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SHELLS OF MATRICES IN INDEFINITE INNER PRODUCT SPACES*

VLADIMIR BOLOTNIKOVT, CHI-KWONG LIT#, PATRICK R. MEADE'§,
CHRISTIAN MEHLY, AND LEIBA RODMANTI

Abstract. The notion of the shell of a Hilbert space operator, which is a useful generalization
(proposed by Wielandt) of the numerical range, is extended to operators in spaces with an indefinite
inner product. For the most part, finite dimensional spaces are considered. Geometric properties
of shells (convexity, boundedness, being a subset of a line, etc.) are described, as well as shells of
operators in two dimensional indefinite inner product spaces. For normal operators, it is conjectured
that the shell is convex and its closure is polyhedral; the conjecture is proved for indefinite inner
product spaces of dimension at most three, and for finite dimensional inner product spaces with one
positive eigenvalue.
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1. Introduction. Let H € C"*" be a Hermitian matrix. Define the sesquilinear
form (indefinite inner product) associated with H by

[z,yln = y"Hu, z,y e C",

where y* denotes the conjugate transpose of the vector y. For a matrix A € C**",
let

(1.1) Wi (A) = {M :

[’U U]H (S (Cna [’U,’U]H 7& 0} c C7

and

12 suta={(

When H = I, these reduce to the (classical) numerical range W(A) and the Davis-
Wielandt shell S(A) of the matrix A, which have been studied extensively; see [9,
Chapter 1], [3, 4, 10, 2]. These concepts are useful in studying matrices or operators
because of the interesting interplay between the algebraic properties of the matrix
A and the geometrical properties of the sets Wy (A) and Sy (A). For example, the
following properties are well known when H = I,,; see [9, Chapter 1].

[Av, v]g  [Av, Avlg

[U, U]H ’ [’U, U]H

) cveCh, [v,v]HyéO}g(Cx]R.
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(1) W(aA + BI,) = aW(A) + {5} for any o, 8 € C.
(2) W(U*AU W (A) for any unitary matrix U.
(3) W(A) is convex.
(4) W(A) ={A} if and only if A = AI.
(5) W(A) CRif and only if A is Hermitian.
(6) W(A) is a line segment if and only if A+ 81 is Hermitian for some «, 8 € C

with a # 0.
(7) If A is normal, then W(A) is the convex hull of the eigenvalues. The converse
is true if n < 4.
Many of these properties have been extended to Wi (A) in [14]; see also [11, 12]. The
purpose of this paper is to develop corresponding results for Sy (A) for a general H.

Since Wy (A) is the image of S (A) under the projection (z,r) — z, one expects
that Sg(A) can tell more about A than Wy (A). In fact, in the classical case, we have
the following intriguing result; see [3].

(8) S(A) is a polyhedron, i.e., the convex hull of a finite number of points in

C x R, if and only if A is normal.
Studying possible extensions of this result for general Sy (A), and additional geometric
properties of Sy (A) for matrices A that are normal with respect to the sesquilinear
form [-, -], is one of the main objectives of our study.

The paper is organized as follows. In Section 2, we give some preliminary def-
initions and notations; we also describe some general approaches for our study and
some related concepts. In Section 3, we prove results relating algebraic properties of
A and geometrical properties of the set

SH(A) = {([A”’ vg - [Av, A“]H) v e, v, 0ln > o},

[v,v]g 7 [v, v]m

closely related to Sy(A). In Sections 4 and 5, we study whether one can extend
property (8) to the general case. It is shown by examples that Sj;(A) need not be
closed nor bounded, even if A is assumed to be normal with respect to [ - ,-]m, or in
short H-normal; see (2.5) for the definition. We prove that for an H-normal A in the
following two cases: (a) n < 3; (b) H is invertible with only one positive eigenvalue,
the set S7;(A) is convex and its closure is either the whole of C x R 2 R or the
intersection of finitely many closed halfspaces. We conjecture that this property is
valid for all H-normal operators in finite dimensional indefinite inner product spaces.
In Section 6, several results of previous sections are extended to operators on infinite
dimensional inner product spaces. Section 7 contains a Maple program that we used
in the initial stage of our project to compute examples of shells, and to formulate and
check conjectures.

Throughout the paper, we denote by H a fixed n x n Hermitian matrix which is
not negative semidefinite. In various sections, we may assume additional hypotheses
about H. We use Conv(S) to denote the convex hull of the set S. For a given matrix
(or vector) X, XT and X* stand for the transpose and the conjugate transpose,
respectively. Diagonal matrices with entries hq,...,h, on the main diagonal are
written as diag (h1,...,h,). A complex number z is written z = Re(z) + iIm(z),
where Re(z) and Im(z) are real. Finally, we denote by R, R™, R}, and C the sets of
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real numbers, positive real numbers, nonnegative real numbers, and complex numbers,
respectively.

2. Preliminaries. Let

Sy (A) = {([Av, v]g, [Av, Av]g) : v e C", [v,v]g = -1}

and
S#(A) = {([Av, v]u, [Av, Avly) : v € C", [v,v]g = 1}.
Then
Su(A) = S (A) U SH(A).
We always assume that the set of vectors v such that [v,v]g =1 (resp., [v,v]g = —1)

is not empty when considering S7; (A) (resp., Sg(A)). All the sets Sir(A), Sj;(A) and
S5 (A) will be referred to as the Davis- Wielandt shells of A with respect to H in our
study. Since S;;(A) = ST, (A), we focus only on S;(A). We will often identify C x R

with R"3 via (a+ib, ¢) — (a,b,c) in (1.2), and in analogous formulas for Sj;(A) and
S (A). Also, it will be convenient to represent S;;(A) in matrix notation:

SH(A) = {(:v* (HA+72AH) x, x* (#) x, x*A*HA:v) cxeC", 2"Hx = 1} .

If H is invertible, the H-adjoint of A is denoted by A, which is uniquely defined
by the relation

(2.1) [Au, v] = [u, AFly]  w,weC”

and it can be expressed explicitly in terms of A and H by

(2.2) A= gt A H,

A matrix A is called H—selfadjoint, H—unitary, or H—normal if

(2.3) A=AV AMA =1, or AAll =AY,

respectively. In view of (2.2), the three equalities (2.3) are equivalent, respectively, to
(2.4) HA=A"H, A*HA=H or A*HA=HAH 'A*H.

In the case when det H = 0, relation (2.1) does not determine a unique H—adjoint
of A and of course formula (2.2) does not make sense anymore. However, one can
introduce H—selfadjoint and H—unitary matrices using the first two relations in (2.4).

The notion of H-normality introduced in [14] is a little bit more delicate. A
matrix A is called H-normal if

(2.5) A*HA = HAHZYAH,
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where HI=Y denotes the Moore—Penrose pseudoinverse of H, which is uniquely defined
by the conditions

HAYgEEY = g gl = B, HEYH = HHEY = Praggen,

and where Pranger stands for the orthogonal projection onto RangeH.

We start with some useful facts:
PROPOSITION 2.1. Let A € C™*™.
(a) Ifr > 0 and t € R, then

. rcost rsint 0
Sh(reA) =S} (A) | —rsint rcost 0

0 0 r?
(b) If A € C, then
10 A+
SHA+ A = Re(N),Im(\), [A*) +SH(A) | 0 1 i(A=N)
00 1

(¢) Let T be any invertible n x n matriz. Then

(2.6) SH(A) = Sy (THAT).

