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REAL NULLSTELLENSATZ AND x-IDEALS IN x-ALGEBRAS*

J. CIMPRICT, J. W. HELTON#, S. MCCULLOUGH?, AND C. NELSONY

Abstract. For a fixed tuple of square matrices X = {X1,..., Xy} the set I(X) of all noncommu-
tative polynomials p in X and X* such that p(X) = 0 is an ideal in the x-algebra of all polynomials.
This article concerns such zeroes and their corresponding ideals. An algebraic characterization of
ideals of the form I(X) is a real nullstellensatz. A main result of this article is a strong nullstellensatz
for a x-ideal of finite codimension in a x-algebra. Without the finite codimension assumption, there
are examples of such ideals which do not satisfy, very liberally interpreted, any Nullstellensatz.

A polynomial p in noncommuting variables (z1,...,%4,27,...,7;) is called analytic if it is a
polynomial in the variables x; only. As shown in this article, *-ideals generated by analytic polyno-
mials do satisfy a natural Nullstellensatz and those generated by homogeneous analytic polynomials
have a particularly simple description.

Another natural notion of zero of a noncommutative polynomial p is a pair (X,v) such that
p(X)v = 0; here X is an n X n matrix tuple and v € R™. For fixed (X,v), the set of all such
polynomials is a left ideal. The relationship between such zeroes and their left ideals is considerably
more developed than is our beginning effort here. This article provides a guide to that literature.

Key words. Real algebraic geometry, Nullstellensatz, Real ideal, Noncommutative polynomial,
Free algebraic geometry.
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1. Introduction. There are three natural notions of a zero of a noncommutative
polynomial p: a tuple of (square) matrices X such that

L p(X) = 0;
2. detp(X) = 0; and
3. a pair (X,v) consisting of X and vector v such that p(X)v = 0.
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This article begins a systematic study of the first two notions of zero. The more
detailed type of zero was first studied about 10 years ago and has developed
considerably since then. The set {p : p(X)v = 0} is a left ideal and articles [3], [4]
and [§] gave real Nullstellensatz for left ideals in polynomial algebras as well as in
more general contexts. The relationship between the Nullstellensatz in those papers
for left ideals and those in this article for *-ideals are outlined in Section [Bl

Now we turn to the theme of this paper, two sided ideals. A left ideal in the
algebra of polynomials in z,z* is a x-ideal if I* = I and it is not hard to see that
such an ideal must also be a two-sided ideal. For such x-ideals there is a major
distinction between those that have finite codimension and those that have not. In
the first case we give a very strong real Nullstellensatz whereas in the second case even
a very weak version of real Nullstellensatz fails in general. The paper also develops the
concomitant general theory of #-ideals in general x-algebras. In the positive direction,
we show, independent of any finiteness hypotheses, that if the x-ideal is generated by
analytic polynomials, then it automatically satisfies a natural Nullstellensatz; and if
it is generated by analytic homogeneous polynomials, then it has an especially simple
representation.

We call {X:detp(X) = 0} the soft zero set of a polynomial p. The set of polyno-
mials with a prescribed soft zero set is not an ideal, however (under hypotheses) we
give a description of these polynomials.

The body of the paper is organized as follows. Section 2] presents basic properties
of real ideals, including the Nullstellensatz in the case the real x-ideal I has finite
codimension. Negative examples which illustrate that, absent additional hypotheses
on I, a general Nullstellensatz is problematic are in Section There too is some
needed additional theory applicable to general x-algebras. The results for x-ideals
generated by analytic polynomials are in Section @ The relationship between the
Nullstellensatz for left ideals in articles [3] and [4] and those in this article for x-ideals
are outlined in Section[fl Section [f] contains results for soft zero sets, {X:det p(X) =

0}.

In the remainder of this introduction, we state our main results precisely, intro-
ducing notations and terminology as needed. Let F be either R or C with complex con-
jugation as involution. Let (z,z*) be the monoid freely generated by © = (z1,...,x,)
and z* = (z7,...,7}), i.e,, (x,2") consists of words in the 2g noncommuting letters
Ty Ty, T, o0, Ty (including the empty word () which plays the role of the identity
1). Let F(x,z*) denote the F-algebra freely generated by x,z*, i.e., the elements of
F(x,x*) are polynomials in the noncommuting variables z, z* with coefficients in F.
Equivalently, F(x, x*) is the free x-algebra on x. Elements of the free algebra F(x)
generated by « = (x1,...,2,) are known as analytic polynomials. A polynomial
is homogeneous if it is an F linear combination of words of the same length. While
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the focus of the article is on F(z, 2*) we ultimately give natural extensions to more
general algebras.

1.1. Ideals in F(z,z*). Let A be a unital associative F-algebra with involution
x, or *-algebra for short. A left ideal in the x-algebra A is real if a1, ...,a, € A and

Za;aj cl+1TI*

implies a; € I for each j. A two-sided ideal is real if it is real as a left ideal. Moreover,
as seen in Lemma [Z20[), a two-sided real ideal is in fact a *-ideal.

The real radical, denoted VT of a left ideal I is the intersection of all real left
ideals containing I or equivalently, the smallest real left ideal containing I. The real
radical of a *-ideal is also a x-ideal (see Lemma [Z2)([)).

When A = F(x,a*) there is a natural way to generate real x-ideals. Given a
positive integer n, let M, (F)9 denote the set of g-tuples X = (X1,...,X,) of n x n
matrices. Let M(F)9 denote the graded set (M,,(F)9),. An element p € F(z,z*) is
naturally evaluated at X by substituting X; for z; and the adjoint X7 for 27 with the
result p(X) being an n x n matrix. We say that X is a (hard) zero of p if p(X) = 0.

Given a sequence S = (S,),, of subsets S, of M, (F)?, define its hard vanishing
set

Thard(S) = {p € F(x,2"): p(X) = 0 for every n and every X € S, }.

It is easily checked that Zyara(S) is indeed a real x-ideal. Moreover, if S is a finite
set, then the dimension of F(z, 2*)/Thara(S) is finite.

The connection with Nullstellensétze is the following. The hard variety Viara(I) =
(Vhard(I)n) of an ideal T in F{x, 2*) is the sequence

Vaard(I)n = {X € M, (F)?:p(X) = 0 for every p € I}.
The hard radical of I is
harw = Ihard(‘/hard (I))7

which is necessarily a *-ideal. Finally, the x-ideal has the Nullstellensatz property
if

har\(yf — I
and I satisfies the real Nullstellensatz if

har\d/f _ re%l
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1.2. The case of finite codimension. When the codimension of I in F{x, 2*)
is finite, the relation between real Nullstellensatz and real ideals is clean, readily
described and essentially a consequence of the existing theory of formally real *-
algebras.

PROPOSITION 1.1. Let I C F(z,x*) be a two-sided ideal.

(i) T is finitely generated as a left ideal if and only if either I = {0} or I has finite
codimension in F(x,x*).

(i) If I is a x-ideal, then I is real and 0 < dim(F(x,2*)/I) < oo if and only if there
exists anm € N and a X € M, (F)9 such that I = Thara({X}). In particular, if
I is an ideal in Tz, 2*) and 0 < dim(F(x,z*)/ “VT) < oo, then "I = "VT.

REMARK 1.2. Thus, if a *-ideal I has finite codimension, then I has the Null-
stellensatz property if and only if it is real.

The article contains two proofs of Proposition [[LT} The first is based on a stan-
dard applications of the well developed theory of formally real x-algebras. Another
proof is an easy consequence of the theory developed here in Section [l to connect
Nullstellensatz for left ideals for those for two-sided and *-ideals.

1.3. The case of infinite codimension. The (free) Toeplitz algebra T is
the quotient of F(xz, z*) by the x-ideal I generated by 1—a*x. It turns out I is real but
1—za* e "™VI \ I and hence I does not satisfy the Nullstellensatz property. Thus, I
provides an example which shows that the finite codimension hypothesis is needed in
Proposition [T ([{). The details can be found in SectionBl A more elaborate example
provided by Proposition[[.§ below shows that there are real ideals I in F(x, z*) which,
even with a most liberal interpretation, do not satisfy a Nullstellensatz.

In spite of these negative examples, the main results of this article show that nat-
ural Nullstellensatze hold for ideals generated by analytic polynomials, thus providing
optimism that a satisfying general theory may emerge.

