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EXTREMAL GRAPHS FOR NORMALIZED LAPLACIAN
SPECTRAL RADIUS AND ENERGY*

KINKAR CH. DAST AND SHAOWEI SUNT

Abstract. Let G = (V, E) be a simple graph of order n and the normalized Laplacian eigen-
values p1 > p2 > -+ > pp—1 > pn = 0. The normalized Laplacian energy (or Randi¢ energy) of G
without any isolated vertex is defined as

REG) =" |pi — 11.
=1

In this paper, a lower bound on p; of connected graph G (G is not isomorphic to complete graph) is
given and the extremal graphs (that is, the second minimal normalized Laplacian spectral radius of
connected graphs) are characterized. Moreover, Nordhaus-Gaddum type results for p; are obtained.
Recently, Gutman et al. gave a conjecture on Randié¢ energy of connected graph [[. Gutman, B.
Furtula, §. B. Bozkurt, On Randié¢ energy, Linear Algebra Appl. 442 (2014) 50-57]. Here this
conjecture for starlike trees is proven.
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1. Introduction. Let G be a simple graph with vertex set V(G) = {vy, va,...,
v, } and edge set F(G). Then its order is |V (G)|, denoted by n, and its size is |E(G)|,
denoted by m. The degree d; of a vertex v; of a graph G is the cardinality of the
neighborhood N; of the vertex v;. The maximum and second maximum degrees are
denoted by A; and As, respectively. If vertices v; and v; are adjacent, we denote that
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by v;v; € E(G). Let D(G) be the diagonal matrix of vertex degrees of a graph G. The
Laplacian matrix L(G) is defined as D(G)— A(G), where A(G) is the adjacency matrix
of G. Then the normalized Laplacian matrix of graph G without any isolated vertex is
defined as £(G) = D~V2(G)L(G)D~'/2(G). Let p1(G) > p2(G) > -+ > pp_1(G) >
pn(G) = 0 be its eigenvalues. When only one graph is under consideration, then we
write p; instead of p;(G). The normalized Laplacian energy (or Randié¢ energy) of G
is defined as

RE(G) =Y _|pi—1].
i=1

Several bounds on Randié¢ energy can be found in the literature, see [9, 10, 14]. Within
classes of molecular graphs, a relatively good (increasing) linear correlation between
Randi¢ energy and energy of graphs has been investigated in the recent article by
Furtula and Gutman [13]. For more information on Randié energy, we refer to the
reader [11, 15].

The general Randié¢ index R, (G) of graph G is defined as the sum of (d; d;)® over
all edges v; v; of G, where « is an arbitrary real number, that is,

Ro(G)= > (didy)~.

v;v; EE(G)
The general Randi¢ index when ao = —1 is
Ra@= Y o
1 = dldj .
’UinEE(G)

Some basic mathematical properties of R_1(G) can be found in [5, 18] and the refer-
ences therein. Throughout this paper we use P, Cp, Sy, Ky, and K, 4 (p+¢q=n) to
denote the path graph, the cycle graph, the star graph, the complete graph and the
complete bipartite graph on n vertices, respectively. For other undefined notations
and terminologies from graph theory, the readers are referred to [2].

The tree of odd order n (> 1), containing with "T_l pendant vertices, each at-
tached to a vertex of degree 2, and a vertex of degree "T_l, will be called the ("T_l)—
sun. The tree of even order n (> 2), obtained from a [22]-sun and a | 232 ]-sun, by
connecting their central vertices, will be called a ([232], |22 ])-double sun.

CONJECTURE 1.1. [14] If n > 1 is odd, then the connected graph of order n,
having greatest Randi¢ energy is the sun. If n > 2 is even, then the connected graph
of order n, having greatest Randi¢ energy is the balanced double sun. Thus, if n is
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odd, then the tree with mazimal RE is the (ﬂ)—sun If n is even, then this tree is

2
the ([2527, | 252])-double sun.

The paper is organized as follows. In Section 2, we give a list of some previously
known results. In Section 3, we obtain a lower bound on p;(G) for connected graphs
and characterize the extremal graphs. Using this result we present some bounds on
the normalized Laplaican spread (p; — pn—1) and Nordhaus-Gaddum type results for
p1- In Section 4, we prove Conjecture 1.1 for starlike trees.

