Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 66-79, February 2015

COMMON SOLUTIONS OF LINEAR EQUATIONS IN A RING,
WITH APPLICATIONS*

ALEGRA DAJICt

Abstract. This paper gives necessary and sufficient conditions for the existence of a common
solution, and two expressions for the general common solution of the equation pair ajzb; = cl,
azxba = ca, via a simpler equation p1xp2 + q1yg2=c, when each element belongs to an associative
ring with unit. The paper also considers the same problem in the setting of a strongly #-reducing ring.
Solutions of the generalized Sylvester equation are also presented. Both the solvability conditions
and the expression for the general solution are given in terms of inner inverses. The paper uses the
results obtained in the ring setting to give equivalent results for operators between Banach spaces,
thus also recovering some of the well known matrix results.
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1. Introduction. The necessary and sufficient conditions for the existence of a
common solution, and the general common solution of the equation pair A; X By = C1,
Ay X By = Cy, were given for matrices over the complex field by Mitra in [5]. Van der
Woude derived a set of necessary and sufficient conditions in [10], and Mitra [6] gave
an expression for the general common solution, for the same problem over a general
field. The system was more recently considered by Navarra et al. for matrices over
the complex field [7]. Wang considered the same problem for matrices over regular
rings with identity in [I3].

Matrix equation AX B+ CY D = FE was studied over an arbitrary principal ideal
domain in [I]. Wang presented the solvability conditions and the general solution for
matrices over regular rings in [I3] and this solution was revised by Wang et al. in
[12]. More recently, Wang and He have studied a more general matrix equation in
[i].

In this paper, we study necessary and sufficient conditions for the existence of
a common solution of the ring equation pair ajxb; = c1,a2xbs = co and derive
two distinct expressions for the general common solution. The results are given in
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terms of generalized inverses, the ring is not necessarily regular and when possible
explicit expressions for inner inverses of certain elements are given. The results of
Section 3 and Section 5 are new in the setting of an associative ring with a unit.
One of the expressions for the general common solution is given in the setting of
strongly *-reducing rings. This is done in Section 4. Theorem 4.2, Corollary .3 and
Corollary 4] present solutions to the title equation which are new even in the case
of matrices over a field.

In Section 5, we apply some of the results obtained to the solution of the equation
azxb + cyd = e (which we call the generalized Sylvester equation). We highlight the
relationship between this last equation, one of its simpler versions, and the title
equations.

In Sections 6 and 7, we extend the results obtained earlier for rings to bounded
linear operators between Banach or Hilbert spaces. This is achieved by embedding
the ‘rectangular’ operators, via operator matrices, into the ring of operators acting
on the direct sum of Banach spaces. Theorems 6.1 and 7.1 are new in the setting of
bounded linear operators.

2. Preliminaries. Let R represent an associative ring. For z € R, an inner
inverse of x is an element y such that zyxr = z; we denote an inner inverse of x by
x~. An element is said regular if it possesses an inner inverse. In the case of a matrix
M e R™ ™ M is said to be regular if there exists an element B € R™*™ such that
M = MBM.

THEOREM 2.1. ([2], Theorem 3.1) Let a,b, ¢ € R with a,b regular. Then equation
axhb=c (2.1)

is consistent in R if and only if c = aa~cb™b. If ¢ = aa”cbb™b, then the general
solution of (ZI)) is given by

r=a cb” +u—a aubb”, (2.2)
where w € R is arbitrary.
The following theorem can be found in [9] for matrices over the complex field.

THEOREM 2.2. Let A € R™*", B € R\ C € R™*! and A, B be reqular
matrices over R. Then the matriz equation AXB = C is consistent if and only if
AACB B =C. If AA-CB~ B = C, then the general solution of the equation is
given by

X=A"CB +U—-A"AUBB™,

where U € R"*k,



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 66-79, February 2015

68 Alegra Daji¢

Proof. We embed each matrix A, B, C into the ring of square matrices over R of
size N=m+n+k+I:

0 A 00 00 0 O 00 0 C
A 0 0 0 O B 0 0 0 O O 0 0 0 O
0 0 0 O 0 0 0 B 0 0 0 O
0 0 0 O 0 0 0 O 0 0 0 O

Each of A, B, C is regular with inner inverses A~ , B~ , C™, obtained by a suitable
embedding of A=, B, C~ into RN*¥ given by

(A7 )21 =A", (B Jag3=B", (C )41 =C",

with all other block entries equal to zero. It is not difficult to check that the equation
AX B = C'is consistent if and only if the equation AX B = C'is consistent with some
X € RVXN | while X33 = X. A direct calculation shows that AA"CB B = C
if and only if AA~CB~B = C. Applying Theorem 2] we obtain the statement
concerning the consistency of AXB = C.

