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EVALUATION OF A FAMILY OF BINOMIAL DETERMINANTS*

CHARLES HELOU! AND JAMES A. SELLERS!

Abstract. Motivated by a recent work about finite sequences where the n-th term is bounded
by n?, some classes of determinants are evaluated such as the (n —2) X (n — 2) determinant

- 1
A, = ((“ T+ h )) . forn >3,
n—k—1 2<k<n—1
0<h<n-3

and more generally the n X n determinant

D, = ((?i“)) . forn>1,
i—1/)1<i<n
1252

where n, k, h, i, j are integers, ()<<, is a sequence of indeterminates over C and (g) is the usual
binomial coefficient. It is proven that

(n—2)(n—3)
D, =1 and An =(-1) 2
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1. Introduction. In a recent work [9], about finite sequences whose n-th term
does not exceed n?, there appeared the determinant

s (5 e |
n—k—1 2<k<n-—1
0<h<n—:

3

with an integer n > 3. One of the authors of [9], L. Haddad, conjectured after some
computations that A = +1. The authors of the present paper first proved that

(n—2)(n—3)
S

)

essentially by a process of row reduction. Then, following a suggestion by G.E. An-
drews that this result should be true in a more general context, namely upon replacing
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n? by z, and k% by z, where (k)1 <<, is an arbitrary sequence of indeterminates
over C, the proof was extended to this general case. We then realized that the problem
can be reduced to the evaluation of a simpler, more general family of determinants,

namely
D — ri+J
m i—1 ) )1<i<n|’

1<5<n

for all integers n > 1. In what follows, we will establish that D,, = 1 and deduce that
(n—2)(n=3)
A, =(-1) 2

Results of a similar nature, involving determinants of matrices whose entries
involve binomial coefficients, can be found in [II, 2 B, 4, [ 10, 12]. In contrast to
these papers, we note that our determinant evaluations are strikingly simple and easy
to state. In fact, our result is a special case of the results contained in [I0], but our
proof is more elementary, using only row reduction and induction.

We are thankful to L. Haddad for his conjecture and to G.E. Andrews for his
insightful suggestion.

2. The method of proof. First recall (e.g., [7] or [§]) that for an indeterminate
x over C and an integer n > 0, the binomial coefficient (2) is defined by
(ac) Cz(x—-1)(x—-2)--(x—n+1)

n!

)

with the convention that (3) = 1. It satisfies the fundamental recurrence relation

(2.1) <m>+< * ><:c+1>’ for all n > 0.
n n+1 n+1

Let (1), <<, be a sequence of indeterminates over C, with n > 3, and consider the
(n —2) x (n — 2) determinant

7 B Tn—xp+h—1
Ap=Ap(21,...,20) = << n—k—1 >)2<k<n1 '
0<h<n—3

First, setting i =k — 1 and j = h + 1 allows one to rewrite A,, as

()
A, = . .
n—i4i—2 1<i<n—2

1<j<n—2
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Second, the substitution ¢/ = n — ¢ — 1 transforms A,, into

— Ty +J—2
AI:AI = o o
n = A0, ) (( i —1 1<i'<n-2|’

1<j<n—2

which has the same rows as A,, but in reverse order. This order reversal consists in
respectively swapping each row of A,, with all the rows above it. The total number
of those row swaps is

(n—2)(n—3)'

n—3)+n—4)+ - 4+2+1= 5

Therefore,

(n—2)(n—3)
2

(2.2) A, =(-1) Al
The problem is thus reduced to the determination of A/ .
Third, setting x = x,, — 2 gives

r T— Tp—i+J
Bn = (( i—1 ))1<i<n2 '

1<j<n—2
Fourth, setting y; = x — x,,_; yields
n 1—1 1<i<n—2|"
1<5<n—2
Finally, setting m = n — 2 leads to the equality
Yyit+J
2.3 Al = .
23) " <<i—1)>1<i<m
1<j<m
The problem is thus reduced to the evaluation of the family of determinants

xi+7
D,, = Dy(z1,...,m,) = ((; 13))1<i<n ’

1<5<n
for n > 1, where x1,x2, ..., %, are arbitrary indeterminates.
Our primary result is now the following;:
THEOREM 2.1. For any positive integer n, we have

D, =1.
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The proof proceeds by row reduction and is presented in the next section.

COROLLARY 2.2. For any integer n > 3, we have
Al =1.

