) or X =2 Y for short,
if there exist P € C(A) and Q € C(B) such that XQ — PY € (A, B). The set of
(A, B)-equivalent classes is denoted by S(A4, B).

It is obvious that if X —Y € (A4, B), then X 2Y (mod A, B). But the converse
is not necessarily true.

LEMMA 2.3. Let X,Y € Mypxm(Z). Then

1. X 2Y (mod A, B) if and only if X — PY Q™! € (A, B) for some P € C(A),
Q € C(B);

2. X = PXQ (mod A, B), where P € C(A) and Q € C(B). In particular,
X = _X;

3. If X =Y (mod r), then X =Y (mod A, B), where r = |R(f, g)|.

Proof. By definition, X 2 Y if and only if there exist P € C(A) and Q € C(B)
such that
(2.2) XQ— PY = AT —TB

for some T € Myxm(Z). Since @ commutes B, so does @', and then (Z2) is
equivalent to

X-PYQ'=A(TQ ") —(TQ™")B.
Therefore, Part 1 is true.
Part 2 is obtained by PXQ — (PXQ) =0, and (—1I,) € C(A).
Part 3 is true since X —Y € (A, B), whenever X =Y (mod r). O
Suppose that the cokernel of 1 has a set of representative

cokeryp = {S1,S2,...,5 | Si € Mpxm(Z)},
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where S; = S; + (A, B),i=1,...,r, are all cosets of (A, B) in M,,«,,(Z). We define
a group action of C(A) x C'(B) on coker given by

PS,Q="PSQ
for any (P, Q) € C(A) x C(B). The action is well defined since P{A, B) = (A, B) =
(A, B)Q. The set of orbits is denoted by coker/C(A) x C(B).

LEMMA 2.4. Let X,Y € Myuxm(Z). Then a necessary and sufficient condition
for X =Y is that X and Y are in the same orbit of the action. That is

S(A, B) = cokerp/C(A) x C(B).

Proof. Note that X = Y if and only if X — PYQ € (A, B) for some (P,Q) €
C(A) x C(B), which is equivalent to X = PY Q. Therefore, X 2 Y if and only if X
and Y are in the same orbit. O

From Lemma 24 when r = 1, |S(A, B)|, the class number of (A, B)-equivalence,
is equal to 1. If » > 1, then 1 < |S(A, B)| < r, because (A, B) is a fixed point for all
elements in C(A) x C(B). In particular, if r =2, |S(A4, B)| = 2.

Let M = A®A®D- - -® A be the direct sum of s-copies of A, and N = B&B®---®B
be the direct sum of ¢-copies of B. Let

X1 X2 o0 Xy
X21 X22 e X2t

X = . . . € Msnxtm(Z)v
Xsl X52 o Xst

where X;; € My xm. Then we have the following.

LEMMA 2.5. X € (M,N) if and only if X;; € (A,B), fori =1,...,8j =

1,...,t

It is also easy to prove that the following block row/column elementary operations
on X preserve the equivalence:

1. Row/column switching
R; <+ R;: switch the i-th row blocks and the j-th row blocks;
C; < Cj: switch the i-th column blocks and the j-th column blocks.
2. Row/column multiplication
R; — PR;: left-multiply the i-th row blocks by P, where P € C'(A);
C; — C;Q: right-multiply the é-th column blocks by Q, where Q € C(B).
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3. Row/column addition
R; — R;+ PR;: add the j-th row blocks left-multiplied by P to the i-th row;
C; = C;+C;Q: add the j-th column blocks right-multiplied by @ to the i-th
column, where P € M,,(Z) commutes A, and Q € M,,(Z) commutes B.

3. Proofs. Before the proof, we need to give a connection of (A, B)-equivalence
with integral similarity of matrices of the form (ITJ).

LEMMA 3.1. Let A € My(Z), B € My,(Z) and suppose that they have co-
A X} [A Y

0 B 0 B] if and only if X 2Y

prime characteristic polynomials. Then [

(mod A, B).