2. Preliminaries. Here we recall some basic properties of the normalized Lapla-
cian eigenvalues which will be used in next two sections.

LEMMA 2.1. [7] Let G be a connected graph of order n > 2. Then p,—1 < -5

with equality holding if and only if G = K,,. If G is not the complete graph K, then
Pn—1 S 1.

LEMMA 2.2. [7] Let G be a connected graph of order n > 2. Then =5 < p; <2
with left equality holding if and only if G = K,,, and right equality holding if and only
if G =2 K, 4 withn=p+q.

LEMMA 2.3. [7] Let G be a bipartite graph of order n. For each p;, the value
2 — p; 1s also an eigenvalue of G.

The join Gy \/ G2 of graphs G; and Gz is the graph obtained from the disjoint
union of G; and Go by adding all edges between V(G1) and V(G2). Let K[, =
K. V(K;JK;) with r, s, t > 1.

LEMMA 2.4. [17] Let G be a connected graph with order n > 3. Then G = KT,
if and only if G is {S4, Py, Cy}-free.

In [4], Cavers found the normalized Laplacian spectrum of G = K7 \/ ¢ K with
n=1+gqs:

1 111
(2.1) NLS(G):{S+ 5 ,_,...,_,0},
S S S S
sq—q+1 q-1

Note that G = K! , when ¢ = 2.

s, s

LEMMA 2.5. [12] Let G = (V, E) be a graph of order n. If N; = N;, i (#)j =
1,2,..., k, then G has at least k — 1 equal normalized Laplacian eigenvalues 1.

Let p be an eigenvalue with a corresponding eigenvector x = (1, @2, ..., x,)7 of
the matrix @Q (= D~!L) with non-isolated vertices of graph G. Since the normalized
Laplacian matrix £ and @ are similar, then they have the same spectrum. We have
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@Qx = px, that is,

1
(2.2) pTi=Ti— — Z zj, 1=1,2,..., n.
v vj:v;v; EE(QG)

By multiplying d; x; to each side of the above equation, we get

(1—p)d;x? = Z Tz, 1=1,2,...,n.
v;:v;v; EE(G)

Taking summation on the above from ¢ = 1 to n, we get

2 E Tq Tj

v;v; EE(G)

p=1- 0
> dix}
=1

From this we get the following result:

LEMMA 2.6. [7] Let G be a graph of order n with non-isolated vertices. Then

2 Z Xq Tj

v;v; EE(G)
(23) pr=1— n )
> dix}
i=1
for any non-zero vector x = (1, T2, ..., x,)7.

LEMMA 2.7. Let K; be a complete graph on t vertices with V(K;) = {v1, va,...,
v}, Also let H be a graph of order n —t with V(H) = {vty1, Vt42,..., vn}. Fiz q
(1 <q<n-—t), then the resultant graph G = (V, E) is as follows:

V(G) = V(Kt) U V(H) = {’Ul, V2y ey ’Un},

EG) =EK,)UVUEH)U{vv; :i=1,2,...,t;j=t+1,t+2,...,t+q}.

t+q
t+q—1 °

Then G has at least t — 1 equal normalized Laplacian eigenvalues

Proof. From (2.2), we get

1 .
pxi:;pi—m Z :Ej, 121,2,...,t.
v;:0;v; € E(G)

One can easily see that p = tfqrzl with corresponding eigenvectors
(1, -1,0,...,07%, 1,0, -1,0,...,0%,...,(1,0,..., =1,0,..., 0)"
~——— ~—— ~———

2 3 t
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satisfy the above relation. Since these eigenvectors are linearly independent, we get
the required result. O

LEMMA 2.8. Let G = K,\/ K, o (1 < a < n—1). Then the normalized
Laplacian spectrum of graph G is

a n n
NLS(G)_{l—’—n—l’ n—l’.”’n—l’l’.” 170}'

Proof. By Lemmas 2.5 and 2.7, we have two normalized Laplacian eigenvalues of
G are 5 with multiplicity n —a —1 and 1 with multiplicity a — 1. Since p,, = 0 and
n
>~ pi = n, we get the required result. O
i=1

For a graph G = (V, E), a vertex cover of G is a set of vertices C C V such that
every edge of G is incident to at least one vertex in C'. A minimum vertex cover is a
vertex cover C' such that no other vertex cover is smaller in size than C'. The vertex
cover number c is the size of the minimum vertex cover.