The general solution of AXB = C is given by the (2,3) entry of the general
solution X of AX B = C which involves an arbitrary block matrix U € RV*N:

X=(X)3=(A"CB +U—- A AUBB )y3=A"CB™ +U — A"AUBB~

with U = (U)2,3 € R™*. This follows from Theorem 2] since matrices A~ CB~ and
AT AUBB™ have all entries except (2,3) equal to zero; the (2,3) entries are equal
to ACB~ and A~ A(U)2,3BB~, respectively. O

The following two lemmas can be obtained as a consequence of [8, Theorem 4] or
[2, Lemma 2.2].

LEMMA 2.3. Let u and v be regular elements of a ring R. Then s = v(l — u™ u)

is reqular if and only if [ﬂ is reqular. In this case,
u
[ ] =u"—(1-vusvu- (1—uu)s]|. (2.3)

LEMMA 2.4. Let u and v be regular elements of R. Then [u v] is reqular if and
only if t = (1 —uu™)v is regular. In this case,

- |um —uvtm (1 —uu")
[u U] [ t—(1—uu™)
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A direct verification yields the following lemma.

LEMMA 2.5. Let u,v, s=v(l —u~u) and t = (1 — uu")v be reqular elements of
R. Then

g=1—ss")vu” and f=uv(l—-t"t)

are regqular with inner inverses f~ = v~ w and g~ = wv~. Elements gu and (1—ss™)v
are also regular with inner inverses (gu)” =u" g~ and (1 —ss™)v)” =v~.

The following result will be needed for the discussion of the Sylvester equation.

LEMMA 2.6. Let p1,p2,q1,q2,¢c € R, where p1, g2 are idempotents, pa, q1 reqular,
and p1q1 = 0 = pags. Then the equation

p1Ip2 + 1Yqe = ¢ (2.4)

is solvable if and only if
q1qy Cq2 = € — P1Cpy P2. (2.5)

The general solution of 24 is given by

|::E:| = |:0p2 TAa 7p17Z1p2p2 s 21,22 € R. (26)
y Gy ¢+ 22 — q1 Q12242

Proof. Let d = ¢ — q1yqo for some y € R. Consider the equation pjzps = d.
By Theorem 2] and the assumption piq; = 0, this equation is solvable if and only
if d = p1cpy po, that is, g1yge = ¢ — pieps p2. By Theorem [Z] and the assumption
p2q2 = 0, such y exists if and only if (ZX) holds. The last equation gives rise to a
particular solution to (24]), [m y} = [cpg q; c} . The result follows when we observe
that the general solution to (24) is of the form [m y} = [xp yp} + [mo yo], where
the first matrix on the right denotes a particular solutions to the equation and the
second denotes the solution to the same equation when ¢ = 0. 0

3. Common solutions of equations a;xb; = ¢; and asxby = co. In this
section, we make a blanket assumption that ai,as, by, bs,c1,co are elements of the
ring R with a1, ae, b1, ba regular. We consider the common solutions of the equation
pair

airzb; =c; and asxby = co. (3.1)

In what follows, we let
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for some v, w € R. We assume that A, B, or equivalently
s:=ag(l —ajar) and t:=(1—b1b] )b,
are regular, and set
fi=0bba(1—t"t) and g:=(1—ss )aza.
We note that by Lemma 2 f, g are regular, f~ = b, b1, ¢~ = aja, , and

g9~ = (1 —ss )agay, [f~f=0b3b2(1—1"¢). (3.2)

The following matrices will be useful in future calculations:

AA- = [‘““1_ 0] and BB = [bl_bl f].
g Ss 0 t7t

Common solvability of the title equation pair is equivalent to the solvability of
AxB = C, that is,

Mz[bl bﬂ{alxbl alxbg}{cl U} 33)

as asxby  asxby w  Cy
for some v, w.