COROLLARY 1.3. If I C F(x,a*) is a x-ideal generated by analytic polynomials,
then

VI =1
In particular, I is real.
Proof. This corollary is an immediate consequence of Corollary [£4] O

THEOREM 1.4. If I C F(x,x*) is a *-ideal generated by homogeneous analytic
polynomials, then I has the Nullstellensatz property, that is, "*V/I = I. Moreover,
there exists a Hilbert space H and a tuple of bounded operators X on H such that
p(X) =0 if and only if p € I. Thus, in an operator theoretic sense, I = Tpara(X).
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Proof. See the end of §4.31 O

For example, in the case of g = 1 and a single matrix M, let ¢ denote an analytic
annihilating polynomial, ¢(M) = 0, for M. (Note ¢*(M) = 0.) Let I denote the
x—ideal generated by the ¢. Then Vhapa(I) is ({4 € R™*™ @ ¢(A) = 0 }),. Since
M € Vhara(I) we have that Zp,,pq (M) contains "I, We will show now that Thard (M)
can be strictly larger than "*V/T.

0 1

Consider M =
onsider [0 0

says

} Then q is homogeneous, so Theorem [[L4] applies and

I = "VTI=TpawdVaara(I)) = {p: p(Y)=0forany Y2 =0, Y e R"" all n }.
Note that Zpara(M) contains p = 1 — (za* + z*z) while I does not. The X in the

theorem applied to this case is an infinite direct sum of (order 2) nilpotent matrices.

1.4. General x-algebras. Even allowing for a liberal notion of zero, and hence
of variety of an ideal, there are real x-ideals without the Nullstellensatz property as
we soon explain. While the example given here is an ideal in a free x-algebra, the
natural context for much of the discussion is that of a general (associative) x-algebra
A over F € {R,C}. Its elements will be considered as noncommutative polynomials.

A x-representation 7 of A is a unital *-homomorphism from A to the x-algebra
of all adjointable operators on some pre-Hilbert space V; over F. Let R be the class
of all x-representations of the x-algebra A4 and let C be a fixed subclass of R whose
elements will be considered as (evaluations at) real points. We say that a real point
m € C is a hard zero of a polynomial a € A if w(a) = 0. For a subset T of C, let

ZEa(T) == {a € A:m(a) = 0 for every m € T'}
be its hard vanishing set. For a subset S of A, let
Vi€ 4(S) := {m € C:m(s) = 0 for every s € S}
be its hard variety and
VS = Tara (Viasa ()
its hard radical. If I(S) is the x-ideal of A generated by S, then clearly
Viar (8) = ira(1(S))  and VS = < /I(S).

The relation between a *-ideal I and its various radicals is summarized by (see Propo-
sition 2.3))
I g rea\yf g R—har\(yf g C—har{i/f.
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We say that a =-ideal I satisfies the real Nullstellensatz over C if <™ "*V/T = "V/I.
We say that I has the Nullstellensatz property over C if “"*%/I = I (which
implies that I is real).

ExamMpLE 1.5. If A = F(x,2*) and II is the class of all finite-dimensional x-
representations, then " "I = "/T for every s-ideal I of A. Here we identify
every m € II with the g-tuple (w(x1),...,m(xy)) € M(F)9. Therefore, I satisfies the
real Nullstellensatz over II if and only if it satisfies the (hard) real Nullstellensatz.

Motivated by Example[[.5] we introduce the following abbreviations when 7' C 11
and S C A:

Thara (T) = }ll_lard (T)v Vhard (S) = thrd (S) and h"”{’/g = Hfhar{‘/g'

EXAMPLE 1.6. If A = F(z,zx) and II,, is the representation class of all n-
dimensional *-representations, then the IT,,-hard radical of a two-sided ideal is char-
acterized in [I9]. Clearly, this radical must contain all polynomial identities of size
n.

EXAMPLE 1.7. Let A = M, (F[z]) be the algebra of all polynomials in commuting
variables x = (21, ..., %,) with coefficients in n x n matrices over F. The involution is
trivial on variables and it is hermitian transpose on coefficients. Let £ be the class of
all n-dimensional *-representations (i.e., all evaluations at real points from F9). By
[2, Corollary 18], every *-ideal of A satisfies the real Nullstellensatz over £. The case
n =1 corresponds to the classical Real Nullstellensatz [5], [6] 20].

The following proposition, based on an example introduced in [I§], shows that a
general Nullstellensatz is highly problematic.

ProproOSITION 1.8. Fix 0<qg<1. The x-ideal I n the free x-algebra
Fla,x,a*, %) in the two variables a and x generated by
a*a —qaa* and zx" +aa* —1
satisfies I = "I but it does not satisfy I = = "*V/I. In other words, I is real but it

does not satisfy the Real Nullstellensatz over any representation class.

The proof is based upon results of [I§] and some general theory of x-algebras
developed here. The details are in Section

2. Properties of real ideals. In this section, the basic properties of real ideals,
including the proof of Proposition [[L1] are collected.

LEMMA 2.1. If I is a left ideal in the x-algebra A, then there is a largest two-sided
ideal Z(I) contained in I. Indeed, Z(I) is the kernel of the left reqular representation
of A on A/I. Moreover, if I is real, then Z(I) is real.
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Proof. The kernel Z of the left regular representation is a two-sided ideal con-
tained in 7. On the other hand, if J C I is a two-sided ideal, # € J and v € A, then
fv € J C T and hence w(f) =0 and 6 € Z. As an aside, note that

Z ={9 e I:9p €I for every p € A}.

Now suppose I is a real ideal. To see that Z is a real ideal, suppose

finite

prp,- cZ+ 7"

Since I is real, each p; € I. Further, if a,b € Z, then q(a + b*)r = (gar) + (r*bg*)* €
Z + Z*, for each q,r € A. Therefore for each g € A,

finite

> a'pipig€ Z+ 77,
1

which implies that each p;q € I. Therefore each p; € Z. Hence Z is a real ideal. O
LEMMA 2.2. Let I C A be a two-sided ideal in the x—algebra A.

(i) If I is real, then I = I*.
(ii) The radical *Y/T is the smallest two-sided real ideal containing I.

Proof. First, if I is real, then for each ¢ € I, we have 1.* € I since [ is two-sided.
Thus, ¢* € I since [ is real. Therefore, I = I*.

As in Lemma ] let Z( ¥/I) be the largest two-sided ideal of A contained in
*“VI., Since I C *¥/I, and I is a two-sided ideal, I C Z( “{77) Thus, Z( QW) -
/T is a real left ideal containing I. Hence, Z( V) = "¥/I. Since all two-sided
ideals are also left ideals, and *%/T is the smallest real left ideal containing I, it must
also be the smallest real two-sided ideal containing I. O

ProPoOSITION 2.3. If I is a x-ideal of A, then

I g rea\yf g R—har\(yf g C—har{j/f'

Proof. Tt is clear that the kernel of a x-representation is always a real x-ideal. In
particular, ZC, (T') is a real *-ideal for every subset T of C. For T = Vi€ (I) we
get that “"V/T is a real *-ideal. Since ¢ "*V/T contains I, it follows that "¥/I C
R=had/T The third inclusion is clear from C C R. O

2.1. Formally real x-algebras. A x-algebra A is formally real (or very
proper) if aj,...,a; € A and Zle aja; = 0 implies a3 = --- = a; = 0. Let
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3 4 denote the set of all finite sums of elements a*a, a € A. Alternately, A is formally
real if and only if it is proper (i.e., a*a = 0 implies a = 0 for every a € A) and
—YANX4 =0 (ie., for every ay,...,a; € A such that Zle aja; = 0 we have that
aja; = 0 for all 7).

Let I, = {a € I:a* = a} = I N A, denote the hermitian elements of I.
LEMMA 2.4. For a x-ideal I of a x-algebra A, the following are equivalent.

1. I is real; i.e., I = V1.
2. Both (Sa+1p)N—=(Xa+1) = I, and a*a € I implies a € T for every a € A.
3. The quotient A/I is formally real.

REMARK 2.5. There is an iterative description of "¥/T along the lines of that
for the real radical of a left ideal as described in [4, Section 5].

2.2. Proof of Proposition [[.T. The length of the longest word in a noncom-
mutative polynomial f € F(x,2*) is the degree of f and is denoted by deg(f). The
set of all words of degree at most k is (z, x*)j, and F(x, 2*)y is the vector space of all
noncommutative polynomials of degree at most k.

Given a subspace W of F(x, 2*), let
Wi ={w e W:deg(w) < d} =W NF(x,x")q4,
denote the elements of W of degree at most d. Likewise, let
Wwhem .— f1p € W:w = 0 or w is homogeneous of degree d},
denote the homogeneous of degree d elements of W.

Proof of Proposition [I1 [@). If A is a finitely-generated algebra, and I C A is an
ideal such that the dimension of A/I is finite, then I is finitely generated as a left
ideal by [I1, Lemma 3]. The special case A = F(x, 2*) is all that is required for this
proof.