Proof. To check (c), just replace Tz by y in the following chain of equalities:

Sty (T YAT) = {(a*T*HATx, 2*T*A*HATx) : 2*T*HTx = 1}
={(y*HAy, y*"A*"HAy): y*"Hy=1} = SI'S(A).

Statements (a) and (b) follow from the definitions of Sj; (re* A) and Sj;(A+ AI) upon
simple algebraic manipulations. O
Thus, the transformation

(2.7) (A, H) — (T"AT, T*HT)

preserves shells. This transformation also preserves the classes of H—selfadjoint, H—
unitary, and H-—normal matrices:

LEMMA 2.2. Let H € C™*™ be Hermitian and possibly singular and let T € C™*"
be invertible. Then A € C"*" is H-normal (resp., H-selfadjoint, or H-unitary) if
and only if A is H-normal (resp., Ig'fselfadjomt, or I?fum'tary), where A = T~1AT
and H = T*HT.

Proof. We verify the lemma only for the H-normal matrices. First we note that
the Moore-Penrose pseudoinverse of H equals H=1 = T='HI=U(T—=1)* Therefore,
on account of (2.5),

HAHFUA*H = T*HTT *ATT 'HIZ N (T T* A* (T~ )" T*HT
=T*HAHUYA*HT = T*A*HAT = A*HA,
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which completes the proof. O

THEOREM 2.3. Assume that the positive semidefinite matrix H is singular, and
denote by P the orthogonal projection along the kernel of H. If A is H-normal, then
PAP (considered as a linear transformation on (Ker H)*) is PH P-normal, where
PHP stands for the restriction of H to (Ker H)*, and

Si(A) = Spyp(PAP).

Proof. Applying transformation (2.7), we can assume that

| A Aw | H 0
A{Am Agg] and H[O O]’

where H; is a positive definite matrix. Then PAP = Ay,, PHP = Hq, and HEU =

H' 0 . .
o ol Condition (2.5) now gives A2 = 0 and

Aj HiAyy = Hi Ay H YA Hy,
which means that PAP is PH P-normal. Finally,

H1A11 0

R

‘ | AliHiA O
| ama | A B

and the result follows. O

For Hermitian matrices A;,..., 4, € C"*", we denote by W(A1,...,A4,) their
joint numerical range:

W(Aq,...,Ap) ={(a"Az,..., 2" Apz) e RP : 2 € C", 2"z =1}
and by o (A, ..., A,) their joint spectrum:
o(Ay,...,Ap)) ={(a1,...,ap) ERP: Ayx = aqz,...,Apx = apx for some x # 0}.

The next proposition, which is easy to verify, shows the connection between S}S (A)
and the joint numerical range, whose study can be reduced to the 2 x 2 case by
compression.

PROPOSITION 2.4. Let HA = F + i(G, where F and G are Hermitian, and
K=A"HA. Then

SH(A) = {(a—i—ib,c) ca,byc €R, (a,b,¢,1) €

U twFG K, H)] } ,
t>0

and

W(F,G, K, H) = U W(X*FX,X*GX,X*KX, X*HX).

xeC"*?, x*x=I,
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Since the 2 x 2 case may be used to study the general case, it is useful to have
a complete description of this low dimensional case. Recall that a subset S of a real
linear space has affine dimension m if the set S — vy spans an m — 1 dimensional
subspace for some (any) vy € S.

PROPOSITION 2.5. Let A € C**% and let m be the dimension of the real subspace
spanned by the set

(2.8) (H, HA+ A™H, i(HA — A*H), A*HA}.

Then 8;; (A), regarded as a subset of RY3, has affine dimension m—1. In particular,
if m =1, then SZ‘,(A) s a singleton. If m > 1, then one of the following conditions
holds.

(a) H is positive definite; m = 2 and Si;(A) is a nondegenerate closed line seg-
ment, equivalently, A is H-normal and not a (complex) scalar multiple of I5;
m =4 and Sf;(A) is an ellipsoid without interior in all other cases.

(b) H # 0 is positive semidefinite and singular; m = 4 and S3;(A) is a paraboloid
without interior.

(c) H is indefinite; m = 2 and S};(A) is a (closed or open) half line or a whole
line; m = 3 and SIJ}(A) is a one-component hyperbola with interior, an open
two-dimensional half plane, or a two-dimensional plane; m = 4 and SIJ;(A)
is a one-component hyperboloid without interior.

Proof. The proposition follows from [13, Theorem 2.1], which describes the joint
numerical ranges of a p-tuple of 2 x 2 Hermitian matrices with respect to a sesquilinear
form in C?. We need only to make the following observations that take into account
the special form of the matrices HA+ A*H, i(HA — A*H), and A*HA.

(a) By Proposition 2.1, we may assume H = I5. It is easy to see that m = 1 if
A=X,)eC,m=2if A+# M and is normal, and m = 4 in all other cases.

(b) Assume that H = L0 a b

0 O],andwmteA {c d
that m =1 if b =0, and m = 4 in all other cases.

]. One easily verifies

(c) We assume that H = [ (1) 7(1) ], and write A = [ Ccl 2 } To compute
the dimension m of the span of the set in (2.8), we may assume that a = —d > 0;

otherwise, we may replace A by a matrix of the form u(A — nI) for some suitable
w,n € C with |u] = 1. We may further assume that b > 0; otherwise replace (H, A)
by (D*HD,D*AD) = (H, D*AD) for a suitable diagonal unitary matrix D. Assume
first that @ = 0. Then the four matrices (2.8) take the form

1 0 0 b-¢c 0 i(b+7) —[c]?> 0
0 -1 ] [b=-c O " i(=b—c¢) 0 ’ 0 b |
It is easy to see, using the fact that the complex numbers b—¢ and i(b+¢) are linearly

independent over R if and only if b* # |c|?, that m = 2 if b = |c|> and m = 4 if
b% # |c|®. Assume now that a # 0. Then (2.8) takes the form

Y BN ot B I B i e g
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If b+ ¢ =0, then clearly m = 2. If b+ ¢ # 0, then

a?—lc|* a(b+7) 2 1 0 20 b-—¢C
alb+c) b —a? +(=a"+s) 0 -1 |T"|b-c 2a

B 0 ab+72) +r(b—7)
_{a(bJrc)Jrr(bc) 0 }’

where 7 = (=b2 + |c|?)/(4a), s = (|¢|* + b?)/2. If the complex numbers
(2.9) ab+7¢)+r(b—¢) and i(b+7)

are linearly independent over R, then m = 4; otherwise, m = 3. A simple calculation

shows that the complex numbers in (2.9) are linearly independent over R if and only
if 2a # +(b% — |c|?)/|b+¢|. O

3. Geometric properties of shells. In this section we study geometric prop-
erties of shells: convexity, degeneracy (being a singleton, or a subset of a line), bound-
edness.

We start with the problem of convexity. For the 2 x 2 case, this can be easily
sorted out using the general description of shells of 2 x 2 matrices in Proposition 2.5.

PROPOSITION 3.1. Let A € C**2. Then SZ‘,(A) is conver if and only if the
matrices H, (HA+ A*H),i(HA — A*H), and A*HA are linearly dependent.

