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THE DIRICHLET SPECTRAL RADIUS OF TREES*

GUANG-JUN ZHANG' AND WEI-XIA LIf

Abstract. In this paper, the trees with the largest Dirichlet spectral radius among all trees
with a given degree sequence are characterized. Moreover, the extremal graphs having the largest
Dirichlet spectral radius are obtained in the set of all trees of order n with a given number of pendant
vertices.
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1. Introduction. In this paper, we only consider simple connected graphs. Let
G = (V(G),E(G)) be a graph of order n with vertex set V(G) = {vg,v1,...,Vn—1}
and edge set F(G). Let d(v) denote the degree of a vertex v. Then 7(G) =
(d(vo),d(v1),...,d(vn,—1)) is called the degree sequence of G. A sequence of posi-
tive integers m = (do, d1,...,d,—1) is said to be a tree degree sequence if there exists
at least one tree whose degree sequence is m. The Laplacian matrix of G is de-
fined as L(G) = D(G) — A(G), where D(G) and A(G) denote the diagonal matrix
of vertex degrees and the adjacency matrix of G, respectively. Let T, be the set
of all the trees with a given degree sequence 7, where ©# = (do,ds,...,d,—1) satis-
fies dy > dy > --- > dp_1. The adjacency eigenvalues and Laplacian eigenvalues of
graphs have been intensively investigated during the last decades. Biyikoglu et al. [I]
and Zhang [12] determined all graphs with the maximal spectral radius and Laplacian
spectral radius among all trees with a given degree sequence, respectively. Tan [10] de-
termined the trees with the largest Laplacian spectral radius among all weighted trees
with a given degree sequence and positive weight set. A graph G = (VoU9V, EyUOE)
with boundary consists of a set of interior vertices Vj, boundary vertices 9V, interior
edges Ej that connect interior vertices, and boundary edges OF that join interior ver-
tices with boundary vertices (see [7]). A real number A is called a Dirichlet eigenvalue
of G if there exists a function f # 0 such that they satisfy the Dirichlet eigenvalue
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problem:

{ L(G)f(u) = Af(u), u€Vp,
f(u) =0, u € V.

The function f is called a Dirichlet eigenfunction corresponding to A (see [7]). The
largest Dirichlet eigenvalue of G is called Dirichlet spectral radius, denoted by A\(G).
Recently, there is an increasing interest in the Dirichlet eigenvalues of graphs (see
[2], 3] and [7]), since it can be regarded to be analogous to the Dirichlet eigenvalues
of Laplacian operator on a manifold. The related eigenvalue problems have been
occasionally occurred in fields like game theory [4], network analysis [5], and Pattern
Recognition [8]. In this paper, we regard pendant vertices as boundary vertices and
assume that both the set V and the set 9V are not empty. Motivated by the above
results, we will study the Dirichlet spectral radius of graphs in 7. The main result
of this paper is as follows:

THEOREM 1.1. For a given tree degree sequence w, T (see in Section 3) is the
unique tree with the largest Dirichlet spectral radius in Tr.

The rest of the paper is organized as follows. In Section 2, some notations and
results are presented. In Section 3, we present the proof of Theorem 1.1 and some
corollaries.

2. Preliminaries. Let Rg(f) be the Rayleigh quotient of Laplace operator L
on real-valued function f on V(G), where

> (fu) = f(v))?

_ <Lf;f> _quE

ReN=—555 =7 v P

veV

Let F denote the set of all real-valued functions f on V(G) with f(u) = 0 for
any boundary vertex u. The following proposition states a well-known fact about the
Rayleigh quotients.

PROPOSITION 2.1. For a graph G = (Vo U9V, Eg U JE) with boundary, we have

B _<Lpf>
AG) 7?1ea}(Rg(f) = max — e

Moreover, if Ra(f) = MG) for a function f € F, then f is a Dirichlet eigenfunction
of M(G).