Next, suppose that I is finitely generated as a left ideal, but I # 0. There
exists some degree d such that [ is generated by some nonzero polynomials of degree
bounded by d. By [4][Proposition 2.20] there exists a subspace V of F(x, 2*) such
that

F<l‘,l‘*> _ I@V;lom @Vdfl-

Let ¢ € I\ {0}. If Vhom =£ {0}, then let v € V2™ \ {0}. Then w € F(x,z*)VI°™ and
w € I, so w =0, which is a contradiction. Therefore V°m = {0}. It follows that

dim(F(z, ") /I) = dim(Vy—1) < oo,
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since V1 is a subspace of the finite dimensional space F(x, 2*)4_1. O

REMARK 2.6. It is not true in general that if A is a finitely-generated x—algebra
and I is a two-sided ideal which is also a finitely-generated left ideal, then dim(A/T) <
0o. As an example, consider the (commutative) polynomial ring F[ty,...,¢,] in two
or more variables g with the trivial involution. Since this algebra is commutative,
there is no distinction between left and two-sided ideals. In particular, the ideal I
generated by ¢; is finitely generated, but Ft1,...,t4]/I = F[to,...,14] is not finite
dimensional.

We now turn our attention to proving Proposition [LTI[). Proposition 27 sum-
marizes the structure theory of finite-dimensional formally-real x-algebras. Remark
explains the history of this result.

PRrROPOSITION 2.7. If A is a finite-dimensional formally real x-algebra, then A is
a x-algebra direct sum of formally real simple x-algebras. Moreover:

1. If F = C, then every finite-dimensional formally real simple %-algebra is of
the form M, (C) where n € N and the involution is conjugate transpose.

2. If F = R, then every finite-dimensional formally real simple x-algebra is of
the form M,(R) or M,(C) or M,(H) where n € N and the involution is
conjugate transpose. Here H denotes the quaternions.

In particular, A has a faithful finite-dimensional x-representation.

Proof. Let A be finite dimensional and formally real. By [14] Theorem 2.2], A is
semisimple. By [0, Chapter 0], every semisimple algebra with involution is a x-algebra
direct sum of simple x-algebras and every simple x-algebra is one of the following
types (where D is a division algebra with involution): (i) M, (D) @ M, (D)°® with
exchange involution, (ii) M,,(D) with conjugate transpose involution or (iii) Ma, (D)
with symplectic involution. The exchange and the symplectic involution are clearly
not formally real. (They are not even proper.) Therefore every formally real simple
x-algebra is of type (ii). Finally we use the Frobenious theorem which says that R, C
and H are the only finite-dimensional division algebras over R. It remains to show that
the only formally real involution on H is the standard involution. By the Noether-
Skolem theorem, every involution # on H is of the form z# = ha*h~! where  is the
standard involution and h € D. Now x## = z implies that h*h~! is in Z(H) = R.
Since h** = h, we get h* = +h. If h* = h, then h € R and so 2% = ha*h~! = z* for
every x € H. If h* = —h, then h = «ai + §j + vk for some «, 8,7 € R. It follows that
thi+jhj+khk = (—ai+ ) +~k)+ (i — Bj+~vk)+ (i+ B —vk) = ai+ 8j+~vk = h.
Multiplying through by h~! we get 1 + 5% + jj# + kk# = 0. Therefore, # is equal
to * in the first case while it is is not formally real in the second case. O

REMARK 2.8. Recall that a x-algebra A is proper if a*a # 0 for every nonzero
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a € A. The following generalization of part (1) of Proposition 277 is well-known; see
e.g. [16, Theorem 9.7.22]: If F = C, then every finite-dimensional proper simple -
algebra is of the form M,,(C) where n € N and the involution is conjugate transpose.
This is also clear from our proof of part (1) above.

Part (2) is a slight generalization of the structure theorem for positive involutions
on finite-dimensional real x-algebras. The history of this result is explained in [12]
Section 2] and [I5]. Recall that an involution * on a finite-dimensional real algebra A
is positive if tr(a*a) > 0 for every nonzero a € A. Clearly, every positive involution
is formally real but the converse is false; see [I].

Part (2) does not generalize to proper involutions because there are proper invo-
lutions on H which are not standard. For example, a short computation shows that
the involution defined by i* = 4,7* = j (and so k* = —k) is proper but it is not
formally real. O

We are now able to prove the following generalization of Proposition [ ().

COROLLARY 2.9. If I is a x-ideal of a x-algebra A, then I is real with dim(A/I) <
oo if and only if I is the kernel of some finite-dimensional x-representation. In
particular, if I is a *-ideal of a *-algebra A such that dim(A/ “VI) < oo, then
har\nyf _ re%.

Proof. First, if I is a real x-ideal with dim(.A/I) < oo, then A/I is a finite-
dimensional formally real *-algebra. Therefore, Proposition [27] implies that A/ has
a finite-dimensional faithful s-representation, which implies that I = "*V/T.

Conversely, if I = kern for some finite-dimensional *-representation 7, then
A/T = im7 implies dim(A/T) < co. Further, if

finite

Z pipi € kerm,
i
then ), 7(p;)*m(p;) = 0, which implies that each m(p;) = 0, or equivalently, each
pi € ker m. Therefore I is real. O

An alternative proof of Proposition [Tl () (which does not generalize to arbitrary
x-algebras) will be given in Section

3. No general real Nullstellensatz for free x-algebras. This cautionary
section gives the details of the Toeplitz algebra mentioned at the outset of Subsection
It also contains a discussion of the Weyl algebra which has no bounded repre-
sentations and the proof of Proposition[[L8 The additional theory of x-algebras used
in the proof of Proposition [[.8is developed in Subsection[3.Jl These examples, taken
together, support the general theme that Nullstellensatz for various representation
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classes impose serious restrictions on a x-algebra.

EXAMPLE 3.1. Let A = F(z,2*) denote the free x-algebra in one variable z
and let I be the x-ideal of A generated by 1 — z*x. The algebra A/T is called the
Toeplitz algebra. Let X denote the shift operator on ¢?(N) and let 7: A — L(¢?(N))
denote the (bounded) #-representation of evaluation at X. As is shown below, I =
kerm. It follows that I is a real ideal and it satisfies the Real Nullstellensatz over
C = {r}. (Hence it also satisfies the Real Nullstellensatz over the class of all bounded

k-representations.)

Clearly X*X =1, so I C kerw. Conversely, let p be an element of A and let
>t Z?:o cijx'(x*)? be its canonical form modulo I. Suppose that 7(p) = 0. It
follows that for every integer k,

m n k. m
0= (Z Z cini(X*)j)ek = ZZ CijCk—j+i
i=0 j7=0 j=01i=0

where eg, €1, €, . .. is the standard basis of ¢2(N). For k = 0 we get that c;o = 0 for
every i. For k =1 we deduce that ¢;; = 0 for every ¢ and so on. Hence I = ker .

On the other hand, I does not satisfy the real Nullstellensatz over the class II of
all finite-dimensional *-representations (i.e., evaluations on same size square matrices
over F.) Namely, we will show that the element 1 — zz* belongs to "*V/I but it
does not belong to I. We already know that I = "%¥/I. For a square matrix Y,
the relation YZY = I is equivalent to YY? = I, hence 1 — zz* € "V/I. Since
(1 —XX*)eg = eg # 0, it follows that 1 — za* ¢ I. O

The following is also standard.

EXAMPLE 3.2. Let I be the x-ideal in A = F(a, a*) generated by aa* — a*a — 1.
The algebra A/I is called the Weyl algebra. It has a faithful x-representation o,
see [25] Example2]), but it does not have any bounded x-representations, see [21]
Theorem 13.6]. Hence I satisfies the Real Nullstellensatz over C = {my} but it does
not satisfy the Real Nullstellensatz over the class of all bounded *-representations of

A.
For nice generalizations of Examples Bl and B2] see [22] and [24].

The more elaborate negative example of Proposition [[.§ requires some additional
theory of x-algebras which is developed in Subsection[3.Il The proof of the proposition
follows in Subsection (.11

3.1. x-Semisimple x-algebras. A x-algebra which has a faithful =x-
representation is called x-semisimple, see [23] Definition 6.4.1]. Every %-semisimple
x-algebra is formally real. Namely, for every pre-Hilbert space V', the x-algebra of
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all adjointable linear operators on V is formally real. Hence, the kernel of every
s-representation is a real x-ideal.

LEMMA 3.3. For a x-ideal I of a x-algebra A, the following are equivalent.

1= ",

2. I =1IF (T) for a subset T of R,

8. I is the kernel of some x-representation,
4. A/ is x-semisimple.

Proof. Clearly, (1) implies (2). Conversely, (2) implies (1) because
Via(Tieea (1)) 2T
and Z is inclusion-reversing. The implication (3) implies (2) results from
kerm = 2,4 ({m}).