In general, the shell is not convex, for matrices of size larger than 2:

EXAMPLE 3.2. Let

1 00 0 00
H=|0 -1 0|, A={[2 0 0
0 01 0 00
Then HA = F +iG, where
010 0 ¢+ 0 -4 0 0
F=|100]|, G=| - 0 0|, and A"HA= 0 00
0 00 0 00 0 00

Setting = = [ 2 x3]7, we note that z* Hx = 1 if and only if |z1|? —|z2|? +|z3]? = 1.
A simple calculation shows that

Si(A) = {(2Re (Trz2), 2Im (Trz2), —4|21[?) = |21]? = |22|? + |2a]* = 1}

This set is not convex, for instance if we take the cross-section where —4|z1|> = —16.
In this case |z2]? = |21]2 + |32 — 1 > 3, and therefore the cross section of S (A) is

{(2Re (F122), 2Im (T122), =16) = |a2|* >3} = {(¢,7,~16) : ¢ +r* > 48},

which is not convex.
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Sufficient conditions for convexity are given in the following theorem.

THEOREM 3.3. Let HA = F +iG be such that F,G are Hermitian. Then S (A)
is convex if any one of the following two conditions holds.
(a) The four matrices H, F,G, A*HA are linearly dependent.
(b) n >3, and the span of {H, F,G,A*HA} contains a positive definite matriz.

Proof. The result follows from [13, Theorem 3.2 (a) and (b)]. O

We say that a set in R is polyhedral if it is the intersection of finitely many
closed half spaces; R” itself will also be considered a polyhedral set. Clearly, every
polyhedron is a polyhedral set; a polyhedral set is a polyhedron if and only if it is
bounded. Also, every polyhedral set is convex.

THEOREM 3.4. Let A € C"*", K = A*HA, and HA = F + iG be such that
F and G are Hermitian. Suppose there exists an invertible T such that T*HT =
diag(hq, ..., hy), T*FT = diag(f1,..., fn) and T*GT = diag(g1,...,gn). Then

W(F,G,K,H) = Conv{(fj,gj,hj(fj2 +g]2-),hj) :1<j<n}

is a polyhedron, and thus

SH(A) = {(a—l—ib,c) ca,b,ceR, (a,b,c,1) € [U tW(F,G,K,H)H

t>0

is the intersection of an affine space with a convex polyhedral cone, which is a poly-
hedral set.

Proof. The assertion on W (F,G, K, H) is well known; see [1]. The assertion on
S (A) follows readily from Proposition 2.4. O

Matrices with degenerate shells are characterized as follows.

THEOREM 3.5. Let A € C"*". Then:

(a) S (A) is a singleton if and only if the matriz HA is a (complex) scalar
multiple of H.

(b) Si(A) is a subset of a line if and only if HA = uH+vG and A*HA = rH+sG
for some u,v € C, r;s € R, and some Hermitian G which is not a scalar
multiple of H; equivalently, the matrices H, HA + A*H, i(HA — A*H),
A*HA span a two dimensional real subspace.

Proof. The result follows from [13, Theorem 3.5]. O

For boundedness of shells, we have the following result.

THEOREM 3.6. The shell Sj;(A) is bounded if and only if the kernel of H is A-
invariant (this condition is obviously satisfied if H is invertible) and EITHER H is
positive semidefinite OR H is indefinite and there exists o € C such that HA = aH.

Proof. The “if” part. Applying transformation (2.7), we can assume that

_ | A O | Hi 0
A_{Am A22]’ H_[ 0 0]’

where H; is invertible. Then

(3.1) Sii(A) = Sf, (An),
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which is clearly bounded if H; is positive definite, or if H1 A1; = aH; for some «a € C.

The “only if” part. If Sj;(A) is bounded, then so is the set
Wi (A) = {[Av,v]g :v € C, [v,v]y = 1}.

The boundedness of W (A) is characterized in [11, Theorem 2.3], implying the
result. O

4. Normality and polyhedral shells: Semidefinite case. The purpose of
this section is to study whether Property (8) in Section 1 can be extended to the
general case when H is positive semidefinite. First, consider the case when H is
positive definite. Without loss of generality, one can assume that H = I,,. We fix
A € C™*" along with its representation A = F + iG, where F' and G are Hermitian
matrices. Furthermore, S7;(A) and Sy (A) are the same as W (F, G, A*A).

LEMMA 4.1. If a +ib, a,b € R, is an eigenvalue of A, then (a,b,a® + b?) €
W (F,G, A* A), and the inequality a®+b* < ¢ holds for every (a,b,c) € W(F,G, A* A).

Proof. Let U be a unitary matrix, such that U*AU is of the upper triangular
form with a + @b lying in the (1, 1) position and let u be the first column of U. Then
(a,b,a% + b2) = (u* Fu,u*Gu,u*A* Au) € W(F, G, A* A).

Now, suppose v € C™ is a unit vector such that v*Av = a + ib, then Av =
(a + ib)v + dw for some d > 0 and some unit vector w € C" satisfying v*w = 0. Tt
follows that v* A*Av = a® + b> +d?> > a® + b2. O

The following two results have been established in [1].

LEMMA 4.2. If (a1,a9,a3) is a vertex point of W(Ay, As, As), then (a1, as,as) €
U(A17 AQ; A3)

COROLLARY 4.3. If W(Ay, Az, A3) is a polyhedron, then

W(Al, AQ, A3) = Conv (O'(Al, A27 Ag))

The next theorem was essentially proved in [3, 4] using a different approach.

THEOREM 4.4. Let A= F +iG. The following are equivalent:

(a) W(F,G, A*A) is a polyhedron in R**3.

(b) W(F,G,A*A) = Conv (o(F, G, A* A)).

(c) A is normal.

Proof. Implication (¢) = (a) follows from Theorem 3.4. Implication (a) =
(b) follows readily from Corollary 4.3. To prove implication (b) = (c), suppose
W(F,G,A*A) = Conv (o(F,G,A*A)). Then W(F,G, A*A) is a polyhedron. We
claim that every eigenvalue of A is reducing. Suppose S = {a; +ib; : 1 < j < k} are
the distinct eigenvalues of A. By Lemma 4.1, we have

Conv{(aj,bj,a’ +b3): 1< j <k} CW(F,G,A*A) C Conv (o(F, G, A* A)).

J %9
Hence Conv{(aj,b;,a? +b%) : 1 < j < k} = Conv (o(F,G, A*A)). Since the function

f(x,y) = 22 +y? is strictly convex on R'*2, and all the points (a;, bj, a?+b3) lie on its
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graph, we see that each point (a;, b;, a?—i—b?) is a vertex of the set Conv{(a;, b;, a?—l—b?) :
1 <j <k}. By Lemma 4.2, we see that each a; + ib; is a reducing eigenvalue of A.
Hence A is normal. O

If H is only positive semidefinite, we have the following result, extending Davis’
theorem (statement (8) of Section 1).

THEOREM 4.5. Let H € C™*" be positive semidefinite and singular. Then the
following statements are equivalent for A € C™**" :

(a) S7;(A) is a polyhedron.

(b) Sj(A) is a polyhedral set.

(c¢) A is H-normal.

Proof. (c) = (a) follows from Theorem 2.3 and the property (8) of Section 1. (a)
= (b) is trivial.