0 B 0 B

Proof. First suppose that
g PP [ Q21 Q22

AX} {AY

] . There is Q = [QH Q12] €

GLy,+m(Z) such that

L - sl

0 B |[Q2a Q2 Qa1 Q2] |0 B
We get that
(3.1) AQ1 + X Q21 = Q114,
(3.2) AQi2 + X Q22 = Q1Y + Q12B,
(3.3) BQ21 = @214,
(3.4) BQa2 = Q21Y + Q22B.

By hypothesis, B3] implies Q21 = 0. Then Q = [QOH 812
22

that Q11 € C(A4) and Q22 € C(B). Thus, (32) means X =Y.

}, and @), BF) say

Conversely, if X =Y by some (P,Q) € C(A) x C(B) and T € My, xm(Z), then

4 X 4 Y via the similarit po-T |
o B| o B Yo @

According to Lemma 3], integral similarity problem for block-triangular matrices
of the form (L) can be transformed to the problem of finding (A, B)-equivalent
classes.

Now we can prove our theorems.

Proof of Theorem[L4l For any matrix X € M, n)xm(Z), we write X as a block
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matrix
Q11 Q12 o Ol
Qg1 Q22 - Qiom
X = ,
(6731 Qg2 T Qsm,

where a;;j € Mynyx1(Z). Then by Lemma 25 X € (A, I,) if and only if ay; €
(Cy, I), which is equivalent to that ®,(1) is a factor of ¢(e;;) by Lemma 2] for all
«;;. Note that for n > 2, see [1],

k .
p, n=p" pprime, k>1
3.5 P,(1) =
(8:5) n(1) { 1, otherwise.
Case 1. n = p* is a power of prime p, then ®,,(1) = p.

We first show that S(Cy, 1) = {0,€}. For any a € My (n)x1(Z), let b = {(c).
o —be) =Ll(a) —bl(e)=b—b-1=0.

So, @ = be (mod C,,,I1). We only need to show be = e (mod C,,, I) provided p { b.
Without loss of generality, we assume 0 < b < p—1. Let P = [+ C,,+C?+...+C~ 1.
Then P(I — C,,) = I — C?%, and thus, the determinant of P satisfies

|PIIL—Cul =11 - Cyl.
Since (b,p) =1, C,, and C? have the same characteristic polynomial ®,,(z). So,
11— Cy|=|I-Ch| =o,(1) =p.

Therefore, |[P| = 1 and P € GLy,)(Z). Also, P commutes with C,. It is easy to
verify that ¢(Pe) = b, and then £(be — Pe) = 0. So be = e (mod Cy, 1), and hence,
S(Cp, I) = {0,€}.

Now suppose that there is a;; ¢ (Cp, I1). We can use row or column switchings
move it to the left-top position. So, we may assume that a;; ¢ (C,,I1). There is
P € C,, such that Pay; —e € (C,,, I1). Then by a row multiplication and Lemma [2.5]

Paii B2 - Bim € Biz - Bim

 _ uoPR Ba1 B2z - Pom Bor Baz -+ Bam

le BSQ e Bsm le 652 T Bsm
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By row additions, R; — R; — ¢(8;1)R1, and column additions, C; — C; — ¢(81,)C1,
we get

e /312 e Blm e 712 P rylm e 0 e O
Bor Ba2 -+ Bom Y21 Y22t Yom 0 722 -+ 7om
ﬁsl 552 et ﬁsm Vsl Vs2 et Ysm 0 Vs2 et Ysm

where v;1 = 81 — €(Bi1)e, 115 = B1; — U(B1j)e € (Cpn, I1). Continue this process to the
submatrix obtained by deleting first row block and first column, and so on, we obtain

Y O

X =
{o 0

], where YV =e®ed: ---Pe
—_—
t

for some 1 <t < min(s,m). Therefore, by Lemma [B]

Ch e

A X
0 I, C, ’

Imft

where the number of C), is s and the number of e is ¢. By some pairs of row and
column switchings, we get the matrix on the right is conjugate to the matrix (2.