LEMMA 2.9. [6] For a tree with vertex cover number c, the multiplicity of the
normalized Laplacian eigenvalue 1 is exactly n — 2 c.

A matching M in G is a set of pairwise non-adjacent edges, that is, no two
edges share a common vertex. A maximum matching is a matching that contains the
largest possible number of edges. The matching number v of a graph G is the size of
a maximum matching.

LEMMA 2.10. (Konig’s matching theorem) [2] For any bipartite graph G, v = c.

Denoted by T'(n, k, n1, na,..., ng), is a tree of order n formed by joining the
center v; of star S, to anew vertex v fori =1, 2,..., kwithn; >ng > --- > ng > 1,
that is,

T(n, k, n1, no, ..., ng) —{v}=5p, US,, U---US,, .

~

In particular, we have T'(n, k, 2, 2,..., 2) & ("T_l)—sun, where k = "T_l and n is odd.

LEMMA 2.11. [12] Let T = (V, E) be a tree of order n > 3. Also let vi and
vo be the maximum and the second mazximum degree vertices of degrees A1 and As,
respectively. If vivy ¢ E(T), then

1
n—1(T) <1—4/1——
pn—1(T) < A,

with equality holding if and only if T = T(n, k, n1, na,...,Ng), N1 = Na.
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3. Normalized Laplacian spectral radius of graphs.

(2s+1=n)
Fig. 1: Graph Ksl)s with 254+ 1 =n.

Several lower bounds on p; in terms of graph parameters (n, m, A; etc.) are
known, see [16] and the references therein. Moreover, it is already known that the
complete graph gives the minimal normalized Laplacian spectral radius of a connected
graph G of order n. In this section our aim is to find the second minimal normalized
Laplacian spectral radius of a connected graph G of order n. For this we give a lower
bound on p; of a connected graph G and characterize the extremal graphs.

THEOREM 3.1. Let G (# K,,) be a connected graph of order n. Then

n+1
n—1

(3.1) P12

with equality holding if and only if G = K, —e or K}

S, S8

with 2s+1=n (see, Fig. 1).

Proof. First we prove this result when P or Cy or Sy is an induced subgraph of
G. Suppose that the path P, : v;v;u5vp is an induced subgraph of the graph G. If
di +d; +di +de <3n—3, then weset x; =1, 2; = -1, =1, x, = —1 and all the
other components are 0 in (2.3). We have

6 >n+1
di+dj+dy+de = n—-1

p1>1+

Otherwise, d; +d; + di, +dy > 3n —3. Let CN = N; N N,; N N, N N; with |[CN| = a,
where 0 < a < n — 4. Since each vertex in CN is adjacent to {v;, vj, vy, ve} and
|CN| = a, we must have

di—l—dj—l—dk—i-dg§3(n—4—a)+4a+6:3n+a—6

and hence 3 < a <n—4. Settingxi:xj:xk::rgzl,xrz—aiﬂ for v, € CN,
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and all the other components are 0 in (2.3), we have

16a 16
—3_ 0
a+1 Z (a+1)2

vrvs €E(G),
vpr,vg ECN

16 '
di+dj+di+di+—— Y d,
(a+1) v, €CN

pr>1+2

Since

16 8a(a—1
> (a+1)2S (a(+1)2) and Y dr <a(n-1),

vrvs €EB(G), vr€ECN
vy, g ECN
from the above result, we have
2 5a2+18a—3

3.2 >1 ' '
(3.2) Pt T 3 4 2a+3+ (@—3)a+ 12/(n—1)

For4<a<n-—4,wehavea? —2a—-3=(a—3)(a+1)>0and a+1<n—1and
hence

5a°+18a—3>3a’+22a+3+(a—3)(a+1)>3a*+22a+3+(a—3)(a+1)*/(n—1).