Let Q(G) = D(G) + A(G) be the signless Laplacian matrix of G and its Rayleigh
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quotient is denoted by

> (flu)+ f(v)?
AG(f): <Qf7f> _ uvel

<ff> > f2(v)

veV

A real number p is called a signless Dirichlet eigenvalue of G if there exists a
function f # 0 on V(@) such that for u € V(G),

{ QG)f(u) = pf(u), weW,
f(u) =0, u e V.

The largest signless Dirichlet eigenvalue of Q(G), denoted by p(G), is called the sign-
less Dirichlet spectral radius. The function f is called a signless Dirichlet eigenfunction
of ;(G@). Then we have the following

PROPOSITION 2.2. For a graph G = (Vo U9V, Eq U OFE) with boundary we have

— _ <Qff>
n(G) = max Ac(f) = max

Moreover, if Aq(f) = u(G) for a function f € F, then f is a signless Dirichlet
eigenfunction of u(Q).

A discrete signless Dirichlet operator Qo(G) of a graph G is the signless Laplacian
matrix Q(QG) restricted to interior vertices, i.e., Lo(G) = Do(G)+ Ao(G), where Ay(G)
is the adjacency matrix of the graph G(Vp, Ep) induced by the interior vertices and
Dy(G) is the degree diagonal matrix D(G) restricted to the interior vertices Vp(G).
Note that Qo(G) is a irreducible nonnegative symmetric matrix. By the Perron-
Frobenius Theorem, we have the following lemma.

LEMMA 2.3. Let G be a tree. Then the signless Dirichlet spectral radius p(G)
of G is positive. Moreover, if f is a signless Dirichlet eigenfunction of u(G), then
f(v) >0 for all v € Vo(G) or f(v) <0 for all v € Vu(G).

Let f be a unit eigenvector of u(G). We call f a Dirichlet Perron vector of G if
f(v) > 0 for any v € Vo(G).
LEMMA 2.4. Let G be a tree. Then A\(G) = u(G).

Proof. Without loss of generality, assume that G = (V1, Va2, E(G)) is a tree
with bipartition V; and Va. Let f be Dirichlet Perron vector of G. Define fi(z) =
sign(x) f(x), where sign(xz) = 1if x € V; and sign(xz) = —1if € Vo. Then we have

WG =Ac(f) = > (fw)+ f)* = > (filw) = 1(v))* = Ra(f1) < AG).

wveE uwveE

The condition A(G) < u(G) follows analogously. O
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3. The trees with the largest Dirichlet spectral radius in 7;. In this
section, we will characterize the trees with the largest Dirichlet spectral radius in
Tx. Let G+ uv (resp. G — uv) denote the graph obtained from G by adding (resp.
deleting) an edge uv in G. The following lemmas will be used in our proof.

LEMMA 3.1. (See also [12]) Let T' € T, and wv,zy € E(T) such that v and
y are not in the path from u to x. Let f be the Dirichlet Perron vector of T and
T =T —uw —ay+uy+azv. Then T € Tr and \N(T") > X(T) if f(u) > f(z) and
f(y) > f(v). Moreover, N(T") > X(T) if one of the two inequalities is strict.

Proof. Let f be the Dirichlet Perron vector of T'. Clearly, T” € T,. Then we have

MT") = XNT) > Ap (f) — Ap(f
= (f(w)+ f()* + (f(@) + f(0))* = (f(w) + F(v)* = (f(z) + f(y))?
=2(f(u) — f(2))(f(y) — f(v))

> 0.
If M(T") = A(T), then f also must be a signless Dirichlet eigenfunction of A(T”). By

AT) f(u) = Yo )+ fE) + (fu) + f(v)

z,zu€E(T)\{uv}
= NT")f(u)
= > () + @)+ () + ),
z,zu€E(T)\{uv}

we have f(y) = f(v). Similarly, we have f(u) = f(z). So, the assertion holds. O

Let dist(v) denote the distance between v and vg, where vy is the root of G. We
call y a child of z and x the parent of y, if zy € E(G) with dist(y) = dist(z) + 1.