For the uniqueness, let X; = e®ed---De, ¢t = 1,2, with t; > t5 and suppose
| ———

ti
that
X, 0] _[X: 0
0 0o [0 o0
Py Ppa Q11 Q12} .
There are P = e C(4), Q = € C(B), where Py ist; X t
[P21 P22] (4). @ [Qm Q22 (B) M o

matrix, Q11 is t; X to matrix, such that

[X1 8] O-P {Xz 0} _ |:X1Q11 —PuXy XiQr2

A Ly).
0 0 0 Py X 0 ]€< Im)
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We get X1Q12 = 0 (mod p), so @12 = 0 (mod p). Note that the block Q12 is a
t1 X (m —t2) matrix and t1 + (m —t2) > m, the size of Q). Therefore, the determinant
of @ satisfies |Q| = 0 (mod p). This is impossible since @ is an unimodular matrix.
This completes the proof of uniqueness.

Case 2. n is not a power of prime. From [B.3)), ®,(1) = 1, and then M ,,)x1(Z) =
(Cp, I1). There is only one (A, I,;,)-equivalent class. Therefore, M ~ A@ I,,. O

The proof of Theorem is similar. In this case, we use the fact that

p, n=2pk p prime, k> 1
) P, (-1) = .
(3.6) (=1) { 1, otherwise,

see [1].

Proof of Theorem [l By Lemma [[.T] and Lemma [3.1] we only need to calculate
(A, B)-equivalent classes for some special pairs of 2 x 2 matrices in Lemma [[.6

When A = K and B = W. Clearly, r = 3. The linear transformation 1 is given
by ¥(T) = KT — TW. Then the Sylvester equation (2.I) becomes

o ATl D)=l

It is equivalent to the system of linear equations

t11 — tiz=a

ti1 +2ti2=0
—to1 — tog=c
to1 =d,

which has integral solutions if and only if 3|a — b. Thus, the submodule (K, W), the
image of v, is

(K, W) = {[i Z] € MQ(Z)‘@ = b (mod 3)} .
It is obvious that E,2E ¢ (K, W). Therefore, cokert) = My(Z)/(K,W) = {0, E,2E}.
By choosing P = —1 € C(K), Q =1 € C(W), we see that

3 0

EQ — P(2E) = {0 0

} € (K, W),

and thus, £ = 2F (mod K, W). Note that |S(K,W)| > 1, hence S(K,W) = {0, E}.
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When A =U and B = W. We also have r = 3. This time the Sylvester equation
is equivalent to

t11 — tiz+ta1=a
t11 + 2t + 122 =b
— 191 —tla2=c

tor = d.

It is clear that

(U, W) = HZ Z} & My(@)]a+d=b+e(mod 3)}.

So, coker ) = {0, E,2E} and then S(U, W) = {0, E’}.

Since (—A,—B) = (A,B) for any A and B, we obtain that S(—K,-W) =
S(-U,-W) = {0, E}.

Similarly, we have
b N

(K,J) = {[c d}eMg(Z)‘aerc+d0(mod2)},S(K,J){G,E,T,I 1,

Q

{[Z }eMg )‘a+b+c_c+d_0(mod2)} S(U,J) = {0,E, T},

{[ ]EMQ )‘a—i—b—i—czazd(mon)},S(W,_W):{G,E}.

In summary, we have the following table

A B S(A, B)
KorU W 0,F
—Kor-U| -W 0.F
K J |0,E,II-FE
U J 0,E,T
w -W 0,FE

We can use the results in this table, Lemma [[I] and Lemma [B.1] to complete the
proof. 0O

From above theorems, and some simple calculations, all torsion in GL4(Z) up to
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conjugation are listed as follows:

d=1 I4;
d=2 -1 Ko ((-I), Ua(-I);
Ie(-I), Kol, UeaU, I'® K, IeU;
1 E
— . I .
d=3 WaWw, oW, 0 W],
1 FE -1 E
d=4 JoJ; I®J, 0 J], (=) & J, [0 J:|7
K E K 1 K I-F
K®J, [0 J}’ 0 J}’ {0 J }
U E U I
vedJ, [o J}’ 0 J}’
d=25 05;
-1 E
d=6 —WeaeW); Ie(-W); (-DeW; —({IaW), [0 W}
K FE U E
-K E -U E
—(Ka W), 0 —W}’ —(Ua W), [0 —W]’
‘W E
d:8 Cg;
d=10 —05;
d=12 Co; J e W; J @ (—W).
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