Then by (3.2), again we get p1 > 21, For a = 3, by (3.2), we have p; > 1+ 2

with equality holding if and only if ; = z; = 2, =z, =1, z, = —1 for v, € CN,
and all the other components are 0. By (2.2), we have

2 2
1 =14 —
and hence d; = n — 1, which is a contradiction with d; < n — 3. Therefore we get
pL> i

Next suppose that the cycle Cy = v;v;v5v0v; is an induced subgraph of the graph
G. Thend; <n—-2,t=4,j, k £ Settingz; =1,2; =1, 2, =1, 2y = —1 and all
the other components are 0 in (2.3), we have
8 2 n+1

>1 > .
L e A i R

p1>1

Next suppose that the star Sy is an induced subgraph of the graph G with vertex
set V(S4) = {v1, va, v3, v4}, where viv; € E(G), i = 2, 3, 4. First we assume that
the vertices vq, v3 and v4 have at least two common neighbors {vy, vs}, (say). Then
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d; <n—3fori=2 3,4. Setting x1 =1, 20 = -1, 23 = =1, 24 = —1, x5 = 1 and
all the other components are 0 in (2.3), we have

10
1 if E ithdy,ds <n-—1
+d1+d2+d3+d4+d5 Hoivs € (G)Wlt 1, 45 =1
P12 o
1 if E(G) with dy, ds <n—2
+d1+d2+d3+d4+d5 ! v1’05¢ ( )Wl 1,5 =N
S 14 10 n+1

- 2(n—1)+3(n—3)>n—1'

Next we assume that ve, vs and v4 have exactly one common neighbor. Hence
dy+ds+dy <2(n—4)4+3=2n—0>5. Setting 1 =1, 20 = =1, 23 = —1, 24 = —1
and all the other components are 0 in (2.3), we have

6 . 6 n+1

>1 1 .
L= +d1+d2+d3+d4 - +n—1+2n—5>n—1

We now consider the graph G with {S4, Py, Cy}-free. By Lemma 2.4, we have
G=K{,(r+s+t=n)as G is connected. Then by Lemma 2.7, one can easily get
that the normalized Laplacian eigenvalues of GG are

s+r—1"""s+r—1"t+r—1"""t+r—1"n—-1""n-1
s—1 t—1 r—1

{ s+r s+r t+r t+r n n }

and the remaining three eigenvalues satisfy the following equations:

1
pr1 =21 — —— ((r — 1)z1 + swo + txg)

n—1

1
pry = Ty — m ((S — 1)$2 + 7'1'1)
(Vs + 1)
T3 = L3 — —————— — 1)z rTy).
pT3 3 i1 3 1

Therefore the remaining three normalized Laplacian eigenvalues of G satisfy the fol-
lowing equation
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where
2 r s+t r ST
f) == (s+r—1+n—1+r+t—1>x+(T—i-t—l)(n—l)
+ r? + rt
(s+r—1(Fr+t—1) (s+r—1)(n—-1)
Now,
! n+1\ (n+1 T n—r T n+1
n—1) \n—-1 n—-t—1 n—-1 n-—-s—1 n—1
" ST " r? " rt
m—s—1)n-1) nmh—-t—1)n-s-1) (n—-t—1)n-1)
_(r+l  r(@n-s-t-2) n+1
S \n—-1 (n—-s—1)(n—-t-1) n—1
n n(n—1)r—2rst
m=1)n—s—-1)(n—t—1)
(3.3) :2nr—n2—2r+1+(n+1)st—(n—3)rst

m—12Mn-s—-1)(n—t—-1)

Without loss of generality, we can assume that ¢ > s. We now consider two cases (i)
r=1, (i) r > 2.

Case (i) : v = 1. Since s < 251 < ¢, from (3.3), we get

n+1\  4st—(n—1)?
f<n—1>_ st(n —1)2 <0.

Thus we have p; > Z—ﬂ with equality holding if and only if s =t = "T_l, that is, if

and only if G =2 K! | with 2s+1=n.

s, s

Case (ii) : 7> 2. If s =t = 1, we have G = K,, —e. By Lemma 2.8, p;(G) = 2L and

n—1
hence the equality holds in (3.1). Otherwise, we consider the following two subcases:

Subcase (a) : s =1 and t > 2. In this subcase, from (3.3), we get

n+1\ 2nr—n?—=2r+1+ (n+1)t—(n—3)rt
f(n—1>_ n—12mn-2)(n—t—1) '
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For n =5 or 6, one can check directly that

(3.4) f("“) <0.

n—1
Otherwise, n > 7. Since t > 2 and n > r + 3, we have
tln—=3)r—m+1)]—-2nr+n*+2r—1>2[(n—3)r —(n+1)] —2nr +n?+2r — 1
=mn-1)2%—4(r+1)>0.