To show that (2) implies (3) take for m the direct sum of all x-representations from
T. The equivalence of (3) and (4) is clear. O

Lemma will sometimes be used in combination with the following:

LEMMA 3.4. Let I be a x-ideal of a x-algebra A. If there exists a positive hermitian
linear functional L on A such that

I ={ae€ A:L(a"a) = 0},

then the x-algebra A/ is x-semisimple.
Proof. Note that for a left ideal I of A, the following are equivalent:

1. There exists a positive hermitian linear functional L on A such that I = {a €
A: L(a*a) = 0}.

2. There exists an inner product (-, -) on the vector space A/ such that

([zy], [2]) = (o], [z72])

for every x,y, 2z € A.
3. There exists an inner product on the x-algebra A/I such that the left regular
representation of A4 on the pre-Hilbert space A/ is a x-representation.

Namely, to show that (1) implies (2), take ([y],[z]) := L(z*y) and to show that (2)
implies (1), take L(x) := ([z],[1]). Clearly, (3) just rephrases (2). Finally (3) implies
the claim because, by Lemma 2] the kernel of the left regular representation of A
on A/I is equal to the largest two-sided ideal contained in 7. O
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Lemma can be generalized as follows. Let C be a representation class of a
*-algebra A. We say that A is C-semisimple if () .. ker7m = {0}. Clearly, A is R-
semisimple iff it is *-semisimple. For every s-ideal I of A we have that I = “"*{/T iff
I =1IF, (T) for some T C C iff A/I is C’-semisimple where C’ is obtained canonically
from C.

Proof of Proposition In [18], it was shown that A/I is formally real but not
x-semisimple. An alternative simpler proof of this fact is given below. Lemmas 2.4
and now imply that

rea\yT: I# R—har\(yf.

In particular, I is real. Since = "*/I C °"*V/T for every representation class C, we
have

rea\yf ?é C—har{j/f'
So I does not satisfy the real Nullstellensatz over any representation class C. O

ProposiTiON 3.5 ([18]). The *-algebra A/I from Proposition is formally
real but is not x-semisimple.

Proof. To prove that A/I is not #-semisimple we define a relation < on A/T by
u < v if and only if v —u € ¥ 4/;. By the second relation aa* < 1, hence a*a < q
by the first relation. Suppose that a*a < k for some k € R. Since k(k — aa®) =
(k — aa*)? + a(k — a*a)a*, it follows that aa* < k. Hence a*a < ¢k by the first
relation. By induction a*a < ¢™ for every m. It follows that a is in the kernel of
every *-representation of A/I.

To prove that A/ is formally real we use the relations aa* = 1 — za* and a*a =
q(1 — zz*) to reduce each element of A/I to its canonical form whose monomials
do not contain a*a or aa™ as subwords. Such monomials are linearly independent, so
the canonical form is unique. Suppose that

n
> pip; =0
i=1

for some nonzero p1,...,p, € A/I. Write each p; in its canonical form as

m; mi

Di = Zzij(a*)j + Zwikak +t
j=1 k=1

where neither of the monomials in z;;, ws;,t; has either a or a* as its last letter. Let

d be the minimum of degrees of all monomials that appear in z;;, wg;, ¢;. (Note that
"

degree is well-defined for canonical forms.) Write z;; = 2{; + 2, wir = wj, + wi,
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and ¢; = t; + ¢!, where all monomials in 2]

ij?
" 1 1" 4
i3, Wi, and ¢ have degrees > d. Since

w;,, and t; have degree d while those in

m—1 m—1
(a*)mam:qmi qufl(a*)l:c:c*al and am(a*)m:]_i Zalx:c*(a*)l
1= =0

for each m, the canonical form of Y"1 | p;p} is equal to s + o where
(3.1) si= Y @la(al)" + Y wi(wh)T + ()
2% ik i

consists of monomials of degree 2d and o consists of monomials of degree > 2d. By
the uniqueness of the canonical form, we have that

(3.2) s=0.
Let us order the monomials that appear in zl{j, why., 1 lexicographically and let m be
the first of them. Therefore, we can rewrite (31 and (B2) as

(3-3) 0= Z(alerrl)(alerrl)*
1

with m before each monomial of every r;. Since y; := ), (agym)(aym + r;)* and
y2 := y_,ri(cgm + ;)" have disjoint monomials and y; + y2 = 0 by B3), it follows
that y; = yo = 0. Canceling m in yi = 0 gives >, &;(oym + ;) = 0. Consequently,
> oy = 0, a contradiction with p; # 0. O

On the positive side, every x-ideal generated by unshrinkable words (i.e., words
not decomposable as d*du or ud*d where d,u are words and d is nonempty) is real
and satisfies the Real Nullstellensatz over R, see [3,[I7,[18]. It is not known yet if such
ideals satisfy the Real Nullstellensatz over the class B. Many more positive examples
are given in Section 4 of [I§].

4. Ideals generated by analytic polynomials. A classical commutative poly-
nomial of several complex variables is analytic if it depends only on z = (z1,..., z4)
(and not on Z). By analogy, a polynomial in F(xz, 2*) is analytic if it does not contain
any z variables. For example, p = z122 + x1 is analytic and p = zjz2 is not. Let
F(z) denote the analytic polynomials in F(x, 2*).

Let I(P) denote the x-ideal generated by a collection P (not necessarily finite) of
analytic polynomials. Recall that I(P) has the (hard) Nullstellensatz property
if

el [T(PY = I(P).
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The ideal I, = I({p}) generated by the single polynomial p = z122 — xox1 + 1
does not have the hard Nullstellensatz property. Indeed, p(X) is never equal to 0
since tr(p(X)) = tr(1) > 0. Thus, "{/I, = F(z,z*). However, I, # F(z,z*) (the
Grobner basis for I is {p}, and so 1 ¢ I,). On the other hand, we do not know of a
polynomial p for which p(X) = 0 has a solution but h"“% # I,.

In this section, we give conditions on P which imply that I(P) has the hard
Nullstellensatz property. For instance, Theorem .8 says if I(P) is homogeneous, then
it has the Nullstellensatz property. We note that left ideals with analytic generators
have a good Nullstellensatz (see [8]) using zeros of the type as described in Section Bl

We start by introducing Grobner basis machinery which is required to prove
Theorem (4.8

4.1. Non-commutative Grobner bases. A monomial order < on (z,z*) is
a total order on the elements of (x,2*) with the following properties.

1. < is a well ordering, that is, each nonempty subset of (x, 2*) has a minimal
element.
2. If a,b € (z,x*) with a < b, and ¢ € (x,2*), then ca < ¢b and ac < be.

Given a monomial order <, every nonzero polynomial p € F(z, z*) can be written as
p= Zle c;t; where cq, ..., cs are nonzero elements of F and t; > --- = t5 belong to
(x,2*). In this case, T(p) := t; is the leading monomial of p, according to <, and
le(p) := ¢; is the leading coefficient of p, according to <. We say that p is monic
if le(p) = 1. Given two words a,b € (x,z*), we say a divides b if b = cad for some
c,d € (x,x*).

Given a two-sided ideal I C F(z,z*), a reduced Groébner basis for I is a set
G C I with the following properties:

1. for each f € I there exists g € G such that T'(g) divides T'(f).

2. each element of G is monic, and

3. if g1 and g9 are distinct elements of G, then T'(g1) does not divide any term
of go.

By [13| Proposition 1.1], every two-sided ideal of F(x,2*) has a unique reduced
Grobner basis.

Let (z) C (z,2*) be the set of analytic monomials in (z,2*), and let F(z) C
F(z,z*) be the set of analytic polynomials in F(z, 2*).

PROPOSITION 4.1. Let < is a monomial order on F(x,z*). Let I C F(zx,z*) be
a x-ideal generated by some nonzero analytic polynomials. Then the reduced Grébner
basis for I is of the form GU H*, where G and H consist entirely of analytic polyno-
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mials.

Proof. Let G be the reduced Grobner basis for INF(x) and let H* be the reduced
Grobner basis for I* NF(z)*. Since I is generated by some analytic polynomials as
a *-ideal, it is generated by some analytic and some antianalytic polynomials as a
two-sided ideal. Therefore G U H* generates I as a two-sided ideal in F(x, 2*). It is
clear that G U H* satisfies conditions (2) and (3) of being a reduced Grobner basis
for I. To prove that G U H* satisfies condition (1) we need the following:

Claim 1. FEvery element of I is a linear combination of polynomials of the form

(4.1) Pip2- - P,
where p; alternate between analytic and antianalytic polynomials and each p; is either

(a) a nonconstant monomial which is not the leading monomial of an element of I;
or
(b) a polynomial asb, where a,b € (x,z*) and s € GU H*.

Moreover, we can assume that at least one p; in each product is of the second form.

Since G U H* generates I as a two-sided ideal, each f € I is of the form

f= Z a;jgib; + Z Cj/h;f/dj/

j.finite 5 finite

where g; € G, hj € H and aj,bj,c;r,d; € F(z,2*). Now, every element of F(x, 2*) is
clearly a linear combination of products ry - - - r,,, where r; alternate between analytic
and antianalytic monomials. If r; is analytic then, by [I3, Theorem 1.1, assertion
1], we have that r; = ¢; + w; for some ¢; € I NF(z) and some w; which is a linear
combination of analytic monomials that are not the leading monomial of some element
of INF(x). Further, ¢, = Zi/, finite @i 9irbir for some gy € G and ayr, by € F(z). A
similar argument prevails if r; is antianalytic thus completing the proof of Claim 1.