(b) = (c¢). Without loss of generality, we let

| Ik O | A Ap

where Ay; and A are k x k and (n — k) x (n — k), respectively. Arguing by con-
tradiction, assume that A is not H-normal. If A5 = 0, then Ay is not Iz-normal.
On the other hand, S} (A11) = S} (A) (cf. the proof of Theorem 2.3), and there-
fore S;; (A1), being a bounded polyhedral set, is a polyhedron, a contradiction with
Theorem 4.4.

Now suppose A2 # 0. Let ¢t > 5||A11]|, consider the level set

Sy = {v*(HA)v : v*Hv =1, v*(A*HA)v = t*},
which coincides with the projection on the first two components of the set
SH(A) N {(z1,22,t%) € RV ¢ 2,20 € R
Since Ais # 0, there exists w € C" % such that Ajow # 0. Let x be a unit vector in

C*. Then there exists v € C such that [|[Ayj12 + Ap(vw)|| =t If v = { z/fu ] e C",

then v*(HA)v € &. Thus, S # 0. Clearly, S; is a polyhedral set. Using the
Cauchy-Schwartz inequality

|v*HAv| = |(v* H)(HAv)| < Vv* HovVv* A*HH Av = Vo HovVor A*HAv = t
for every v € C" satisfying v*HAv € S;, we see that the set S; is bounded, and
therefore is a convex polygon (with interior).

Let p = v*(HA)v be a corner point of S;. Writing v = [ z }, where z € CF,
y € C" % we have

*

w=z"Anr+a*Apy, v Hv=z'x =1, and HAnx—f—AlngQ = v*A*H Av = 2.
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We claim that x* A2y = 0. Suppose not, i.e., let z* A5y # 0. We construct a real
positive function §(0), where 6 € (—r,r) for some r > 0, such that §(0) = 1, and

(4.1) A1z + A12(e5(0)y)| = t, —-r<f<r,

as follows. Letting x*Af;A12y = u + iw, u,w € R, a calculation shows that 6(6)
satisfies the quadratic equation

(4.2) ((6(0)) = 1) y* A, A1y + 26(0) ((cos O)u — (sin O)w) — 2u = 0.

Note that Ai2y # 0, because z*A12y # 0. Since ||A112z + Ar2y|| =t > 5[] A11]|, we see
that the product of the roots of the above equation is

—1 = 2u/[[Arzy|* < =1+ 2l| Ay ]| [ Aray |l /| Av2yl® < =1+ 2[|Au /(¢ = | An ) <O

Thus, equation (4.2) always has a positive root §(f) and a negative root. Therefore,
4(0) is a differentiable (even analytic) function of 8. Consider the curve

/J/(H) = x*Allx + ewé(H)x*Algy, —r<f<r.
By (4.1), u(0) € Sy; also p(0) = p. Since

Lim (p(0) = 1) /0 = (i + 6(0))a" Aszy,
the line {p + s(i + 0’(0))z*A12y : s € R} is the tangent to the curve u(6) at u, a
contradiction with p being a corner of S;. Thus, x* A2y = 0, and p belongs to the
standard numerical range W (A11) of A1;. So,

(4.3) Sy = Conv {the corners of S;} C W(A1;).

Now, using the hypothesis that Ao # 0, select x € c*, Yy € C"* 50 that z*z = 1,
x*A12y = ||A12y]|, and replacing, if necessary, y by py for some p > 0 we can also
assume that ¢ = ||A11z + Aigyl|. Then ||Ai2y|| > t — ||A11z|| and since ¢t > 5||A11]],
we have

l" Az + 2" Ary| > |27 Ary| — [z" Anz| = (¢ — [|[Anz|) — |41l > [[An.
Hence, S; contains * Aj12 + x* A12y, which does not belong to W(A;1), a contradic-
tion with (4.3). O

5. Normality and polyhedral shells: Indefinite Cases. Note that if H is
indefinite, SI'S(A) fails to be a polyhedral set even for H-selfadjoint matrices. Indeed,

ifH:{O 1]andA:[0 1

10 0 0 } is an H-selfadjoint matrix, then

0 0 N |10 0
HA_[Ol] and AHA_[OO]'
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Thus, letting v = (v1,v2)” € C?, we have that

SH(A) = {(Jv2|?, 0, 0) : Re(n102) = 1} = {(=, 0, 0) : = > 0}

is an open half line, which is not a polyhedral set. This example also shows that
S (A) need not be closed or bounded for an H-normal matrix A. Nonetheless, we
have the following conjecture.

CONJECTURE 5.1. S§(A) is convex and the closure of Si;(A) is a polyhedral set
for every H-normal matriz A.

Conjecture 5.1 is supported by the results of the next four subsections where we
explicitly compute shells of particular H-normal matrices. In this context, we will
make use of the complete classification of H-normal matrices for the case when H is
an invertible Hermitian matrix with only one positive eigenvalue. This classification
was obtained in [6].

THEOREM 5.2. Let H be invertible Hermitian and let H have only one positive
eigenvalue. Furthermore, let X be H-normal. Then there exists an integer m > 0
and a nonsingular matriz P such that

X 0 H 0

—1 _ 1 * _ 1

PXP_[O X2:|7 PHP_{O Im},

where Xo € C™*™ is a diagonal matriz for m > 0, or else Xo and I,, are void, and

the pair (X1, Hy) is of one of the following forms:
type 1: X1 =X, H1 =1, A€ C;

type 2: X1 = )E)l )?2 :|;H1—|:(1) (1)},)\17'5)\2;
type 3: X; = 3§]7H1:|:(]). (1)],)\6((3,|z|—1,
(X 2z r 0 0 1
type 4: X1 =10 N 2z |,Hi=—{0 1 0 |,
0 0 A 10 0
where X\ € C and either |z| =1,r e R,0 < arg(z) <m, or z =1, r € iR;
A cos(¢) sin(¢p) 0 0 0 01
0 A 0 1 01 0 0
type 5: X1 = 0 0 I\ 0,H1:70010,)\€(C,
0 0 0 A 1 0 0 O
0<op<Z.

Proof. This follows directly from [6, Theorem 2], by considering X and —H. O

5.1. Shells of some special H-normal matrices. In this subsection, we ex-
plicitly compute the shell 8;; (X), where X and H have one of the following forms:

1
1) X € C™*" is an upper triangular Toeplitz matrix and H = e Ccm .
1
X 0 1
2) X = [ ! } and H = € C™*?" where X1, Xy € C™*" are
0 X5 1
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upper triangular Toeplitz matrices.

It is easy to check that in both cases the matrix X is H-normal. In [7] and [§]
it was shown that for a large class of H-normal matrices a canonical form consisting
of blocks of the forms 1) and 2) above can be obtained. (Those H-normal matrices
were called block-Toeplitz H-normal matrices in [7]). This and the fact that blocks of
the forms 1) and 2) also appear in Theorem 5.2 motivate our interest in these special
H-normal matrices. Before computing the shells, we start with a technical result.