Again (3.4) holds and hence the inequality in (3.1) is strict.

Subcase (b) : t > s > 2. If n = 6, then G = K3 , and hence the inequality in (3.1) is

strict. Otherwise, n > 7. Now,

st(n—=3)r—m+1)]—2nr+n*>+2r —1>4[(n—=3)r—(n+1)] —2nr +n*+2r — 1
=2r(n—>5)+(n—22-9>0.

Again (3.4) holds and hence the inequality in (3.1) is strict. O

Using the above theorem, we can obtain a lower bound for the normalized Lapla-
cian spread (p; —pn_1) of all graphs G (# K,,, K,) with fixed order n and characterize
the extremal graphs.

THEOREM 3.2. Let G (# K,, K,) be a graph with ordern. Then p1—p,_1 > %
with equality holding if and only if G =2 K,, — e.

Proof. First we assume that G is a disconnected graph. Since G # K,,, then G
has at least one edge. Thus we have p; > 1 and p,—1 = 0. Hence p; — pp—1 > %

Next we assume that G is a connected graph. Since G # K,,, by Lemma 2.1 and
Theorem 3.1, we have
n+1
n—1

p1 > and p,_; < 1.

Thus p1 — pn—1 > % Moreover, p1 — pp_1 = % if and only if p,—1 = 1 and
p1 = Z—J_r} Again by Theorem 3.1, we have p; = Z—J_r% if and only if G = K,, —e or
G = K!, with 25+ 1 = n. By (2.1), we get pp—1(K.,) = 25 (2s+1 =n). By

s, s

Lemma 2.8, we have p,,_1(K,, —e) = 1. This completes the proof of the theorem. O

We now give the first \_"THJ minimal normalized Laplacian spectral radius of

graphs with order n.

THEOREM 3.3. (’L) Let G ¢ {Kn, K, 4 U?l, K, - U?Q, ceey Kerl UF;D, Kp @]
Kpi1, K — e, K;ﬁp} be a graph of odd order n (=2p+1). Then

p1(Kn) < pr(Kn1 UK1) < p1(Kp 2 UK3) < < pr(Kpr2a UK, 1)
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— n+1 1
(3.5) <p1(Epr1UKp) = pi(En —e) = —— = pi(K}, ) < pi(G).

(’LZ) Let G ¢ {Kn, Kn,1 Ufl, Kn,Q UFQ, ey Kp+2 U?pfg, Kerl U?pfl, Kn - 8}
be a graph of even order n (= 2p). Then

p1(Ep) < p1(Kp1 UKy < p1(Kn 2 UK3) <+ < p1(Kpp2 UK )

J— n+
(3.6) <pr(Kpi1 UKp 1) <p1(Ky —€) = 1S p1(G).

Proof. We have

. ) 52
n—t—1

n—2.

gee ey

For n = 2p+ 1, we have
p1(Kn) < p1(Kp 1 UK < p1(Kn 2 UKy) <+ < p1(Kpa UK 1)

n+1

n—1"

(37) < p1 (Kp+1 Ufp) =

For n = 2p, we have
p1(Ky) < pr(Kp—1 UK1) < p1(Kn—2 UK2) < -+ < p1(Kpy2 UK o)

n+2 n+1
< .
n n—1

(3.8) <p(Kp1 UK, 1) =

First we assume that G is a connected graph. For G # K,,, by Theorem 3.1, we
have

n+1
n—1

p1(G) >

with equality holding if and only if G = K,, — e or K! , with 25 +1 = n. From the

s, s

above results, we get the required results in (3.5) and (3.6).

Next we assume that G is a disconnected graph. Let Gi, Ga,..., Gj be the k
(k > 2) connected components in G. Also let n; be the number of vertices in G;,

k
i=1,2,..., k such that > n; = n with n; > ng > -+ > ng. If ng > 2, then by
i=1
Lemma 2.2,
1 n+1
p1(G) = max {p1(G). p1(Ga). o p2(Gi)} 21+ —— >
ng — 1 n—1
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and hence the two inequalities hold in (3.5) and (3.6). Otherwise, ng = 1. Then
G~ Gy UK)_1. We consider the following two cases:

Case(i):n=2p+1. If k> p+2, then

() = pr(Gy) > nq _n—k+1>n+1

n—1  n—k n—1

and hence the inequality (3.5) holds. Otherwise, k < p+ 1. For G; &2 K,,_j1, then
G = K, 141 UKy_1 and hence the inequality holds in (3.7), that is, the inequality
holds in (3.5). Otherwise, G; # K, —k+1 . Using Theorem 3.1, we get

n—k+2 n+1
>

= >
pL(G) = p1(Gr) 2 ——= >

and hence the inequality holds in (3.5).