Claim 2. Ifpi---pr and q1---qe are of the form () and

T(pr---pr) =T(qr - q),

then qi---qx — p1---pr s a linear combination of polynomials of the form (f.1]).

The assumption implies that T(p1)---T(pr) = T(q1)---T(qe). It follows that
k =¢ and T(p;) = T(q;) for each i. Moreover, for each i:

(a) either T'(p;) = p; = ¢;; or
(b) p; and ¢; are both analytic and in the ideal generated by G; or
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(¢) p; and ¢; are both antianalytic and in the ideal generated by H*.

Consequently, g1~ qx —p1- Pk = @1 @ —(P1 —q1 +q1) Pk — qx + q) = @
where T(7) < T(q1---qx) and 7 is a linear combination of polynomials of the form

(&), proving Claim 2.

To complete the proof of the proposition, let f € I be given. By Claim 1,

n
F="cra
k=1

where ¢, € F and zj are of the form (). It can be assumed that there is an
m such that T'(z1) = -+ = T(zm) > T(2m+1),.-.,T(2,). For each k = 2,...,m,
Claim 2 implies zj — 27 is a linear combination of polynomials of the form (£I]) and
T(zr — z1) < T(z1). It follows that

f= (ch)zl +z

k=1

where T'(z) < T(z1). Now, if >7"  ¢x # 0, then T(f) = T'(z1) is divisible by the
leading coefficient of an element of GUH*. If Y} | ¢, = 0, we continue by induction.
Therefore the leading monomial of every element of I is in the ideal generated by the
leading monomials of elements of GU H*. O

4.2. % Ideals with analytic generators. A graded order < on (z,z*) is a
monomial order such that a < b if dega < degb. (Recall that dega is the number of
letters in the word a).

LEMMA 4.2. Let I C F(x,x*) be a two-sided ideal. If < be a graded order on
(x,2*) and if W is the space spanned by all monomials which are not the leading
monomial of an element of I, then F(x,z*) = I®W. Further, if p = 1+ w € F(z,a™),
with v € I and w € W, then deg(p) = max{deg(t), deg(w)}.

Proof. The first part is true for every monomial order; see assertion (1) in [I3]
Theorem 1.1].

Next, suppose p = ¢ + w, where ¢ € I and w € W. The only way that deg(p) #
max{deg(¢),deg(w)} is if the highest degree terms of + and w cancel each other out.
In this case T'(w) = T'(—¢) since < is a graded monomial order. On the other hand,
T(w) is not the leading monomial of an element from I; a contradiction. O

Proposition 43l and Corollary 4] are the main results of this subsection.

PROPOSITION 4.3. Let I C F(x,x*) be a x-ideal generated by analytic polynomi-
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als. There exists a positive hermitian linear functional L such that
(4.2) I ={aeF(z,a"): L(a*a) = 0}.
Hence, the x-algebra F(x,z*)/1 is x-semisimple.

COROLLARY 4.4. If I C F(x,z*) is a x-ideal generated by analytic polynomials,
then

re% — R*har{i/f — I

Proof of Corollary Lemma B3 and Proposition B3 imply = "*/I = I. By
Proposition we have "V/T C *"3/T and of course I C "V/1, so we get the
conclusion. 0

Proof of Proposition [[.3, Let < be a graded monomial order on (z,z*) so that
a < b if dega < degb. Let W be the space spanned by all monomials which are not
the leading monomial of an element of I so that, by Lemma L2 F(z,z*) =T & W.
We will construct a positive hermitian linear functional L on F(x,z*) such that

(4.3) I={aeF(z,2"): L(a"a) =0}
as follows. Set L(I) = {0}. For each monomial m € W, set

0 if m is not a square
cq if m is a square of degree 2d

where each ¢4 > 0 is a constant to be chosen inductively. Finally, we define L(a) to
be

- 1-
L(a) := EL(a) + EL(a*)*
so that L is hermitian. Note that if ¢ € I, then * € I, so L(:) = 0.

We will need the following:

Claim. Let my,ma € W be monomials of degree < d. If my # ma, then L(mjmsz)
depends only on c1,...,Ccq_1.

It suffices to show that L(mims) depends only on ¢y, ..., cq_1.

If mimy € W, either L(mimy) = 0 or L(mims) = ¢, for some e < d because
my # me implies that mims is not a square of degree 2d.

If mimo ¢ W, we can decompose mimsg as ¢ +w, where v € I, T'(1) = mimsg, and
w € W, and deg(:), deg(w) < deg(mimz).
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If deg(mijmsz) < 2d, then w is spanned by monomials w which either are not
squares, in which case L(u) = 0, or which are squares, in which case L(u) depends
only on cg,...,cq—1 because degu < 2d.

If deg(mjma) = 2d, then degmy = degmg = d. Let my and mas be of the form
my=1uy---ur and mg =wvy---vy,

where the u; and v; alternate between being nonempty analytic and antianalytic
words. Since my,my € W, each u; and each v; is not the leading monomial of an
element of I. On the other hand, since mims & W,

* * *
mime = Uy - UV - Vg

is the leading monomial of some p € I. Let G U H* be the reduced Grobner
basis of I given by Proposition 1l By property (1) of reduced Grobner bases,
uj ---ujvy ---vg = T(p) is divisible by the leading monomial of some ¢ € G U H*.
Note that T'(q) is either analytic or antianalytic but it divides neither of the words u;
and v;. The only way this can happen is that T'(¢) divides ujv; and so ujv; is either
analytic or antianalytic. Let us decompose ujvi = t1 + w1, where ¢v; € I, w; € W,
and both ¢; and w; are (anti)analytic if ujv; is (anti)analytic. Also, by Lemma 2]
deg(t1), deg(wy) < deg(ufvy). Therefore

i(mfmg) = f/(uz CeeuSL Ve - vg) + f/(u}’; CeUSWIVY - Ug).

We have L(uj ---ujtivg---vg) = 0 since L(I) = {0}. Next, the degree 2d terms of
Uy, - - - usw1ve - - - vg cannot be squares since the middle two letters of each degree 2d
word of come from pieces of terms of wy, which is either analytic or antianalytic—the
middle piece of a square word is always of the form yy*, where y is a letter. Therefore
E(uz -+ ubwivg - - - vg) does not depend on ¢q since uj - - - uswiv2 - - - v has no squares
of degree 2d in it. This completes the proof of the claim.

Let My be a vector whose entries are all monomials of degree d in W. Consider
A = L(M}Mg), which is defined by evaluating the entries of MM, with the func-
tional L. First, since L is hermitian, clearly A is as well. Each monomial mimsg, with
degmy = degmso = d, is distinct. If my # mq, then, by the Claim, L(mjms) does
not depend on ¢,4. Finally, if my = ma, then L(mim;) = c¢q. Therefore the matrix A
is of the form

A= CdId+Fd

Id is an identity matrix of appropriate size, and where Fj is hermitian and depends
only on cg,...,cq—1. Further, by the Claim, the value of L on F{x, 2*)34_1 depends
only on cq,...,cq_1. Therefore Lemma [£5] below, gives the result. O
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The following technical lemma was used at the end of the proof of Proposition
It will be also used in the proof of Proposition 6 If A = (ai;)1<i,j<n is & matrix
of polynomials, and L is a linear functional on F(z, 2*), let L(A) denote the matrix
(L(aij))1<ij<n-

LEMMA 4.5. Let I C F(x,x*) be a left ideal. Fiz a graded order <, and let W be
the space spanned by all monomials which are not the leading monomial of an element
of I so that F{x,x*) = I & W. For each degree d, let My be the row vector whose
entries are all monomials of degree d in W .

Suppose there exist positive definite matrices Aq, ..., Aq,... such that for any
positive constants co, ..., cCd, ..., a well-defined linear functional L on F(x,x*) can be
defined inductively with the following properties:

1. L(I 4+ 1*) = {0}.
2. If deg(p) < 2d for some d, then the definition of L(p) depends only on the

choice of co,...,cq_1.

3. L(M;Mg) = cqAq + Fq, where the hermitian matriz Fy depends only on the
choice of cg,...,Cq—1-

Then there exist values of cg,...,cq,... such that the linear functional so defined

satisfies L(a*a) > 0 for each a € F(x,x*) and equals 0 if and only if a € 1.

Proof. If 1 € I, then the problem is trivial. Otherwise, for d = 0, we must have
L(1) = ¢pAp + Fy, where Ay is a positive scalar. Therefore, for a sufficiently large
value of ¢y we get L(1) > 0.