Proof. This follows from (Z3]) and Theorem 211 O

COROLLARY 2.3. For any integer n > 3, we have

An = (_1)

(n—2)(n—=3)
2

Proof. This follows from (2:2) and Corollary 221 O

REMARK 2.4. An alternative method for deriving the last result is to set yr =
Ty —Tp_p—2,and i =k —1, j=h+1. Then

A, = <<yn11 Jrj)) .
n—i4i—2 1<i<n—2

1<j<n—2

Now, reversing the order of the rows, which consists in replacing ¢ by n — 1 — 1,

transforms A,, into
r_ yitJ
Bn = ((il))1<i<n2 '

1<5<n—2
Moreover, the permutation p that reverses the n — 2 rows of A,, has f”T_21 orbits,
namely {1,n — 2}, {2,n —3},... It follows that (see, e.g., [LI]) the sign of p is

n—2

e(p)=(=1) >

-2 = (,1)L%J.

Hence,

71,—2J

A, = (-1FAL = (-,

in view of our main theorem, which yields A], = 1.

3. The proof of the main theorem. We start with two results about binomial
coefficients that will be used in the proof of Theorem 211

LEMMA 3.1. For any integers 0 < a < b and n > 1, and any indeterminate x

over C, we have
r+b _(z+ta 71721 r+h
n n 7h: n—1)

a
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Proof. By the fundamental recurrence relation for binomial coefficients (Z1I),
z+1 T\ x
n n) \n-1)°
for n > 1. Hence, by iterating this recurrence numerous times, we have

()= () - () =26

h=a h=a

LEMMA 3.2. For any integers 0 < m <n, we have

> ()= (ni)

k=m

Proof. For a fixed integer m > 0, the proof can be completed by induction on
n > m. Such an argument can be found in [5, p. 138]. This result also follows from
Lemma [3J by takingn=m+1, a=0, z=m, b=n—-m+1. 0

We now proceed to prove Theorem 1] by row reduction. We start with

D, = ‘(dij)igzn ,  where d;; = (5§¢+1j) for 1 <4,j <n,
<j<n
ie.,
1 1 1 1 ' . 1

SR B v B

(9:2-1-1) (9:2-‘,-2 (1'32—}-3) o (9:2-‘,-]) o (acsa-n)

D (43) (43) (43) (43J) (43)

OO R ) e O e ()

G G Gl G e D)

Denoting the i-th row of D,, by R;, the first row reduction step consists in re-
placing R; by R; — d;1 Ry for 2 < i <n. This gives

)

D,/n = ‘(d/ )1<z<n

1<j<n
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where
g — (Titd) _ (mitly N1 (zth ; ; :
(3.1) d, = dij —dn = (7)) - (1)) =505 (7)), if2<i<n 1<j<n,
. 1] T ep - .
dij =1, ifi=1,1<j<n,

the last expression, for ¢ > 2, is obtained by using Lemma [3.J] with the usual con-
vention that an empty sum is equal to 0. Thus,

1 1 1 - 1 - 1

0 1 2) . ‘j -1 . n—1

0 () Sha () SIS S ()
D’ 0 (142+ ) Zh:l (142+ ) 22:1 (x42+ ) h=1 (x42+ )

0 (1:——;1) 2}21:1 (1;1-2}1) T Zi;:ll (x:—gh) T ZZI (x:—gh)

Moreover, we obviously have

D, = D),
PROPOSITION 3.3. For 1 <k <mn, let

(k)
(dij )1§i§n

1553

D) =

be the n x n determinant obtained from D, by applying k row reduction steps, each of
which consists in replacing the i-th row Rz(k_1 of the determinant Dflk_l), obtained
after k — 1 such row reduction steps, by the row

ng) = ngfl) — dl(.,lz*l)R,(f*l), fork+1<i<n,
while the first k rows are unchanged, 1i.e.,
R =R*Y for1<i<k
Then

WSSOI, dkri<i<a 1<j<n,
d.. =
ij

dgs Y, fl<i<k 1<j<n,

with the convention that an empty sum (here, when j < k) is equal to 0.
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Proof. The proof is by induction on k. The first row reduction step was applied

to D, right before this Proposition, and it gave D), = ‘(dgj)lgign‘, which satisfies
1<j<n
the stated equalities for d;; as shown in (I above. So the property holds for k =