Case (i1) : n = 2p. Similarly, as Case (i), we consider k > p+ 1 and k < p, and we
can see that the inequality holds in (3.6). O

We now obtain Nordhaus-Gaddum type results on p1(G).

THEOREM 3.4. Let G (# K,, K,) be a graph of order n. Then

(3.9) (@) 4@ 224

with equality holding if and only if G = Ko|J K1 or G = Ss.

Proof. Since G # K,,, K,, we have n > 3. Forn =3, G = K3 |JK; or G = S;.
Hence the equality holds in (3.9). Otherwise, n > 4. One can easily see that both G
and G, or one of them must be connected. Without loss of generality, we can assume
that G is connected. If G is connected, by Theorem 3.1 we have

— 4
p1(G) +p1(G) > 2+ —.
n—1
Otherwise, G is disconnected. If G # K;|JK,_; (2 <i <n — 1), then by Theorem
3.3, we have p1(G) > 1 + -2 and hence p1(G) + p1(G) > 2+ =, by Theorem 3.1.
Next we only have to consider the remaining case: Ge {Kl UK, _; [2<i<n-— 1}.

Therefore p1(G) = 5 (2 < i < n—1). By Lemma 2.8, we have p1(G) = 1+ -
(2 <i<n-—1) and hence

p1(G) + p1(G) =2+ -
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It is easy to see that the function f(z) = 2+ —15 + =% is decreasing on [2,v/n — 1+1]

n—1

and increasing on (v/n — 141, n — 1]. Since n > 4, we have

2 1 4
2 .
s/n—1+n—1> +n—1

p1(G)+pm(G) > f(WVn—1+1)=2+

This completes the proof of the theorem. O

THEOREM 3.5. Let G be a graph of order n (> 2). Then
(3.10) p1(G) + p1(G) <4
with equality holding if and only if

G € {537 P4; K2,n727 KQUKH72}-

Proof. One can easily check that S3, P, K2 ,—2 and Ko |JK,_2 satisfy the
equality in (3.10). Otherwise, n > 5 and G # Ky ,—2, G # K2 |J K,,—2. By Lemma
2.2, we can immediately get p; (G)+p1(G) < 4. Suppose that equality holds in (3.10).
Then by Lemma 2.2, both G and G have at least one connected bipartite component.
Without loss of generality, we can assume that G is connected. Since G is a bipartite
graph with n > 5, then there is at least one independent vertex subset S of V(G) with
|S| > 3. Then K3 is an induced subgraph of G. If G is connected, then G can not
be a bipartite graph, a contradiction. Otherwise, G is a disconnected graph. Then G
must be complete bipartite graph K, , and hence G = K, |JK, (p + ¢ = n). Since

n > 5 and p1(G) = 2, then p = 2 or ¢ = 2, and hence G = K3 ,,_2, a contradiction.
This completes the proof of the theorem. O

4. Normalized Laplacian energy of starlike tree. A tree is said to be star-
like if exactly one of its vertices has degree greater than two. By S(ni, na,..., ng)
we denote the starlike tree which has a vertex v; of degree k > 3 with n1 > no >
.-+ > ng > 1 and which has the property

S(ni, no, ..., ng) — v :PMUPMU"'UPnk-

This tree has n1+ng+- - -+ng+1 = n vertices. In particular, we have S(2, 2,..., 2)

(251)-sun, where n is odd. Let s = |S| (|S] is the cardinality of set S) be the non-

negative integer such that

(a1

S={i:n;isodd, 1 <i<k}.