Next assume inductively assume inductively that co, ..., cq—1 are defined so that
L(b*b) > 0 for each b € F(x,x*)g—1 \ lg—1. Let a € F(z,2*)4 so that a can be
decomposed as a = t+w, where ¢« € [ and w € W. By Lemma 2] deg(:), deg(w) < d.
Since L(I + I*) = {0},

L(a*a) = L(t"t) + L(¢t*a) + L(w*t) + L(w*w) = L(w*w).
Further, suppose a ¢ I, which implies that w # 0.

Let Ng—1 be the row vector whose entries are all words in W of length less than
d. Then w = Mgog + Ng_1a4_1 for some constant column vectors ag, ag_1. We see
that

= wea= [ ] [ ]l ]

where

A=L(M;M;), B=L(MNy;_,) and C=L(Nj Ng1).
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If g = 0, then deg(w) < d, so L(w*w) = a;_;Cag—1 > 0 since w ¢ I. Since L
is hermitian, clearly C is also hermitian. Since ag_; is arbitrary, this implies that
C is positive definite. Next, B depends on polynomials of degree less than 2d, so
by assumption B depends only on cg,...,cq_1, which are already determined. Next
consider A = cqAq + Fy. We see that cg,...,cq_1 are already determined, and since
Ay >+ 0, we can choose ¢, sufficiently large so that the matrix

cdlAqg+Fy B
B* C
is positive definite. Given (@A), this implies that L(w*w) > 0. The result therefore
follows by induction. O

4.3. Homogeneous analytic ideals. An (two-sided, left, right) ideal I C F(x)
is called homogeneous if it is generated by homogeneous polynomials, not necessarily
of the same degree.

PROPOSITION 4.6. If I C F(x,2*) is a real, homogeneous left ideal (not neces-
sarily finitely generated), then there exists a positive hermitian F-linear functional L
on F{x,x*) such that

I={u:L(t")=0}.

Proof. By the proof of [4, Theorem 4.1}, for each degree d there exists a positive
hermitian F-linear functional Lag on F(x,z*)59™ such that

Ic}l;om _ {L c F<x,x*>2°mIL2d(L*L) = 0}7

and such that Lsy(t) = 0 for each ¢ € (I + I*)59™. Define the linear functional L
on F(z,z*) to be 0 on odd degree monomials and to be cqLaq on F(x, z*)59™, where
each c¢q4 is a positive constant to be chosen. Note that since I is homogeneous, by
construction L(I + I*) = {0} since each homogeneous polynomial in I is mapped to
0. Also, clearly L is hermitian.

Consider A = L(M};My). First, since L is hermitian, clearly A is as well. Next,
if My € Fa, :c*>2°m for some constant column vector « # 0, then by linearity

L(a*MjMga) = cqa La(MjMg)o

which is positive by assumption. Therefore Lq(MjMg) = 0 and A = cqLqa(M;My).
Further, the definition of L on F(x,2*)24—1 depends only on cq,...,cq—1. An appli-
cation of Lemma gives the result. O

PROPOSITION 4.7. If I C R{x,z*) is a x-ideal generated by homogeneous analytic
polynomials, then for each degree d, there exists a tuple of matrices X such that
u(X) =0 for each v € T and q(X) # 0 for each q & I with degree at most d.
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Proof. Fix d € N. Let I®) be the *-ideal generated by I as well as by all analytic
monomials of degree d + 1. In this case, (I\¥))y = I;. By Proposition =3 there exists
a nonnegative hermitian linear functional L4 such that

ID = {a € F(z,2*): Ly(a*a) = 0}.

We follow the GNS construction to define H to be the pre-Hilbert space defined as
the vector space F(z, z*)/I'® with inner product

([a], [b]) := La(b"a),

and a tuple of linear operators X = (X, ..., X,) on H such that X;[r] = [z;7] for
each i = 1,...,g and each r € F(z,z*). Clearly, X;‘[r] = [zjr] foreachi=1,...,9g
and for each r € F(x, 2*), which implies that ¢(X)[r] = [gr] for each ¢,r € F(z, z*).

Define W C H to be the space
W = {[ab]: a,b € F{x,z*), a analytic, deg(b) < d}.

Since every analytic monomial of degree greater than d is in I(?| the space W is finite
dimensional. Let X be the tuple of operators on VW defined by

X = (PwXi1Pw,...,PwX,Pw),

where Py is the self-adjoint projection map onto W. If a is analytic and deg(b) < d,
then Py X; Pyy[ab] = Py X;[ab] = Py [x;ab] = [z;ab] for each i = 1,..., g and hence,

HX)[ab] = [Yab]
for each analytic ¢. If + € I is one of the analytic generators of I, this implies that
1(X)[ab] = [tab] = 0.

Therefore p(X) = 0 for each p € I. Also, if deg(q) < d, then

It is clear that ¢ € 19 if and only if ¢ € I. Therefore if ¢ & I, then q(X)#0.0

THEOREM 4.8. If I C R{x,a*) is a x-ideal generated by homogeneous analytic
polynomials, then "Y1 = 1.

Proof. This follows directly from Proposition E7 O

Proof of Theorem One can construct tuples of matrices X9 on finite-
dimensional Hilbert spaces H(%) by Proposition X7 such that «(X(?) = 0 for each
v €T and p(X@) £ 0 if deg(p) < d and p & I. Since I is homogeneous, one can scale
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each X(? by a scalar and still preserve t(X(?) = 0 for each ¢ € T and p(X@) # 0
if deg(p) < d and p ¢ I. Therefore choose each X(? to have norm bounded by 1.
Let X := @,y X @ be an operator on H := @, H'?Y. Then clearly | X| <1 and
p(X)=0ifand only if pe I. O

We end this section with two remarks.

REMARK 4.9. Returning to the example at the outset of this section of the x-
ideal I, of F(x,x*) generated by p = 1 + 129 — @221, note that it does not satisfy
the condition

b/ I(P)NF(z) = I(P) NF{x)
which is, at least formally, weaker than the hard Nullstellensatz property.
REMARK 4.10. The real radical of the two-sided ideal in F(z, 2*) generated by a

collection of analytic polynomials P is the the x-ideal generated by P.

5. Left zeroes. There is a theory of Nullstellensatz for a left ideal I in a x-
algebra A (see [3| [] for the most recent results and for historical references) and this
section briefly explores the connections between Nullstellensatz for left ideals and the
Nullstellensatz in this article for two-sided ideals.

The main result of this section is that, for the important representation classes,
the left radical of a two-sided ideal coincides with its hard radical. The machinery
developed in this section leads to an alternate proof of Proposition [LT (). This
machinery will also be used in Section [6] where the relations between hard and soft
zeros (defined later) are established.

Given a representation class C of the x-algebra A, let
Crett = {(m,v):m € C,v € Vi }.

The elements of Ciery will be considered as “left real points” of A. We say that an
element (m,v) of Cle is a left zero of an element a € A if w(a)v = 0. If T C Ciest,
then

Ilceft(T) ={a € A:m(a)v =0 for all (w,v) € T}

is a left ideal in A — the left vanishing ideal of 7. In the case that T is a singleton
{(m,v)}, it is convenient to abbreviate ZC ({(m,v)}) to ZCs (7, v). Given S C A, let

Vi (S) = {(m,v) € Cloge:m(s)v = 0 for all s € S}
be its left variety and let

VS = T (Vi (S))
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be its left radical. If J(S) is the left ideal generated by S, then clearly
Viie(S) = Vi (J(8)) and VS = < {/J(S).

When T C Iy and S € A and C = II (recall that II is the class of all finite-
dimensional *-representations), we will use the abbreviations

Thet(T) = Illgft (1), Viett(S) = Vienft (S) and Vs = "

5.1. Real left ideals of finite codimension. By Corollary 29 a two-sided
ideal I of A has the form Zy,q(7) for some 7 € I (where Thara(7) := Zhara({7}) =
ker7) if and only if I is real and dim . A/I < co. Lemma [51]is the one-sided version
of this fact.

LEMMA 5.1. If I is a left ideal of A, then the following are equivalent.

(1) T is real and dim A/T < oo;
(2) There exist m € Il and v € V. such that I = Tieg(m,v) and w(A)v = V.

Moreover, for every representation class C and every element (mw,v) € Clegr Such
that w(A)v = Vi the following is true. If I C IS, (m,v) is a two-sided ideal, then I C
IE. (7). In particular, if IS, (m,v) is a two-sided ideal, then IS, (m) = ICs(m,v).

Proof. Clearly, (2) implies (1). To prove the converse, suppose that I is real and
dim A/I < co. Let m be the left regular representation of A on A/ and v =1+ I.
Let Vi = A/I and note that m(A)v = V. It remains to show that there exists an
inner product on A4/I such that 7 is a *-representation.