We note that [B3)) is consistent if and only if AA~CB~B = C. This last equations
is satisfied if and only if

a vl _ ayaj c1by by aray (1 f +vt™t) (3.4)
w o cy (ger + ss~w)by by (ger + ss™w)f + (gv + ss” o)t t] '

The above notation is retained in the rest of this section. The following theorem
replaces v, w occuring in ([B4]) with alternative parameters m, n.

THEOREM 3.1. Let ¢y = ayay c1by bi. Then equation B3), equivalently 3], is
consistent if and only if there exist m,n such that

ssTnf+gmt t=co—gcrf —ss et t. (3.5)

Proof. Note that under the hypothesis on ¢, and from aja;c1f = e1f, and
geibybi = gea, to satisfy (B4) we require that v,w satisfy v = c1f + araj vt t
and w = gc1 + ss”wb] by. These equalities hold if and only if v, w are of the form
v =ocf+aa;mtt, and w = gc; + ss nby by, m,n € R. To see this, we can
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substitute such v, w into the respective equations and check that the equalities hold.
Conversely, when the equalities hold we can set m = v and n = w.

The remaining condition on ¢y of Equation ([84]), rewritten using the new expres-
sions for v, w, gives (B1). O

THEOREM 3.2. Let ajay c1b] by = ¢1 and agag caby by = co. Then equations (3.)
have a common solution if and only if

(1—ss")(ca—gerf)(1—1t7t) =0. (3.6)

Proof. We note that by Lemma 25 f,g of equation (B3] are regular. Setting
p1:=8s,p2:=f,q1:=g, g2 :=t"t, we can verify that p;qg; = 0 and p2qs = 0, for
idempotents p1, g2. Hence, we can apply Lemma with ¢ = co — gerf — ss™cat ™t
For the choice f~ = b5, b1 and g~ = aja, we can verify that t7¢f~f = 0= gg~ss™.
It follows that (3.3)) is solvable if and only if

g9 cotTt = (ca —gerf) — ssTeat Tt —ssTeaf T f.
Applying (B2) and the identity asas cabs ba = co, we simplify this equation to
(ca —gerf) —cat ™t —ss ea(1—1¢7t) =0.
Equation (0] then follows when we note that ss~g=0= ft~¢. O

A special case of Theorem recovers the following standard result which can
be found for example in [2| Theorem 3.11].

COROLLARY 3.3. Let a,b be regular elements of the ring R. Then equations
ax = ¢ and xb = d have a common solution if and only if aa”c = ¢, db=b = d and
ad = cb.

Our aim was to solve (B3] for some z with no prior condition on v,w. When the
equation is solvable for some x, and therefore for some choice of v, w, it is solvable for
possibly multiple choices of v, w (unless the pair a;, b; are invertible). Each solution x
generates a pair v, w,. From the discussion in the proof of Theorem 3] when (B3]
is solvable, Lemma gives the general solutions m,n and hence v, w:

v=c1f+9 (1 —ss )eat t+ (a1a] — g~ g)zat™t, (3.7)
w=gcr+ss oL —t7t)f" +ss 21(bybr — ff7), '

z1, 22 € R and f~, g~ as given on the line preceding (32).

The preceding discussion gives us a way of deriving the general solution of (B.1).
A common solution z of equations ([B]) is a solution to B3] for a particular choice
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v,w (namely v = ayzbe and w = agxby). Conversely, a solution of [B3) given by
x=A"Cy B~ +2z— A" A2BB~ is a solution of (BI.

THEOREM 3.4. If the equations in BI) have a common solution, then their
general common solution is given by

x=la;c1— (1 —aja1)s (agayci —w)]by [1 —bot™ (1 — b1by)]
+[(1-—(1—=ajar)s"az)a;v+ (1 —ajai)s et~ (1 —biby) (3.8)
+z—(a7a1+ (1 —ajar)s s)z(biby + ¢t~ (1 —b1dy)),

with v,w given by BA), and 21,22 and z arbitrary elements of R.

Proof. The general solution of (3.J)) is given by the general solution of AzB = C,
x=A"CB™ +z— A" AzBB~, with v,w as in (87 and z arbitrary. Expanding the
last equation gives (B.8). O

Theorem 3.2 and Theorem 3.4 are new in the case of an associative ring with a
unit. These are also given in a similar form for matrices over a regular ring in [I3]
Theorem 2.4]. The method of this paper is distinct from that of [I3]. Moreover,
the ring is not assumed regular and explicit inner inverses are provided for certain
elements that appear in the expressions for the general solution, and all the results
are presented in terms of inner rather than reflexive inner inverses.