Banerjee et al. [1] proved that for starlike tree T' 2 S(nq, no, ..., ng), T has the
matching number 2=5*1 (s # 0). This result with Lemma 2.10, we get the following:
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LEMMA 4.1. Let T = S(n1, no, ..., ng) be a starlike tree of order n with vertex
cover number c. Then

Banerjee et al. [1, Theorem 2.2 (ii)] gave a result on R_;1(T") which is not true.
Here we give the correct statement:

LEMMA 4.2. Let T = S(ny, na,..., ng) be a starlike tree of order n and let p be
the largest positive integer such that n, > 1. Then

n+1 k- 2
Roy(T) =75 —Tp(1——>.

Proof. Since T is a starlike tree and ny > ng > --- > n, > 2, we have (di, d;) =
(k, 2) for p edges viv; € E(T), (di,d;) = (k, 1) for k — p edges viv; € E(T),
(di, dj) = (2, 1) for p edges v;v; € E(T) and (d;, d;) = (2, 2) for the remaining edges
v;v; € E(T). Thus

T TE T2t T
:"+1_k;p(1_2>,
4 4 k
ad
COROLLARY 4.3. Let T = S(nq, na, ..., ng) be a starlike tree of order n. Then
Roa(m) < "

with equality holding if and only if ni > 2.

Proof. The proof follows directly from Lemma 4.2. O

We now obtain the Randi¢ energy for the special kind of starlike trees.
LEMMA 4.4. Let T = 5(2, 2,..., 2) be a starlike tree of order n. Then

(n—3)V3

RE(T) =2+ ~—
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Proof. The two normalized Laplacian e1genvalues of T are 1 £ ‘/_ with the same

multiplicity 252 [3]. Since T is bipartite with Z pi(T) =n, we get
i=1

2

NLS(T):{2,11?,...,1i£,1,0}.

Hence we get the required result. 0
We are now ready to prove Conjecture 1.1 for starlike trees of odd order n.

THEOREM 4.5. Let T = S(nq, na, . ..
Then

, ng) be a starlike tree of order n (n is odd).
— 2
(4.1) RE(T) <2+ %

with equality holding if and only if T = 5(2,2,..., 2).

Proof. Let ¢ be the vertex cover number of T. From the matrix £2, we have

Zp§:n+2 > d.ld‘ =n+2R_(T).

Thus we have

D pi—1)2=> pi—n=2R4(T).
=1 =1

By Lemmas 2.3 and 2.9, we have

dpi—1?=2) (ni-1P=2+2)
i=1 i=1

Therefore

(4.2) Roa(T) =1+ (pi = 1*

Again by Lemmas 2.3 and 2.9, we conclude that p. > 1. Moreover, we have

(4.3) Z|pz—1|—22 1) _2+2Z
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By Cauchy-Schwartz inequality and (4.2), we have

(& c

(4.4) Dpi=1) < | e=1) D (pi—1)2=({e—1)(RA(T) - 1)
i=2 i=2
with equality holding if and only if pos = p3 =--- = p,.

Since n is odd, we have s = 0 or s > 2. By Lemma 4.1, we get ¢ < "T_l with equality
holding if and only if s = 0 or s = 2. Using this result with Corollary 4.3, from (4.4),
we get

- (n—3)v2
(4.5) ;(Pz -1)< 1

From (4.3) and (4.5), we get the required result in (4.1). The first part of the proof
is done.

Suppose that equality holds in (4.1). Then all the inequalities in the above proof must
be equalities. In particular, from equality in (4.4), we have ps = p3 = -+ = p,.
From equality in (4.5) with Corollary 4.3, we have n > 2. Moreover, we have ¢ = an
Again from equality in (4.5) with the above result, we get

V2

pr=ps=-=pe=1+—".

By Lemmas 2.3 and 2.9, we conclude that the normalized Laplacian spectrum is

NLS(T):{2, 1,0,1ig,...,1ig}.

n—3
2

Since ny > 2, we have k < "T_l Ifk= "T_l, then T = S(2, 2,..., 2). Otherwise,
3<k< an In this case n; > 3. Without loss of generality, we can assume that
the second maximum degree vertex ve of degree 2 is not adjacent to the maximum
degree vertex vy of degree k in T'. Then by Lemma 2.11, we have p,_1(T) < 1 — @,
which is a contradiction (The inequality is strict because the diameter of T is strictly

greater than the diameter of T'(n, ni, n1, no,..., ng)).

Conversely. one can see easily that the equality holds in (4.1) for S(2, 2,..., 2), by
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Lemma 4.4. O
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