ProOPOSITION 5.3. Let ay,...,an € R, ay # 0. Then there exists a vector
v=(v1,...,0,)T € C" such that

(5.1) UnUm + Une1VUma1 + O =@y form=1,....,n

if and only if ap—op > 0 for some k < an anda; =0 forj=n—-2k+1,...,n.
Moreover, in this case v can be chosen real.
Proof. ( = ): Let I > 0 be such that a,,—; # 0 and a,,—; = 0 for j < I. Then
(5.1) successively implies v,_; = 0 for j < % Suppose that [ = 2k + 1 is odd, then
we have v, = ... = v, = 0. But then (5.1) implies

0=TpUp_2k—1+ " +Un_kVUn—k—1+Un_k-1Un—k + "+ VUp_2kVUn = Qp_2k_1,

i.e., anp—; = 0 which is a contradiction. Thus, [ is even, i.e., [ = 2k for some integer

k > 0. Then we have v, = ... = vp—k+1 = 0 and U,V = @p—2k. This implies
ok > 0.

( <= ): Without loss of generality, we may assume that k¥ = 0. Otherwise, we
have v, = ... = vp_p41 = 0 and setting v1 = ... = v, = 0 and w; = vy ; for

j=1,...,n— 2k, equation (5.1) reduces to
Wp—2kWm + Wn—2k—1Wm41 + *** + WinWn—2k = Qi for m = L...,n— Qka

and we can consider the analogous problem with size n — 2k instead of n. Then we
construct the desired vector v by choosing v, = \/a,, € R and computing v,, from
(5.1) successively as the solution of a linear equation of the form 2v,,v, = b,, for
some b,, € R. O

THEOREM 5.4. Let x1,...,x, € C, e = %1, and
r1 X9 I
0 1 .
(5.2) H=¢ eC™"  and X = ! ecrrm,
1 0 T2
x
an upper triangular Toeplitz matriz. Furthermore, let
T ‘= T1Tm + T2Tpm—1+ - +Tmx1, m=1,...,n,

X = (Re(xm), Im(2m,), Tm), m=1,...,n,
81 = Span(Xg,...,Xn 1), S1 = dlm(Sl),
Ss := Span(AXs, ..., X,—3), s3:= dim(Ss),

Ss = Span(&Xy, ..., X _5), s5:=dim(Ss).
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TABLE 5.1

Classification of shells of H-normals of the form (5.2)

S1 S3 S5 shell of X

3 <3 <3 RT3

2 | X, e85 | <2 <2 plane

2 | X S| 2 <2 closed half space
2| X ¢S | 1 | Xewess| <1 open half space

with line on boundary
open half space with
closed half plane o.b.
open half space with
2| X ¢8| 1 | X2¢S5| 0 |n=6 open half plane o.b.
with open half line o.b.
open half space with
2| X ¢8| 1 | X2¢S5| 0 |n=5| e=1 open half plane o.b.
with singleton o.b.
open half space with
open half plane o.b.
open half space with

20X, ¢8| 1 |Xo¢Ss| 1

2 Xn¢81 1 Xn,2¢83 0 n=5|e=-1

2| g S| 0 0 jn=4 open half line o.b.

11X, €85 <1 <1 line

11X,¢8 | 1 <1 closed half plane
open half plane with

L X g S| 0 0 jn=4 gpen half line o.b.
open half plane with

L X g S| 0 0 jn=3]e=1 g singletgn 0.b.

11X,¢8] 0 0 |n=3|e=-1 open half plane

0 0 0 |n=2 open half line

0 0 0 | n=1] e=1 singleton

0 0 0 |n= e=—1 empty set

Then the shell SE(X) of X has the form given by Table 5.1, where “0.b.” means “on
the boundary”. In particular, SE(X) 18 convex and its closure is a polyhedral set.

Proof. Let v = (v1,...,v,)T € C" be such that T,v1 + Up_1v2 + -+ + V10, = €
and set

Q= VU + +++ + Vv, form=2,... n.
A simple computation shows that

vV HXv =121 +eqoxs + - +eanry,, V' X*HXv=21+ecals+ -+ canTn.
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Thus, S#(X) is the set of all points

(a1 X + Xy + - + a, Xy),

where a; = €, as,..

., ay are such that there exists v € C" such that (5.1) holds.

Applying Proposition 5.3 and classifying the shell of X with respect to the dimensions
of the vector spaces S1, Sz, and S5, and some other parameters, yields the classification

of Table 5.1. O

ProrosITION 5.5. Let aq,..

Qn, By, B € R, Then there exists a vector

v=(v1,...,02,)7 € C*" such that
(53) U2nUm + E2nflvm,+1 +-+ 67L4r777,1)'r1 = 0m + 6777,7'; m = ]-7 sy N
Proof. Set vy, = vop—1 = ... = vp41 = 1. Then, we determine vy,...,v;
successively from (5.3). O
THEOREM 5.6. Let x1,...,x9, € C,
T T2 Tn Ln+41 Tn42 Ton
Xl = o ) X2 = Tt )
T2 Tn42
I Tn+1
upper triangular Toeplitz matrices, and
0 1
X .
X = 1 0 , H= .
0 Xz 1 0
2nX2n

Then the shell SIJ}(X) of X is a singleton, a line, a plane, or R*3. In particular,
S#(X) is convex and its closure is a polyhedral set.

Proof. Let aq

sition 5.5, there exists a vector v = (vy,..

particular, we have

% and let ao,..

<y Qn, B1, ..., Bn € R be arbitrary. By Propo-
., v2,)T € C®" such that (5.3) holds. In

_ _ _ 1 | )
UVopV1 + Vop_1V2 + -+ -+ + V1V2y = 3 + Bt + 3 — pri=1.

A simple computation shows

v HXwv

= (al + ﬂli)ml +-+ (an + 6nz)1'n + (al - 5li)xn+1 +-+ (an - ﬂnl)xQn
= Oél(xl + In-{-l) + -+ an(xn + x2n) + ﬁli(wl - xn-{-l) +---+ Bnl(xn - 517271);

v X*HXv

= (al + ﬂli)i'l +-+ (an + 6nz):z'n + (al - 5li)jn+1 +-+ (an - ﬂnz)an
=a1(Z1 + Tpg1) + -+ @n(@n + Ton) + S19(T1 — Tpg1) + -+ + Bni(Zn — T2n),
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where
Tm = T1Tntm + T2Tntm—1+ * + TmTpt1  and  Tpim = Ty, form=1,... n.

Thus, setting

X = (Re(xm + anrm)a Im(xm + anrm)a Tm + i’ner)a m=1,...,n,

Ym = (Im(xn-i-m - xm)7 Re(xm — Tpgm), 'L(xm - jz'n+m))a m=1,...,n,
we obtain that

1
SHX) = {§X1+a2x2+“’+anxn+/61yl+“‘+/6nyn: a2,...,an,ﬁ1,.--,ﬁn€R}-

Hence, the shell of X is a singleton, a line, a plane, or R**3, depending on the
dimension of the subspace spanned by Xo, ..., X, M1,..., V. O

5.2. Shells of 2 x 2 H-normal matrices. The case when H € C"*" is positive
definite is covered in Theorem 3.1: SIJ;, (A) is a straight line segment, whenever A is
H-normal. Now we express the coordinates of the vertices of this segment in terms
of eigenvalues of the matrix A.