LEMMA 3.2. Let T = (Vo UOV,Ep UOE) be a tree with the largest Dirichlet
spectral radius in Ty and f be the Dirichlet Perron vector of T'. Then the vertices of
T can be relabelled {vg,v1,...,vn—1} such that the following hold:

(1) f(vo) = f(v1) =+ > fvn_1);
(2) Let vy be the root of T, then dist(vg) < dist(v1) < -+ < dist(vp—1);

3) If vi,vs € V(T') with i < s, then for any child v; of v; and any child vy of v,
j
there must be j < t.

Proof. Let V(T') = {vo,v1,...,vp_1} such that f(vg) > f(vi) > -+ > f(vp_1).
We start with the vertex vg. If vgvy € V(T'), there is nothing to do. Otherwise, there
exists a child g of vp with f(v1) > f(xo). If f(v1) = f(xo), we exchange the labelling
of v; and zp. In the following, we assume f(v1) > f(x¢). Then vy is not a pendant
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vertex. Since T is connected, there exist a path Py ; from vy to v1 and a parent u; of
v1 which is in Py, and can not be vg. Since v; is an interior vertex, there is also some
child wy of v; whichis not in Py 1. If 2o € Fo 1, let Ty = T'—voxg —viwi +vov1 +Towi.
Otherwise, let Th = T'—voxg —v1u1 +vov1 +zour. Since f(vg) > f(w1), f(v1) > f(xo)
and f(vo) > f(u1), we have A(T1) > A(T) by Lemma 31l It is a contradiction to our
assumption that T has the largest Dirichlet spectral radius in 7. Let sg = d(vp). By
the same way, we can prove that vy is also adjacent to va,vs, ..., vs,.

Next we proceed in an analogous way with all children of v; and prove that the

vertices Ug(yg)+1s Vd(ve)+2; - - - » Us; are adjacent to vi, where s1 = d(vo) + d(v1) — 1.
Let s,—1 = d(vg) + d(v1) + -+ - + d(v,—1) — 7 + 1. Now assume that v,_; has already
been adjacent to the respective vertices vs,_,4+1,Vs,_+2;- -+, VUs,_ytd(v,_1)—1- 10 the

following, we observe the vertex v,. If v, is adjacent to ws, ,+1, there is nothing
to do. Otherwise, there exist a child z, of v, with f(vs._,+1) > f(z,) and a path
P s, 41 from v, to vs. ,+1. Without loss of generality, assume f(vs,_,+1) > f(zr).
Then there exist a parent u, of v, ,4+1 in P s, +1 and some child w, which is not
in Prg. ,41. Let T, =T — vy — s, 41w + 0pUs, 41 + Tpwp(if 0 € P 141)
or T, =T — 0,2y — Vs, 41Uy + Tptly + UpUs, 41 (if 20 & Prs,_,41). Since f(v,) >
fup), f(vy) > fwy) and f(vs,_,41) > f(zr), we have A(T.) > A\(T") by Lemmal31l It
is a contradiction to our assumption that 7' has the largest Dirichlet spectral radius
in 7.. By the same procedure, we can prove that v, is adjacent to the respective
vertices vs,_; 42, Vs, 143, -+, Us,_;+d(v,.)—1- DY the induction, the assertion holds. O

LEMMA 3.3. Let G = (VoUdV, EgUOE) be a graph with boundary and P be a path
from an interior vertex vy to another interior vertex vy. Suppose that viu; € E(G),
vou; ¢ E(G) and u; is not on the path P for i = 1,2,... ,t with t < d(v1) — 2. By
deleting the t edges viuy,vius, ..., v1us and adding the t edges vouy, vaus, . .., Vol we
get a new tree G'. Let f be the Dirichlet Perron vector of G. Then if f(vi) < f(v2),
we have

A(G) > \G).