4. General solution in x-reducing rings. In this section, R denotes a ring
with involution *. A ring R is said to have the Gelfand-Naimark property if 1 + a*a
is invertible for each a € R. An element a € R is said *-cancellable if for every z € R,
a*ar = 0 implies ax = 0 and zaa™ = 0 implies xa = 0. If a*a = 0 implies a = 0, then
R is said *-reducing. Elements of a *-reducing ring are *-cancellable. The matrix
ring R™*™ is x-reducing if for every n € N, Z?zl afa; = 0 implies a; = 0 for each i.
A ring R satisfying this property is called a strongly x-reducing ring. For such rings,
the set R™*™ is also *-reducing.

For the definition of the Moore-Penrose inverse in a ring with involution and for
some of its properties, see [4]. The Moore-Penrose inverse of a € R will be denoted
by at. Moore-Penrose invertibility of a € R is equivalent to a being *-cancellable and
both a*a and aa* being regular. The following lemma is given in [2, Lemma 2.8];
alternatively see [4] or [3, Proposition 1]. Lemma [L]is valid for rectangular matrices
over R.

LEMMA 4.1. Let a € R be x-cancellable. If a*a is reqular , then a is reqular with
an inner inverse of a given by
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If aa* is reqular, a™ = a*(aa*)~ is also an inner inverse of a. If a*a is Moore-Penrose
invertible, then so is a with a' = (a*a)Ta* = a*(aa*)t.

In this section, we assume that R is strongly *-reducing and let
e:=aja; +a3az and [ :=Db1b] + babj
each be regular. Then by Lemma [l we can choose inner inverses of A and B

b’{l+]

bl (4.1)

AT :=[efa} eTai] and BT := [

In this case, we have AT A = eTe and BBT = [l and the following theorem.

THEOREM 4.2. Let conditions of Theorem [32 be satisfied and let moreover R be
a strongly x-reducing ring. Let e,l be reqular. Then the general common solution of
the title equations is given by
r = (afa; + ajaz) T [afeib] + ajeabl + abwbi + ajvby](b1b} + babi)™t (4.2)
+ 2z — (afay + ajaz)t (aar + ajaz)z(bib} + bobs) (bib} + bab3)™T, .
with z € R and v,w as in [B7).
Proof. As proof of Theorem [34] with inner inverses of A, B as given in ([@1). O

COROLLARY 4.3. Leta,b € R be regular and let aa™c = ¢, db~b = d and ad = cb.
Then the general common solution of ax = ¢, xb = d is given by

x=(1l+a"a) [a*c+db*+a c+ (1 —a a)db™ + a"cbb*](1 + bb*)~
+(1+4+a%a) (1 —a"a)z(1—0bb")(1+0bb")",
with z € R.

COROLLARY 4.4. Let a,b € R be regular and let aa”c = ¢, db"b=d and ad = cb
and moreover, let R have the Gelfand-Naimark property. Then the general common
solution of ax = ¢, xb = d is given by

r=(1+a*a) a*c+db* +a c+ (1 —a a)db™ + a*chb*](1 + bb*)~*

+(1—a"a)z(1—0bb"), (4.3)

with z € R.

Proof. Follows from Corollary [£3] when we observe that (1 + a*a)(1 —a~a) =
(I—a a)and (1 —bb")(1+bb*)=(1—0bb"). 0O

REMARK 4.5. As far as the author is aware, Equation (£3) gives a new explicit
representation of the solution of ax = ¢, b = d, even in the case of matrices over a
field.
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An application of Theorem 3.4l or equivalently Theorem yields the general
hermitian solution of the ring equation axb = c¢. The general hermitian solution of
axb = c is given by %(Jc + z*) where z is the common solution of the equation pair
axb = c and b*xa* = c*.