By Lemma 4.2, if (a,b,¢) is a vertex of S};(A), then

A+ A* A— A*
(5.4) ( —; ):ax, ( 5 ):bx, A*Ar = cx

for some nonzero = € R?. It follows from the first two equalities in (5.4) that
(5.5) Az = (a +ib)z, A*x = (a — ib)x,

and in particular, a + ib is an eigenvalue of A. Since A is H-normal, we have now
from (5.5) and the third equality in (5.4)

cx = A* Az = A*(a + ib)x = (a + ib)(a — ib)z = (a® + b*)x
that ¢ = a® 4 b?. Therefore, the shell S7;(A) is a (possibly degenerate) line segment
Si(A) = {t(a1, b1, af + 1) + (1 = t)(a, bo, a3 +b3) : 0 <t <1},

where a1 + iby and ao + by are eigenvalues of A. It can be easily shown that for a
fixed H, the shell S};(A) of an H-normal matrix A is a line segment with vertices on
a paraboloid and this paraboloid depends on H and not on A.

Consider now the case when H has one negative and one positive eigenvalue.
Since the transformation (2.7) does not change the shell, we can use a canonical form
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for a 2 x 2 H-normal matrix A. This canonical form is a special case of the canonical
form in Theorem 5.2. We are then left with the following three types of blocks.

Type 1:

A0 R
A|:O )\2:|, H|:0 _1:|, A1, A2 € C.

In this case, it follows from Proposition 2.5 (see also Theorem 3.4) that Sj;(A) is a
closed half line.

Type 2:

a0 o1
A|:O )\2:|a H|:1 0:|7 )\1;)\26((:; )\17é>\2-

By Theorem 5.6, Sj;(A) is a straight line.
Type 3:

Az 0 1
a[2 2] we[0 1) vee wen
By Theorem 5.4, S};(A) is an open half line.
Finally, the case when H is singular (and therefore positive semidefinite) is re-
duced by Theorem 2.3 to the 1 x 1 case. It follows that

S (A) = {(|21]*Re(a), |21 Im(a), |21*[af®) : [o1]* =1} = (Re(a), Im(a), |a|*)

is just a singleton. Note that the singleton always (i.e., for each A) belongs to the
paraboloid z = z2 + y2.

5.3. Shells of 3 x 3 H-normal matrices. In this subsection, we describe the
shells of 3 x 3 H-normal matrices. Again, since transformation (2.7) does not change
the shell, we can start with a canonical form for a 3 x 3 H-normal matrix X. First,
let us consider the case that H is nonsingular. In this case either H or —H has at
most one positive eigenvalue. Thus, a canonical form is given in Theorem 5.2. We
are then left with the discussion of the following five types of blocks.

Type 1:

)\1 0 0 €1 0 0
X=|0 X 01|, H=|0 e 0 | #=£I,
0 0 )\3 0 0 €3

where A1, Ao, A3 € C, and €1,e9,e3 € {+1, —1}. In this case, the description follows
from Theorem 3.4.

Type 2:
A0 0 e 00
X=|0 X 0|, H=|0 0 1],
0 0 As 0 1 0
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where A1, A2, A3 € C, and € € {+1, —1}. Let v = (v1,v2,v3)T € C? be a vector. Then
we obtain that

v*Hv = €01v1 + Tavs + T3,
V' HXv = e\MT1v1 + A3Tav3 + AoT3 0,
vV’ X*HXv = exl)\ﬁlvl + Xg)\gﬂgvg + Xg)\gﬁgUQ.

Setting a+1i0 := vavs, o, § € R, it follows that v* Hv = 1 if and only if ev;v; = 1—-2a.

Hence, we have to require that a < % if e =1, or @ > 1 if e = —1, respectively.

Making use of ’
Re(Xg)\gﬁgvg)
= (Re(A2)Re(Ag) + Im(A2)Im(As) Jr — (Re(Ae)Im(As) — Im(Az)Re(As) ) B,
we obtain that the shell of X has the form

SHX)={P+ar+By : a,f €R, 2ea <e},

where

P= (Re()\l),lm()\l), |)\1|2),

v = (Re(AQ A3 — 2M1), Im(—2\1 + Az + A3),
2(Re(A2)Re(Ag) + Im(2)Im(As) — A1) ).
y= (M0 = Xg), Re(=A2 + As), 2(Im(A2)Re(A) — Re(A2)Im(X)) )
Thus, SIJ;, (X) is a closed half plane in both cases ¢ = 1 and ¢ = —1 (or a nondegenerate
subset of a line, if x and y are linearly dependent).
Type 3:
A0 0 e 0 0
X = 0 )\2 z 5 H= 0 01 )
0 0 X 010

where A\, Ao,z € C, |z| = 1, and € € {+1,—1}. Again, let v = (v1,v2,v3)" € C3.
Then we obtain that
v Hv = 0101 + Dav3 + U3va,
v HXv =e\Tiv; + )\2(521)3 + 53’02) + 2303,
v’ X*HXv = €X1>\1@101 + XQ)\Q (52’03 + 63’02) + (XQZ + E)\Q)U;gvg.

Setting o := v1v1 and [ := v3vs, we find that v* Hv = 1 if and only if Davs3 + v3v3 =
1 — ea.. Clearly, such vectors v exist for any possible choice of @« > 0 and 8 > 0. If



TheElectronic Journal of Linear Algebra 1SSN 1081-3810
A publication of the International Linear Algebra Society
Volume9, pp. 67-92, May 2002

ELA

Shells of Matrices in Indefinite Inner Product Spaces 85

8 =0, i.e., v3 =0, then we have to choose v; such that e = 1, which is only possible
for e = 1. Thus, the shell of X is given by

SHX) = {P+az+8y : (@) € R xRYIU{(1,0)}}
for the case e =1, and
SHX)={P—az+8y : (B € Rf xR*}
for the case ¢ = —1, where P = (Re(X2),Im(X2), [A2]?), 2 = (Re(A; — A2), Im(Ay —

A2), [A1]? = [A2]?), ¥ = (Re(2),Im(2), Aoz + Z)Aa). We sketch S;(X) in Figure 5.1 as
subsets of the plane E = {P 4+ ax + 0y : «a,f € R}, for the cases a) ¢ = 1 and
b) e = —1, assuming that = and y are linearly independent. Note that in case a) only
one point on the half line az, is an element of S7; (X ), while in case b) the whole half

line —awx is excluded from SF (X).

Case a) Case b)

Fia. 5.1. Shells of 3 x 3 H-normal matrices of type 3

Type 4:

o

A
X=10 H=c¢ , €==£1,
0

O > W
> n 3
—_= O

o = O
o O =

where A,z € C, |z| = 1, 0 < argz < 7, and 7 € R. By Theorem 5.4, S;;(X) is the
union of an open half plane and a singleton on its boundary. We describe SH(X) in
more detail. Let v = (v1,ve,v3)T € C3. Then

v Hv = U301 + U202 + D103,
v’ HXv = )\(631]1 + Va9 +51’U3) + 2(531)2 +52’U3) + rvsvs,
vV X*HXv = X)\(Eg’()l + Vavg + 61’03) + ()\E + XZ)(@:{UQ + 52’[)3) + (TX + rA + 1)?3’03.

Setting [ := T3v3 and a := V3vy + Vavs, we find that vectors v satisfying v*Hv = 1
can be found for all possible values of « if # > 0. Only if 3 =0, i.e., v3 = 0, then we
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have to require & = 0 and |vz| = 1. Thus, the shell of X has the form
SH(X) = {P+az+ 8y : (a,8) eRxRFU{(0,0)}},
where
pP= (Re()\), fIm()\),X/\) , = (Re(z), —Im(z),\z + Xz) , Y= (r, 0,7\ + 7\ + 1) .