1. Assume that it holds for k — 1, where 2 < k < n, i.e., assume that D%k_l) =

(dgf_l)) 1<i<n satisfies

1<5<n

j—(k—1) (j—h—1 i1 . . .
=D > hei (G )(i—(2—1;—1)’ ifthk<i<n, 1<j<mn,
ij =

dy . if1<i<k-1,1<j<n
Now, as for & +1 < i < n, we have Rl(.k) = Rz(k—l) _ dl(':_l)Rl(ck_l)a ie.
dy) =™ —dfTaEY, 1< <,

and by the induction assumption, there hold

d(kq)ijifrl J—h—=1\[z;i+h
v k—2 i—k )’

h=1
d(k,l)_k_zkfl k—h—1\(x;+h\ [(z;+1
ke k-2 i—-k) \i—-k)
h=1
ﬁhﬂ4f§f1j7h71 oy +h J§f1j7h71
ki *]_1 k—2 kE—k —~ k—2 )

Therefore, we get

d(k)ijfzkfl J—h—1\[zi+h 7%2%1 j—h—1\(x; +1
v k—2 i—k k-2 i—k
h=1 h=1
_fi%lj—h—l st b\ (zi+1
N P k—2 i—k i—-k))’
Moreover, by Lemma [3.1]
z; +h z;+1 _h_l T +r
i—k i—k) i—k—-1)’

for ¢« > k and h > 1. Hence,

d(lo:j_fl j—h-1 *il e\ N[ mt j‘fl j—h-1
t Pt k—2 — i—k—1 o i—k—1 Wl k—2 '
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Furthermore, by Lemma 3.2

jiflj,h,l & s\ (i1
k-2 ) k—=2) \ k-1 )
h=r+1 k—2

s=

Thus,

x j—r—1 i+
(k) _ -r= i
dij Z;<AFJ )Q—k—1>

fork+1<i<nand1<j<n.

Also, for 1 < i < k, since Rz(k) = Rl(-k_l), we have
dt) =di™V, for1<i<k 1<j<n

This shows that the property holds for k, and completes the induction. 0

COROLLARY 3.4. For 1 <k <n, the determinant

(dgf)) 1<i<n

1<5<n

D) =

obtained from D,, by applying k row reduction steps as described in Proposition [3.3 is
given by
w G flr<i<k, 1<j<n,

i ,
—k (j—h—1 i+h . . .
doh—1 (]k—l )(iailj—l)’ fk+1<i<n, 1<j<n,
where if 0 < m < n are integers then (7:) =0, and an empty sum is equal to 0.

Proof. Only the expression of dgf) for 1 <i¢ < kand 1 < j < n needs to be
proved. The rest is contained in Proposition This expression holds for k£ = 1

since by (B1))

j— 1
d’ljd1j1<i_1), for1<j<n.

Assume that the expression holds for k — 1, where 2 < k < n, i.e.,

(=D, fl1<i<k—1,1<j<n
dk= — '
ij =

T RS, Hk<i<n 1< <0,
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Then, by Proposition [3.3] and Lemma [3.2] we have

- -1
d§f>:d§f 1><J >7 for1<i<k—1,1<j<n,

1 —1
and
&m:dwqujwﬂ J—h—=1\ [z +h :jiflj—h—l
ki kj kE—2 0 k—2
h=1 h=1
s j—1
(kQ) (k1) orr=d=n

s=k—2

Hence,

) — 1
dﬁf)<". 1>, for1<i<k 1<j<n,
i

and the expression holds for k. O

REMARK 3.5. We have
D, =D,

since the determinant is invariant under the row reduction steps consisting of adding
to a row a multiple of another row. In particular,

w_|((71
Dy ((z 1))1<i<n
1<5<

sn

is the determinant of an upper triangular n x n matrix whose diagonal entries are
dgl) = (zj) =1 for 1 < i < n. Therefore,

D, =D =1.

This concludes the proof of Theorem 211

REMARK 3.6. As noted in the introduction, our result is a special case of the
results contained in [10]. Indeed, in [I0], Proposition 1, taking p,(z) = (xj?flx), which
is a polynomial of degree j —1 in x, with leading coefficient a; = ﬁ, forl1 <j<mn,

we get

((x;+fi))1§i§n:ﬁ(jl1)g' I &-x,

1<j<n Jj=1 1<i<j<n
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then specializing to X; =i for 1 < i < n, we get

((i’jJrli)) 1<i<n| lj ﬁ I G-i=1

1<j<n Jj=1 1<i<j<n

Acknowledgment. We are thankful to the referee for a careful, thorough reading
of the paper, and for many helpful and interesting suggestions.
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