5. Applications to the equation azb + cyd = e. In this section, we consider
the general Sylvester equation

azxb+ cyd = e, (5.1)

with a, b, ¢, d fixed regular elements, and unknowns z,y. Equation (5J) is solvable if
and only if aa™ (e — cyd)b~b + cyd = e, for some y; or equivalently if and only if the
following pair of equations have a common solution y:

(1—aa)eyd=(1—aa")e and cyd(l—>b"b)=-e(l—b"b). (5.2)

REMARK 5.1. From Section 3, we know that the solvability of a system of two
equations of this type, hence of (B.]) reduces to the simpler Sylvester equation of the

type (24).
To apply Theorem [3.2] it is necessary to assume that the elements
ar=(1—-aa")e; ba=d(1—-0b7b); s=c(l—aja) (5.3)
are regular. Following the notation of the previous section, we set
f=dd1—b"b) and g=(1-ss)c((1—aa)ec)™, (5.4)

and recall that f and g are regular, and that ¢ = 0. The solvability conditions and
the general solution of (B]) are then as follows.
THEOREM 5.2. Let a,b, c,d, and a1,ba, s be reqular. Then [@.1)) is solvable if and
only if
(1—ss7)e(1—=b"b)—g(l —aa)ef] =0,
(I—aa)e((1—aa")e) " (1—aa")ed d=(1—aa")e
cc e(l—=b"b)(d(1—=07b))"d(1—b"b)=e(l=0"D),
where f and g are as in (B.4).
Proof. Follows from the above discussion and Theorem O

An application of Theorem [34] gives the general solution y of (5:2)) and hence of
equation (&). The general solution for = is then expressed in terms of the general
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solution y.

THEOREM 5.3. Let a,b,c,d and aq,bs, s be reqular. Then the general solution of
the consistent equation ([BI) is given by

y=la;(1—aa")e—(1—aja1)s (ca; (1 —aa™)e—w)d”
+z—[aja1+ (1 —ajay)s” slzdd™,
x=a (e—cyd)b” +u—a aubb™,

where

w=g(l—aa )e+ss e(l=b"b)f +ss pldd—ff"), zup€eR.

Proof. Apply Equation ([B.8)), noting that here ¢ = 0 and setting ¢t~ = 0. O

REMARK 5.4. Theorem 5.2 and Theorem 5.3 are essentially as given in [I3],
without the assumption that the ring is regular. In the case of a *-reducing ring, we
can apply ([@2]) to obtain an alternative solution of (G.]).

6. Applications to common solutions of operator equations A1 X B; = C}
and AQXBQ = 02-

THEOREM 6.1. Let E,F,G,D, N, M be Banach spaces. Let Ay € B(F,E), Ay €
B(F,N), B; € B(D,G), B; € B(M, G) and

T:=(g—B1By)B2 and S:=Ay(Ir — A A1)

be all reqular. Moreover, let AyA] C1 By B1 = C1 and A2 A; CoBy By = Cy. Then
the equations

A1 XB1 =C1 and A3 X By =0C4 (6.1)
have a common solution if and only if
(In—8S7)Co(Ip —T7T)=(In —SS7)A2A; C1 By Bo(Iny — T7T). (6.2)
In this case, the general common solution is given by

X= (A7 Cy — (Ir — A7 A1)S™ (A Ay Cy — W) By (I — BoT~ (I — B1By))
+((Ip — (Ip — A7 A))S™ A ATV + (Ip — A7 A))S™Co)T~ (I — By BY)
+Z— (AT Ay + (Ip — AT A))S™8)Z(B1By +TT (I¢ — B1By)), (6.3)
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where

V = ClBl_BQ(IM - TiT) + AlAQ_(IN — SS’)C’QT’T + AlAl_QTiT

— A1 A5 (Iy — SS™)A A7 QT T, (6.4)
W = (Iny — SS™)Ay A7 Cy + SS~Co(Iyy — T~T)B; By + S~ PB;y By
— 88" PBy By(Iny — T~ T)B; By, (6.5)

with P, Q, Z arbitrary elements of B(D,N), B(M,E) and B(G, F), respectively.

Proof. We embed each of A;, B;,C; into the ring of square operator matrices
acting on the sum of Banach spaces. The embedding of an operator A acting from
the space in the i4-th position to the space in the j4-th position of K := E® F &
G@® D& N @ M is the 6 x 6 operator matrix A € B(K) determined by

A it (Za]) = (jAaiA)a
A=(A), . =
(A)is { 0 otherwise.

If the operator A is regular, the operator matrix A is regular. Using the above
described embedding, we define Ay, By, C1, A2, B2, C2 € B(K) as the 6 x 6 operator
matrices satisfying

(A1)12 = A1, (Az)s2= A2, (Bi)sa=Bi, (B2)ss=Bs,
(Ci)14=C1, (Ca)s6=Cy,
with all other entries equal to 0.