(Note that « and y are linearly independent for all possible values of r € R and z € C
with |z| = 1.)
Type 5:

A1 ir 0 0 1
X=|0 X 1], H=¢|0 1 0], =41,
0 0 A 1 00
where A € C and r € R. By Theorem 5.4, S};(X) is the union of an open half plane
and the singleton on its boundary.
Now we turn to the case when H is singular. By Lemma 2.2, we need only to
consider three different cases:

100 100 1 00
HH=|00 0], 2JH=[0 1 0|, 3)H=|0 —1 0
00 0 00 0 0 0 0

The first two cases are reduced to shells of 1 x 1 and 2 x 2 matrices by Theorem 2.3.

Thus, we consider the third case only.
1 0

Case 3: Let H| = 0 -1 | It follows from the definition that A € C3*3 is
H-normal if and only if it is of the form
c
(5.6) A=| A g ,
* *

where A; € C**? is H,-normal, and moreover,
(5.7) | =|d] and AfH, [ fl ] =0.

If c=d=0, then

HiA 0

0 0

A= | h 0

] , A*HA= { AtHidr 0 }

and therefore

S5(A) = 8F, (Ay).
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Since A; is a 2 x 2 Hyj-normal matrix, it follows from the analysis in Section 5 that
S#(A) is a line or a half line (open or closed). In particular we have these kinds of
shells if det A; # 0, since then we have by the second relation in (5.7) that ¢ =d = 0.

Now let det A; = 0 and |c| = |d| # 0. Setting § = d/ (note that by the first
relation in (5.7), |0| = 1) we conclude from the second relation in (5.7) that

(5.8) A = [ 50‘:‘ 555 }

for some «, 8 € C. Therefore,
(5.9) ATH1 Ay =0.
By (5.6), (5.7), and (5.9),

H1A1

HA=

—d ) A*HA = |: AlHlAl 0 :| = 07

0 0

and therefore, upon setting = = (21, 72, 73)7 € C3,

Spi(4)

:{([x_l E]Al[i;]—i—c[z_l z—z}{ﬂm, 0): |x1|2—|x2|2:1}.

Since x1 — 228 # 0 for some choice of 21 and x5 subject to |z1]? — |z2|? = 1 it follows
that Sf;(A) is the coordinate zy-plane.

In particular, we obtain the following conclusion from the above discussion.

THEOREM 5.7. Let A be an n x n H-normal matriz, where n < 3. Then the
shell S};(A) is a subset of a line if n = 2, and a subset of a plane if n = 3. Moreover,
SIJ;, (A) is convezx, and its closure is a polyhedral set.

Thus, Conjecture 5.1 holds true for H-normal matrices of sizes less than 4.

5.4. The case H has only one positive eigenvalue. In this subsection, we
will prove Conjecture 5.1 for the case that H is an invertible Hermitian matrix with
only one positive eigenvalue. First, let us focus on the blocks of type 5 of Theorem 5.2.
These matrices have been extensively used in [15] as a counter example for many
statements on H-normal matrices that are true for the case that H is positive definite.
However, we next show that Conjecture 5.1 still holds true.

PROPOSITION 5.8. Let A€ C,0< ¢ < I, and

2
A cos(¢) sin(¢) 0O 0 0 01
0 A 0 1 010 0

=10 o0 x ool =001 0| ETFE
0 0 0 A 1000

Then the shell S;(X) of X is convex and its closure is a polyhedral set.



TheElectronic Journal of Linear Algebra 1SSN 1081-3810
A publication of the International Linear Algebra Society
Volume9, pp. 67-92, May 2002
88 V. Bolotnikov, C.K. Li, P.R. Meade, C. Mehl, and L. Rodman

Proof. Using Proposition 2.1(b), we assume A = 0. Let v = (v1, vo, v3,v4)T € C*
such that v* Hv =1 and let be «, 8,7,d,7 € R, n > 0 such that

(5.1) Va9 = a+ 13, TVyv3 = v+ 10, UVav4 = 7.

Note that, on the other hand, for any choice of «, 3,7,d,n7 € R, n > 0, there exists a
vector v € C* such that (5.1) and T4v1 + Uavg + U3vs + T1v4 = € hold, for example,
take

o+ i3 v+

Vg = /7, V2= U3 U1
\/_7 V4 ’ Vg ’ 2’U4

_ e~ [vaf? —Jus]?

In the case n = 0, we must have vy = 0 and therefore, such a v € C* exists if and
only if « = =+ =40 =0. A simple computation shows that

v*H X v = U409 cos(@) +Tavs sin(@) + vavs = (a+1i8) cos(¢) + (7 +0) sin(@) + a — i3,

VX HXv =T4v4 = 1.

Thus, setting x1 = (cos(¢) + 1, 0, 0), 2 = (0, cos(¢) — 1, 0), 3 = (sin(¢), 0, 0),
x4 = (0, sin(¢), 0), and x5 = (0, 0, 1), and noting that z; and x5 (v2 and x4,
respectively) are linearly dependent, we obtain that

S;;(X) = {alxl + aoxo + aszs : (a1,a0,a3) € (R xR x R+) U {(0,0,0)}}.

Clearly this set is convex and its closure is polyhedral. O

For the proof of the main result in this subsection, we will need the following
observation.

LEMMA 5.9. Let H € C™*" be Hermitian, X € C**", and v € C"*. Ifv*Hv =

a >0, then v := ﬁv satisfies v*Hv =1 and

vV'HXv=at0"HX0, v*X*"HXv=ao0"X"HX?.
Consequently, for a > 0, we have

{(v*HXv,v*X*HXv) : vG(C",v*Hv:a}:aS;;(X).

THEOREM 5.10. Let H be invertible Hermitian and let H have only one positive
eigenvalue. Then the shell 8}5 (X) of an H-normal matriz X is convexr and its closure
is a polyhedral set.

Proof. Without loss of generality, we may assume that X and H are in the form
of Theorem 5.2. If X and H are one of the blocks of type 1-5, then the result follows
from our discussion in the previous subsections or from Proposition 5.8. Hence, let
us assume that X = diag (X1, X2) and H = diag (Hy,—1I,,) are such that X, €
C™ ™ m > 0, is diagonal and such that the pair (X1, H;) is of one of the forms of
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type 1-5 of Theorem 5.2. Let v = (v1,v2)T be partitioned conformably with X and
H. Then

v'Hv=1 <= viHvi =14 vjvs.
Thus, we obtain that the shell Sj;(X) of X is the set
§5(X)
= {(’U*HX’U, V' X*HXv) : v*Hu = 1}

= [ H Xy, v XTH Xyoy) — (03 Xovs, v3X5Xov) ¢ v Ho =1, v = <> }
V2

= U ((1 + 04)5';{,1 (X1) — aS;r(Xg)) (by Lemma 5.9 with o = v3vq).
a>0

Using the results in the previous subsections and Proposition 5.8, we obtain that
Slf,l (X1) consists of all the points of the form
Xo + o Xy + ap Xy + a3 X,

where X; € RY*3 (i =0,1,2,3) are fixed, and (o, a2, a3) € M. Here, M stands for
one of the sets {0} x {0} x {0}, Rx {0} x {0}, RT x {0} x {0}, (RxR* x {0})u{0,0,0},
or (R xR xRT)U{0,0,0}. Moreover, we know that S/ (X2) is a polyhedron, i.e., it
has the form

1
37(X2)={51y1+...+51yl : 51‘2072@21}.
i=1

Hence, S;;(X) consists of all the points of the form

(14 a)(X + a1 X1 + agXe + asXs) —a(bidh + ...+ 6i)
=Xy + a1 Xy + acsXo + aasXs + a1 Z1 + ...+ afi 2,

where o > 07 (0[1,0[2,053) € M7 Z’L = XO 7:))1'; 61 > Oa i = 13"'7l7 Zé:lﬂi =L
Consequently,

S,f,(X):{Xo+d1X1+d2X2+&3X3+5121+...+BlZl : (dl,&z,a3)eM,@zo}.