Proof. By

MG = MG) > Aq: (f) — Ac(f)

t

= Z(f(vz) + f(ui)? =D (fvn) + flui)?

i=1
>0,

we have A(G') > A(G). If A(G') = A(G), then f also must be a signless Dirichlet
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eigenfunction of A(G’). By

NG o) = > (f(or) + f(x)

z,v1xEG’

= \@Q)f(v1)

= Y () + @)+ D (for) + f(uw),
z,v12€G’ i=1

¢
we have > (f(v1)+ f(u;)) = 0. This is a contradiction with f(v1) > 0 and f(u;) > 0.
i=1
So, the assertion holds. The proof is completed. O

In the following, we use the method of [I2] to define a special tree T)F with a given
nonincreasing tree degree sequence m = (do,ds,...,d,—1)as follows. Select a vertex
vp,1 as the root of T'*. and begin with vg ; of the zero-th layer. Let s; = dy and select s;
vertices v1,1,1,2,...,01,5, Of the first layer as the children of vg ;. Next we construct

s1
the second layer as follows. Let so = > d; —s; and select sg vertices va 1, v2,2,. .., U2 s,

i=1
such that vg 1,...,v2 4, -1 are the children of vy 1, and va 4,, . . ., V2,4, +d,—2 are the chil-

dren of v1 2, ..., and Vo 4, 4. 4d,, 151425+ V2,di++do, —s, are the children of vy 5, .
Assume that all vertices of the t-st layer have been constructed and are denoted by
Ve1,Vt2,- ..,V s,. We construct all the vertices of the(t + 1)-st layer by the induction
hypothesis. Let s;11 = ds; 445, 141 + -+ + dsy4...4s, — 5t and select s¢4 ;1 vertices
Vt41,15 Vi41,25 - - - » Vt41,8,4, Of the(t+1)st layer such that veyq 1,. .. sVt Today o gey g p1—1
are the children of v41 , ..., and Vt+1,50p1—day o poy 42+ -+ Vt41,5,4, Are the children of
Vt,s,- In this way, we obtain only one tree Ty with degree sequence 7 such that vg i
has the maximum degree in all interior vertices (see Fig. Bl for an example).

ExaMPLE 3.4. Let 7 = (4,3,3,3,2,2,2,2,2,2,1,1,1,1,1,1,1). Then T is as
follows:

V3,1 V3,2 3,3 V3,4 V3,5

Fic. 3.1. T} with degree sequence m(o--- boundary vertices).
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Proof of Theorem 1.1. Let T be a tree with the largest Dirichlet spectral radius
in 7. Suppose V(T') = {vg, v1,...,vn—1} such that they satisfy the three assertions
in Lemma 32 Let f be the Dirichlet Perron vector of T'.

In the following, we will prove that d(vg) > d(v1) > -+ > d(vn—1). If the
assertion does not hold, there exists the smallest integer ¢ € {0,1,...,n — 1} such
that d(v:) < d(veg1). Since f(vr) > f(ver1), v+ and veqq are interior vertices. Let
U1, U2, . .+, Ud(v,,,)—1 be all the children of vyy1. Then we have f(vi) > f(vig1) >
f(u;) for 1 <4 < d(vep1)—1 by LemmaB2 Let Ty = T —vs4 11 — Vpp1Uo — -+ - — Vs 1Us
+viuq +viug + - - -+ veus, where s = d(vey1) — d(v). Then Th € T and A(T1) > A(T)
by Lemma This is a contradiction to our assumption that T has the largest
Dirichlet spectral radius in 7. So, we have d(v;) = d; for 0 < i <n — 1. Clearly, T
is isomorphic to T7¢. The proof is completed. O

Let m = (do,d1,...,dn—1) and 7’ = (df,,d}, ..., d),_;) be two nonincreasing posi-
t t n—1 n—1

tive sequences. If >~ d; < > d} fort =0,1,....,n—2and > d; = > dj, then 7’ is
i=0 i=0 i=0 i=0

said to majorize m, and is denoted by = < 7 (see [12]).

LeMMA 3.5. ([12]) Let m = (do, d1, ... ,dn—1) and ©" = (dfy,d}, ... ,d),_1) be two
nonincreasing graphic degree sequences. If m < 7', then there exist a series of graphic
degree sequences Ty, o, ..., T such that # < m I m < --- dm, <7/, and only two
components of m; and w41 are different by 1.

THEOREM 3.6. Let m and @' be two tree degree sequences such that they have
same frequency of the number 1. If m < @', then N(T%) < A(T}) with equality holds
if and only if m = «'.