We apply the results from the previous section, observing that ([G.I]) have a com-
mon solution if and only if the equations

AlYBl = Cl and AzYBz = Cz (66)
in the ring B(K) have a common solution Y.

To apply Theorem [3.2land Theorem 3.4l we choose inner inverses A; , B; of A;, B;,
and then define A;, B; by embedding them into B(K) to satisfy

(A7 )21 = A7, (AY)es=A;, (By)sz=DB;, (B3)s3z=DB,,

with all other entries equal to 0. The general solution of (6] is then given by the
(2,3)-entry of the matrix Y, where Y is the general solution of (G.]). O

The following corollary recovers a well known result; see for example [2| Theorem
4.5].

COROLLARY 6.2. Let E,F,G, M be Banach spaces. Let A € B(F,E) and B €
B(M,G) be regular and let C € B(G,E), D € B(M,F). Then the equations AX = C
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and XB = C have a common solution X € B(G,F) if and only if AA—C = C,
DB~ B =D and AD = CB. In this case, the general common solution is given by

X=AC+ (- A A)DB™ +(I - A~A)P(I — BB~), (6.7)
with P € B(G, F) arbitrary.

Proof. The result follows on application of Theorem [6.Il We have S = (I — A~ A)
and T = 0 both regular and we choose S~ = S and T~ = 0. From (£2)), equations
AX = C and X B = D have a common solution if and only if AA=C' =C, DB~B =D
and ATAD = A~CB. If AA-C =C, DB B = D, then A—AD = A~ CB if and
only if with AD = C'B. Equation (61 then follows from (@3]). O

COROLLARY 6.3. Let Ay, Aa, B1, By be matrices over R of appropriate sizes and
let

A1ATC1By B1 =C1, and AyA, CyB; By = Ch.
Let T = (I — B1By )B2 and S = As(I — AT A1). Then equations
A1 XB;=C1 and A3 XBy; =0y
have a common solution if and only if
(I-8S7)Co(I-T T)=(I—-S5)AATC1By Bo(I -T71T).
In this case, the general common solution is given by (G3).
Proof. The proof of Theorem [6.]] was algebraic and can be applied here with each

matrix considered as an operator between appropriate spaces.

7. Applications to the operator equation AXB + CYD = E. In [I3|
Theorem 3.1], the general common solution of matrix equations over regular rings
A1 X By = C,A2X By = (5 is used to derive the general solution for the Sylvester
equation AXB + CYD = E for matrices over regular rings. The solution derived
by Wang in [I3] is missing some important terms and was revised by Wang et al. in
[12]. We will give a complete solution below for bounded linear operators over Banach
spaces. The result is valid for matrices over rings, since the proof is algebraic and
each matrix can be seen as an operator between appropriate spaces. Let

A= —-AA7)C and Bs:=D(I — B B). (7.1)
Then we have the following.

THEOREM 7.1. Let A€ B(F,M),B € B(G,K), D € B(G,N) and C € B(H, M)
be all reqular. Let A1, Bo as defined in (T1) be regular. Let also S := C(I — A7 A1)
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be reqular. Then the equation AXB + CY D = E is solvable for some X € B(K,F)
andY € B(N, H) if and only if

AA7(I— AA")ED™D = (I — AA™)E,
CC~E(I — B"B)B; = E(I— B™B), and
(I—SS™)[E—CA; (I — AA")ED D|(I — B"B) = 0.

In this case, the general solution of the equation is given by

Y = (A7 (I — AA)E — (I — AT A))S~CA; (I — AA™)E — W)D~
+ 7 — (A7 Ay + (I — A7 A)S™S)ZDD™,
X=A(E-CYD)B~ +U - A"AUBB™,

where
W=(I-SS")CAT(I-AA")E+SS (E+PD D)I—-B B)B; D

and P,U, Z are arbitrary operators in B(G, M), B(G, F), and B(N, H), respectively.

Proof. The operator equation is solvable if and only if AXB = E — C'Y D, hence
if and only if (I — AA7)CYD = (I — AA")E and CYD(I — B~ B) = E(I — B~ B).
The result then follows directly from Theorem noting that 7' = 0 and setting
T-=0.0
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