The kernel Z(I) of the left regular representation 7 is the largest two-sided ideal
contained in I by Lemma [ZTl Moreover, A/Z(I) is isomorphic to a subspace of the
linear maps on the finite dimensional space A/I. Hence A/Z(I) is finite dimensional.
By Lemma 2] and Lemma 22i[l), Z(I) is a real *-ideal. By Lemma [Z4] and Propo-
sition 27, A/Z(I) is *-isomorphic to a finite direct sum @&;M,,, (F;) where n; € N,
F; € {R,C,H} and the involution is conjugate transpose.

Let p: A — @, M,,(F;) be the composition of the canonical mapping A — A/Z(I)
and the isomorphism A/Z(I) — @&; M, (F;). Since A/I is isomorphic to p(A)/p(I) as
a vector space, it suffices to construct a positive linear functional L on p(A) such that
p(I) = {b € p(A): L(b*b) = 0}. It is well-known that every left ideal in a semisimple
algebra is generated by an idempotent; see e.g. [7, Corollary 2.1A]. Therefore, p(I) =
p(A)e for some idempotent e € p(A) and we can take

L(b) :=tr((1 —e)*b(1 —¢))
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where 1 is the identity matrix and b runs through p(A) = &; M, (F;).

To prove the moreover statement, observe since 7(ZS (m,v))v = 0 and also I is
a two-sided ideal, that m(I)w(A)v = 0. Since w(A)v = Vg, it follows that «(I) = 0.
Hence I C Z€, (). In the case that IS, (,v) is a two-sided ideal, ZC; (m,v) C
ZE, (7). The reverse inclusion is evident and hence ZS, () = IS (7, v). O

REMARK 5.2. For A = F(z,z*), Lemma [5.] can also be deduced from [4 Theo-
rem 4.1] and [I1 Lemma 3]. O

5.2. Left radical of a two-sided ideal is two-sided. Note, if I is a two-sided
ideal in A, then

C—lef\yj C C—har{l/}

We would like to know when the opposite inclusion holds.

We say that a representation class C is regular if for every (m,v) € Ciest there
exists (7,0) € Ciegt such that 7(A)0 = Vz and ||7(a)v| = ||7(a)?|| for every a € A.
Recall that II is the class of all finite-dimensional *-representations, B is the class of
all bounded #-representations and R is the class of all x-representations.

PROPOSITION 5.3. The representation classes I1, B and R are regular.

Proof. Let C be a representation class of A and (m,v) € Ciery. Then I := {a €
A:m(a)v = 0} is a left ideal of A. Let 7 be the left regular representation of A on
Vz = A/I. We endow A/I with the inner product (a + I,b+ I) := (w(a)v, 7(b)v)y,

so that 7 becomes a *-representation. Let us define v := 1+ I. Clearly, 7(A) = V;
and ||7(a)0]| = |la + I]] = |7 (a)v]| for every a € A.

It remains to show that ©# € C if C is one of the classes II, B. If 7 is finite-
dimensional, then 7 is also finite-dimensional because dim A/Ker 7 < oo and Kermw C
I implies dim A/I < co. If 7 is bounded, then 7 is also bounded because ||7(a)(b +
Dl = llab+ || = [[x(ab)v]| = [[x(a)x(b)v]| < [[x ()l 7w (B)v]l = [Ix(a)l b+ 1. O

PROPOSITION 5.4. IfC is a reqular representation class of A and I is a two-sided
ideal in A, then

C—har\(yf g 67lef\7f.

Proof. Pick any b € ¢ "/I and any (m,v) € Ciegy such that 7(I)v = 0. Let
(7,0) € Ciey, be such that 7(A)0 = Vz and ||7(a)v| = ||7(a)v] for every a € A. In
particular, 7(I)0 = 0. Since I C Iféft (7,0) is a two-sided ideal, it follows from Lemma
Bl that I C ZC, 4(7); ie., #(I) = 0. Now b € °"/T implies that 7(b) = 0. Hence,
#(b)o = 0 which implies that 7(b)v = 0. This proves that b ¢ “~'V/I. O
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As an illustration of Propositions [5.4] and we give an alternative proof of

Proposition [L1] ().

Proof. Let I be a two-sided ideal in a A = F(x,z*) such that dim.A/I < oo.
By [IIl Lemma 3], I is finitely generated as a left ideal. Therefore, VI = VI =
"/T where the first equality comes from [4 Theorem 1.6] and the second one from
Propositions B4l and [5.3] By [4, Theorem 4.1] and the GNS construction, there exists
(m,v) € Mg such that YT = I, (m,v) and 7(A)v = Vy. By the moreover portion
of Lemma 5], ZC,, (m,v) = ZE, 4 (7). O

6. Soft zeros. A tuple X in M(IF)¢ is a soft zero of a polynomial p from F(z, 2*)
if det p(X) = 0. Replacing hard with soft zeros in the definitions in Subsection [L]
produces the notions of the soft vanishing set, soft variety and soft radical. This also
works for a general x-algebra 4 and a general representation class C of A. We say
that a “real point” m € C is a soft zero of a “polynomial” a € A if 7(a) is not
invertible. Again, we can define the soft vanishing set, soft variety and soft radical.
We choose to work with general A but only the with the simplest C, i.e., C = II, the
finite-dimensional x-representations.

Given a subset T of II, the soft vanishing set of T is
Zoott(T) = {a € A:det(a) = 0, for all m € T}.

The set Zeost (T') satisfies A Zeoet (T)A C Zsore (T') but in general it is not closed under
sums. (Thus it is not an ideal.) Likewise, given a subset S of A, the soft variety of
S is

Viott(S) = {m € I: det w(a) = 0, for all a € S}
and the soft radical of S is
SO% = Isoft (‘/;oft (S))

For 7 € II, it is convenient to abbreviate Zsost ({7}) by Zsot (7). In subsection [61]
we describe the structure of Zgg (7) and in subsection we describe exactly when
Tsott () = Thara(m). This is used in subsection to characterize when Zyo (1) is a
two-sided ideal.

6.1. The structure of Z (7). For a left ideal I of A, let

7= {p € A: there exists ¢ € A\ I such that pq € I}.

PROPOSITION 6.1. For a subset S of a x-algebra A the following are equivalent:

1. 8 = Lo (m) for some finite-dimensional x-representation 7 of A.
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2.8 = Ule j; for some k € N and some real left ideals I, ..., I of A with
dimA/Ii < 00.

Proof. To prove that (1) implies (2), recall that every finite-dimensional *-
representation is a finite direct sum of irreducible *-representations, see e.g., [16]
Proposition 9.2.4]. Furthermore, if 7 = @;m, then clearly Zs(m) = (U, Lot (mi)-
Therefore, in view of Lemma [l it suffices to show that for every irreducible x-
representation 7 of A and every nonzero w € V, we have that

—

Lsoft (77) = Tett (7'(', ’LU).

Clearly, for each p € Zsop () there exists a nonzero v € V;; such that w(p)v = 0. We
claim that for each nonzero w € V; there exists ¢ € A such that 7(¢)w = v. This
claim implies that 7(p)m(¢)w = 0 and 7w(q)w # 0, so that p € Ile?(;w). We will
prove the claim by contradiction. If v ¢ 7(A)w, then 7(A)w is a proper nontrivial

invariant subspace for 7(A). Now, [16, Proposition 9.2.4] implies that 7 is reducible.

Suppose now that (2) is true. By Lemma [5.1] every I; is of the form Zjeg (m;, v;)
for some finite-dimensional #-representation m; and some v; € V;, such that m;(A)v; =
V.. We claim that j; = Zeot(m;). Namely, take any p € A and recall that p € j;
if and only if pg € I; for some ¢ € A\ I;. The latter is true if and only if there
exists ¢ € A such that m;(¢)v; # 0 and m;(p)m;(¢)v; = 0 which is true if and only if
there exists w; € Vy, such that w; # 0 and m;(p)w; = 0. The latter is equivalent to

P € Zsot (). The claim implies (1) since Ulej; = UleISOft(ﬂ'i) = Isoft(@leﬂ'i). O

6.2. When Z. s (7) Has the Form Zy,,.q(¢) .

PROPOSITION 6.2. For a x-algebra A and representation w € 11 the following are
equivalent:

1. Zsott () C Tnara () for some 3 € 11.
2. Lsott (,/T) = Ihard(’/T)'

If (2) is true and F = C, then w(A) is x-isomorphic to C endowed with the standard
involution. If (2) is true and F = R, then w(A) is *-isomorphic to either R or C or
H with standard involutions.