Clearly, this set is convex. The closure of Sj;(X) is finitely generated (in the termi-
nology of [16]) and hence polyhedral ([16, Theorem 19.1]). O

6. Infinite dimensional case. The concept of the shell makes sense also for
operators in infinite dimensional Hilbert spaces. Thus, let H be an infinite dimensional
complex Hilbert space with the inner product (x,y), and let H be a fixed bounded
selfadjoint operator on H which is not negative semidefinite. For a (linear bounded)
operator A on H define

SH(A) = {([Av, v]g, [Av, Av]lg) CC xR : v eEH, [v,v]y =1},
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where [z,y|g = (Hz,y), ,y € H. Many results of Sections 2 and 3 admit straight-
forward generalization to the infinite dimensional case, or parallel results for this case
can be developed. We note that H-normal operators are defined (via (2.5)) only if
H has a Moore-Penrose inverse, and therefore this hypothesis is implicitly assumed
each time a H-normal operator appears. As it is well-known, H has a Moore-Penrose
inverse if and only if the range of H is a closed subspace. Thus, the results of Section
2 (except Proposition 2.5) go over to the infinite dimensional case essentially without
changes.

Next, consider the geometric properties of shells. Theorem 3.3 is obviously valid
also in the infinite dimensional case. To prove Theorem 3.5(a) in this case, assume
first that S7;(A) is a singleton. Fix v € H such that [v,v]y = 1. Then for every
u € H and for every a € C sufficiently close to zero, [v + au,v + auly > 0. Scaling
v + au appropriately, and using the property that S; (A) is a singleton, we obtain

(HA(v + au),v + au) = (H(v + au),v + au) (HAv,v).

Letting « be real, it follows that (H Au, u) = (Hu,u) (H Av, v) by equating coefficients
of o. Since u € H is arbitrary, we must have HA = cH, ¢ € C, as required.

For Theorem 3.5(b), first observe that if the operators H,HA + A*H, i(HA —
A*H), A*HA span a two dimensional real subspace, then Sj;(A) is easily seen to
be a subspace of a line. Conversely, assume Sj;(A) C {r +tq : t € R} for some
vectors r,q € R*3, Applying transformations of Proposition 2.1, we may without
loss of generality assume that two out of the three components of ¢ are zeros. Say for
instance, the first and the third components of ¢ are zero (in other cases, the proof is
analogous). Then with u, v, and « as in the preceding paragraph, we have

(HA+ A*H)(v+ au),v + au) = (H(v + au),v + au) (HA + A*H)v,v),

(HA(v + au), A(v + au)) = (H(v + au),v + au) (H Av, Av).

Again, equating the coefficients of a? in both sides of each of these equalities, we

obtain that HA + A*H and A*H A are scalar multiples of H, concluding the proof.
Finally, consider boundedness. Recall the definition (introduced in [14]) of the

numerical range with respect to the indefinite inner product induced by H:

W]-—iI_(A) ={[Av,v]g 1v EH, [v,v]g = 1}.

THEOREM 6.1. Let H be a selfadjoint operator on H, not negative semidefinite.
Then the following statements are equivalent for an operator A on H.:
(1) The numerical range W4 (A) is bounded.
(2) The shell S§(A) is bounded.
(3) EITHER H is indefinite and HA = aH for some a € C, OR the properties
(1) and (it) below are satisfied: (i) H is positive semidefinite; (i) the linear
set Range (\/ﬁ) is A*-invariant, where vH is the positive semidefinite square
root of H.
Proof. (1) < (3) is proved in [11, Theorem 2.3]. (2) = (1) is obvious. Finally,
(3) = (2) follows easily, because by Douglas’s lemma [5], (i) and (ii) imply that there
exists A > 0 such that A\H — A*H A is positive semidefinite. [
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7. A Maple program. Here we include a Maple program which displays a
portion of the shell S} (A) that helped us to formulate and check conjectures at the
early stage of our project.

The procedures are limited to parameterization of a vector based on variables r
and a. In plotshell?2 one can specify v, however, the ranges of r and « are fixed to
r=—10--10 and &« = —27 - -2m, but X (and correspondingly v) may have arbitrary

(10
dimensions. In plotshell the vector v is fixed to v = Ti , but one can change

the ranges of r and «.

> restart;with(plots):with(linalg):

Warning, new definition for norm

Warning, new definition for trace

# This procedure, takes a H for the hermitian
matrix that defines the inner

product, an X for the matrix, and a V given

by the user ‘a‘ represents the magnitude

of v since we only want [v,v]=1 b is the

numerical range not divided by the norm of v

x1,x2 are the real and imaginary components of the
numerical range x3 is the second component [Xv,Xv]
This plots x1,x2,x3 parameterized by a

vector that depends on a phase alpha and a magnitude r

H oH HF O O H H O H

plotshell2 := proc (H, X, V)

local a, b, x1, x2, x3;

a:=simplify(multiply (htranspose(V),H,V));

b:=simplify(multiply (htranspose(V),H,X,V));
x1:=simplify(Re(b[1,1]1)/al1,1]);
x2:=simplify(Im(b[1,1])/al1,1]);
x3:=simplify(multiply(htranspose(V) ,htranspose(X),H,X,V)) [1,1]
/al1,1];

plot3d([x1l, x2, x3],alpha = -2%Pi..2*Pi,r = -10..10); end;

VVVVVVVVVVVVVVYVYVVYV

# This is a similar procedure only the v is fixed,

# but you can change the parameterization values or r
# and alpha by calling it with an rlow rhigh

# and alphalow and alphahigh

plotshell := proc(H, X, rlow,rhigh,alphalow,alphahigh)
local a, b, x1, x2, x3,V;

assume(r,real,alpha,real):

V:=matrix ([[r*(cos(alpha)+I*sin(alpha))], [1]1]1);
a:=simplify(multiply (htranspose(V),H,V));
b:=simplify(multiply (htranspose(V),H,X,V));
x1:=simplify(Re(b[1,1]1)/al1,1]);

VV VV VYV VYV VVVYVVYV
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> x2:=simplify(Im(b[1,1]1)/al1,1]1);
> x3:=simplify (multiply(htranspose (V) ,htranspose(X),H,X,V))[1,1]
/al1,1];
> plot3d([x1, x2, x3],alpha = alphalow .. alphahigh,r= rlow .. rhigh)
end;
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