Proof. Let f be the Dirichlet Perron vector of T and vy, v1,...,v,—1 € V(T)
such that they satisfy the three assertions in LemmaB2l Then f(vg) > f(vy) > -+ >
f(vn—1) and d(v¢) = d; for 0 < ¢t < n — 1. By Lemma 3] without loss of generality,
assume m = (do,dy,...,dp—1) and @’ = (di,d},...,d,,_;) such that d; = d; — 1,
dj =dj +1with 0 <i <j<n-—1,anddy = dj for k # i,j. Since 7 and 7’ have
the same frequency of the number 1, we have d; >2and d; = d} + 1 > 3. So, there
exists a vertex v, with p > j such that vjv, € E(T}), viv, ¢ E(T}) and v, is not
in the path from v; to v;. Let Ty = T} — vjv, + v;v,. Note f(v;) > f(v;). We have
Ty € Tr and MT7) < M(T1) < XM(T%) by Lemma 33l The proof is completed. O

COROLLARY 3.7. Let w = {k,2,...,2,1,...,1} such that the frequency of 1 is
k. Then T} is the unique tree with the largest Dirichlet spectral radius among all the
trees with k pendant vertices.

Proof. Let T be a tree with k pendant vertices and degree sequence m = (do,
di,...,dn-1). Then d,,— = dp—g4y1 = -+ = dp—1 = 1 and d,,—x—1 > 2. Clearly,
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7 < w. By Theorem 3.6 the assertion holds. O

COROLLARY 3.8. Let T be a tree of order n with k pendant vertices. If n < 2k+1,
then A(T') < 2kt —8ktdn Vk;_SkH” with equality if and only if T is T;.

Proof. Let f be the Dirichlet Perron vector of ¥ and u € V(1) with d(u) = k.
Since n < 2k + 1, the vertex u is adjacent to any vertex v with d(v) = 2. By
ATZ)f(u) = kf(u)+(n—k—=1)f(v) and N(T3) f(v) = 2f(v) + f(u), we have M(T7) =
2thtvh: —8ktdn W. The assertion holds by Corollary 3.7 O

Acknowledgment. The authors would like to thank the referees for giving
valuable corrections, suggestions and comments.

REFERENCES

[1] T. Biyikoglu and J. Leydold. Graphs with given degree sequence and maximal spectral radius.
Electronic Journal of Combinatorics, 15:R119, 2008.

[2] T. Biyikoglu and J. Leydold. Faber-Krahn type inequalities for trees. Journal of Combinatorial
Theory, Series B, 97:159-174, 2007.

[3] F. Chung. Spectral Graph Theory. American Mathematical Society, 1997.

[4] F. Chung and R.B. Ellis. A chip-firing game and Dirichlet eigenvalues. Discrete Mathematics,
257(2/3):341-355, 2002.

[5] A. Tsiatas, . Saniee, O. Narayan, and M. Andrews. Spectral analysis of communication networks
using Dirichlet eigenvalues. Proceedings of the 22nd International Conference on World
Wide Web Pages, 1297-1306, 2013.

[6] Y.Z. Fan and D. Yang. The signless Laplacian spectral radius of graphs with given number of
pendant vertices. Graphs and Combinatorics, 25:291-298, 2009.

[7] J. Friedman. Some geometric aspects of graphs and their eigenfunctions. Duke Mathematical
Journal, 69(3):487-525, 1993.

[8] M.A. Khabou, L. Hermi, and M.B.H. Rhouma. Shape recognition using eigenvalues of the
Dirichlet Laplacian. Pattern Recognition, 40:141-153, 2007.

[9] R. Merris. Laplacian matrices of graphs: A survey. Linear Algebra and its Applications,
197/198:143-176, 1994.

[10] S.W. Tan. On the weighted trees with given degree sequence and positive weight set. Linear
Algebra and its Applications, 433:380-389, 2010.

[11] X.D. Zhang. On the two conjectures of Graffiti. Linear Algebra and its Applications, 385:369—
379, 2004.

[12] X.D. Zhang. The Laplacian spectral radii of trees with degree sequences. Discrete Mathematics,
308:3143-3150, 2008.