Proof. First, Tpara(m) C Zsost (m) by definition. Next, suppose a € Zsog (), which
is equivalent to det7(a) = 0. Then det(m(a)*m(a)) = 0 as well, and since Zsof(m) C
Thard(¥), we have a*a € Zyara(t0). Further, m(a)*m(a) cannot have any nonzero
eigenvalues A since, if it did, then A would be real, a*a — X\ € Zyott (1) C Znara(),
and so a*a — (a*a — \) = X\ € Zypara(w). Therefore m(a)*n(a) = 0, which implies that
m(a) = 0. Therefore Zeost (1) C Zhard (7), which implies that Zsost (1) = Zhard (7).
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Suppose that Zso () = Zpara(m) for some m € II. Since 7(.A) is contained in
M,,(F) for some n, it is a finite-dimensional formally real x-algebra. We claim that
m(A) has no zero-divisors. Namely, if 7(a)m(b) = 0 for some a,b € A, then either
detm(a) = 0 or detw(b) = 0 which implies that either m(a) = 0 or m(b) = 0. The
claims about the structure of 7(A) now follow from Proposition 27 O

A representation 7 is unitarily equivalent to representation 1 if there exists a
unitary operator T: V; — Vj;, such that i(a) = T'w(a)T™* for every a € A.

COROLLARY 6.3. For x-algebra A and every irreducible w € 11 the following are
equivalent.

1. Isoft (’/T) = Ihard(’/T)'

2. w(A) has no zero divisors.

3. If F = C, then 7 is unitarily equivalent to some *-representation ¢: A — C.
If F = R, then 7 is unitarily equivalent to some x-representation of one of
the following types: (i) ¥: A — R where m(A) =R, (ii) v: A — Ms(R) where
w(A) = C or (iii) ¥: A — My(R) where w(A) = H.

Proof. In the proof of Proposition [6.2] we showed that (1) implies (2). To show
that (3) implies (1) note that every element A € C C M>(R) satisfies det A = 0 if
and only if A = 0 and that every element B € H C My (R) satifies det B = 0 iff
B = 0. Finally, (2) implies (3) by the Burnside’s theorem for irreducible subalgebras
of M, (C) and its real version [10, Theorem 6]. (Clearly, if 7 is similar to v, then 7 is
also unitarily equivalent to v.) O

6.3. When *{/{p} and "3/Ap are two-sided ideals. Given an element p
of a x-algebra A let J, and I, denote the left and two-sided ideals generated by p
respectively. We will write Il for the set of all irreducible finite-dimensional -
representations of A. Recall that every m € II can be decomposed as an orthogonal
sum of finitely many elements from II;,. Recall also that 7w(A)v = V; for every
7 € Il;, and every nonzero v € V.

LEMMA 6.4. For every element p of a x-algebra A we have that
Ihard(‘/soft (p) M Hirr) C left Jp-

If %/ J, is a two-sided ideal, then the opposite inclusion holds too.

Recall that ¢/ J, = 4/J, if A = F(z, 2*) by the left Nullstellenatz [4, Theorem
1.6).

Proof. Take any q € Thard (Vsott (p) N1y ) and any (7, v) € e such that w(p)v =
0. Let us decompose m = 71 & --- @ 7, where m; € I, and v = v1 B -+ - B v
where v; € V. Tt follows that m;(p)v; = 0 for every i = 1,..., k. Therefore, either
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detm;(p) = 0 or v; = 0, which implies that either m;(¢) = 0 or v; = 0 for every
i=1,...,k. Consequently, m;(q)v; = 0 for every i = 1,...,k, and so, m(q)v = 0. This
proves the first part.

To prove the second part, take any r € lef\‘/J_p any m € Viost(p) N Iy, Since
detw(p) = 0, there exists a nonzero v € V; such that w(p)v = 0. Since '*{/J,
is a two-sided ideal, we have that rs € lef{/J_p for every s € A. It follows that
m(rs)v = 0 for every s € A. Since w(A)v = V,, it follows that m(r) = 0. Therefore,
e Ihard(‘/soft (p) N Hirr)- O

PROPOSITION 6.5. For p € F(x,a™) the following are equivalent:

1. The ideal "3/ J, is two-sided (i.e., *y/J, = "{/Ip).

2. For every m € Iy, detmw(p) = 0 implies w(p) = 0 (i.e., Veorr(p) N iy C
Vhard(p))-

Proof.  If Vioge(p) N Wiy € Vhara(p), then clearly *%/1, C Zhard(Vhara(p)) C
Ihard (‘/;oft (p)mHirr)- By Lemmam we have Ihard(‘/soft (p)mHirr) C lef\t/ Jp = rea\l/ Jp~
It follows that *3/I, C *{/J,.

Conversely, if rea\‘/E = 3/.Jp, then rea\l/Tp is a two-sided ideal by Lemma
and it is finitely generated as a left ideal by the Real Algorithm [4] Theorem 3,1].
Proposition [[.1] now implies that re"‘\l/J_p = Thard(Vhard(p)). (Namely, by the first
part of Proposition [[.1] re"‘\l/jp has finite codimension. Therefore, the assumptions of
the second part of Proposition [[LT] are satisfied. ) On the other hand, we have that
“4/Ty = Tnara(Voost(p) N i) by Lemma G Finally,

Veott () N irr € Vhard (Zhard (Vsofe (p) N iy ))
= Vaara( ™% Jp)
= Vhard(Znard (Vhara (p)))
= Vhara(p)

as claimed. O

LEMMA 6.6. For every element p of a *-algebra A we have that

left Jp C =X {p} = Isoft(vsoft (p) N Hirr)'

Proof. Since Vst (p) N iyr € Vioe(p), we have that S“W = Zeott (Viort (p)) C
Teott (Viort (p)NILiyy ). Conversely, take any g € Zsogt (Vaort (p) N irr) and any 7 € Vot (p)-
Let us decompose m = 71 @ -+ @ 7, where m; € II;,, for all 4. Since det w(p) = 0,
it follows that det m;(p) = 0 for some . Therefore, det m;(¢) = 0, which implies that
det w(q) = 0. This proves the equality.
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To prove the inclusion take any r € */J, and any 7 € Viop (p). Since det 7(p) =
0, there exists a nonzero v € V; such that m(p)v = 0. It follows that m(r)v = 0 which
implies that det 7w(r) = 0. Therefore, r € *°y/{p}. O

PROPOSITION 6.7. For every element p of a *-algebra A, the following are equiv-
alent.

1. The set =%/{p} is a two-sided ideal.
2. For every m € Viott(p) N iy we have that Zsost () = Inard (7). (cf. Corollary
3. SOW - Ihard(‘[soft (p) N Hirr)-
L /T =
Proof. 1f (2) is false, then there exist m € Vioe(p) N Iy and ¢ € A such that
det 7(q) = 0 but 7(q) # 0. Pick w € V; such that w(q)w # 0. For every v in the unit
sphere S, C V,, pick r, € A such that 7 (r,)v = w. The sets

Uy :={u € Sz:m(q)n(ry)u # 0}

are clearly open and they cover S, because v € U, for every v € Sy. Since V; is
finite-dimensional, S is compact. Pick vy, ..., vx € Sy such that S, = U,, U---UU,,
and consider the element

k
R * *
ri= E To, 4 qTo, -
i=1

By construction, (w(r)v,v) = Zle |7 (q)m(ry, )v]|? > 0 for every v € S;. Therefore

det7w(r) # 0, and so 7 & Zsort (Veort (p) N ILiyy). Since g € *°Y/{p} and r ¢ **{/{p}, it
follows that (1) is false.

If (2) is true, then (3) follows from

3 {p} = Z-soft (‘/;oft (p) N Hirr)
= ﬂ Tsoft (77)

TEVsote (P) ixr

== m Ihard (’/T)
7€ Vsots (P) M Lixr

= Ihard(‘/soft (p) N Hirr)-

If (3) is true, then (4) follows from Lemmas and Namely,
SOW = Ihard (‘/éoft (p) N Hirr) C ey Jp c SOW
shows that *t/.J, = *°\/{p}.
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Clearly, *{/{p} is a two-sided semigroup ideal w.r.t. multiplication in A. If (4)
is true, then it is also a subgroup w.r.t. addition in 4. Hence, (1) is true. O

REMARK 6.8. If A = F(z,2*), then *°{/{p} is a two-sided ideal if and only if

reql/J, = *°\/{p} (since *§/J, = 3/J, by the left Nullstellenatz [4, Theorem 1.6]) if
and only if *°{/{p} = Znara(¥) for some ¢ € II (by the Real Algorithm [4, Theorem

3,1] and Proposition [I]). However, Thard (1) may be different from Zgos(¢0) in this
case because ¥ may not be irreducible.

EXAMPLE 6.9. If A = C(z,2*), then Zna,a(X) = Zeost(X) if and only if
Thard(X) = Tnara((A1, ..., Ag)) for some Ay, ..., Ay € C. The polynomial p defined by

satisfies *3/Jp = Thara(M1, .-, Ag)) = Zeors(A1,..., Ag)) and so *Y/{p} is a two-
sided ideal.
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