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EIGENVALUE LOCALIZATION FOR COMPLEX MATRICES*

IBRAHIM HALIL GUMUST, OMAR HIRZALLAH!, AND FUAD KITTANEHS

Abstract. Let A be an n X n complex matrix with n > 3. It is shown that at least n — 2 of the
eigenvalues of A lie in the disk

' tr A
L T4
n

n—1 o AR\ ATA— AAf2 spd®(A)
< 2= (A - - - ,
n n 2 2

where ||A||5 , tr A, and spd(A) denote the Frobenius norm, the trace, and the spread of A, respectively.

In particular, if A = [a;;] is normal, then at least n — 2 of the eigenvalues of A lie in the disk

' trA
P
n

n—1[ A} |4 3 S R 2 las — ay)?
= n 2 n 752‘,]'131%).(.,71 ZMM' JrZ'akj' + 2
k=1 k=1

ki k£

Moreover, the constant % can be replaced by 4 if the matrix A is Hermitian.
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1. Introduction. Let M, (C) be the set of all n x n complex matrices. For a
matrix A € M, (C), let A;(A4), j = 1,...,n, be the eigenvalues of A repeated according
to multiplicity, and let the symbols ||A|, and tr A denote the Frobenius norm and
the trace of A, respectively. We have to keep in mind that the Frobenius norm is
unitarily invariant, that is, ||[UAV]|, = ||A||, for all unitary matrices U,V in M, (C)

n
and tr A= > X\;(A).
j=1
An estimate for the eigenvalues of matrices [14] says that if A is an n x n real
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symmetric matrix, then

tr A n—1 tr A|?
aa - S < <|A||§—' '>- (1)

- n

for £ =1,...,n. Moreover, a generalization of (I1]) for arbitrary matrices A € M, (C)
has been obtained in [I1].

One of the interesting estimates that presents a refinement of (I1]) for nonnormal
matrices has been established in [I2]. This refinement asserts that if A € M, (C),
then

tr A n—1 A A — AA|?  tr AP
a() = B4 < [n=t (e ] All, w4 (1.2)
n n 6 Al n

for ¢ =1,...,n. An improvement of the bound for A\;(A) — % given in ([2) has
been established in [13], which asserts that if A € M, (C), then

2
trA [n—1, tr A |A* A — AA*|2
Ae(A) — o < — <|A|§ | o | ) - 5 2 (1.3)

for{=1,...,n.

In this paper, we obtain bounds and localization results for the eigenvalues of
matrices. Our results, which involve the traces and the spreads of matrices, are
better than some known bounds and localization results. In particular, refinements

of (L2) and (I3) will be given.

2. Eigenvalue localization for nonnormal matrices. In this section, we
present refinements of (2] and (3] for nonnormal matrices. Throughout the paper,
we let the symbol Sy denote the set {1,...,n}\{{} for £=1,...,n.

We start with the following result for scalars.

n
LEMMA 2.1. Let z1,..., 2z, be complex numbers such that Y z; = 0. Then

Jj=1

1 n—1«—
2 2 2
[zel” + 5 > lz -l = - pNEN

j4,kESe j=1

forl=1,... n.
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Proof. Let £ € {1,...,n}. Then

2

1 1
IZe|2+§ Yolm—al == T3 PREEE

J,k€Se JES, J,k€Se

2
1
S| e
JESe 7,kES,

I
(]
(]

JESe JES, J.k€ESe
5 1
=D l5l+5
JES, J,kE€S,
J#k

1
> (Zj2k + Zz5) + 5 oz =l

J,kES,
Jj#k

1
= Z |25 + B} Z (%Zk + Zezj + |25 — Zk|2)

JESL 7,kES,
Jj#k
2 1 2 2
=Y il +5 2 (sl +1al)
JES, 7,kES,
£k
2
=(n-1))_ |zl

JESe
n
2 2
= =1 |z~ (n—1) =
j=1
It follows from the identity ([21]) that

2 1 2 = 2
nlee” + 5 Slm—al =m-1)> |5,
=1

J,kE€Se

and so

2 1 2 n—1 2
26" + o5~ |2j — z|” = 217
2n 7 n J
J,kESe Jj=1

as required. [

Another result for scalars that we need is the following. Its proof is similar to

that of Lemma [2.] and is left to the reader.

LEMMA 2.2. Let z1,..., 2z, be compler numbers. Then

2
n n
2 1 1 2
ED == >z +o > Lzl
=1 =1

1<j<k<n
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Our first result is the following identity.

THEOREM 2.3. Let A € M,,(C) with n > 3. Then

trA n—1 tr A
A(A) - o ) - (AP = ZM - lir Al

]k‘GS@ n n
fort=1,....n
Proof. Let z; = \;(A) — “nA, j=1,...,n. Then > z; =0, and so
j=1
tI'A 1 2
e R R
j.ke
:|Zg| +% Z |Zj—2k|
3,kES,
n—1«
= Z|zj|2 (by Lemma [2.T])
no=
2
n—1[1]|< 1 < 2
= — ; — P — by L
n n ZZJ +n Z |25 — 2 (by Lemma [2.2)
j=1 1<j<k<n
n-1[1 & 5
== ln 2 o=
1<j<k<n
n-1[1 & 5
2 ) - ()
1<j<k<n

i (4) (by Lemma [22])

I
S
3|
L
[
>
<.
=
o
|
S|
<
IR

for{=1,...,n. 0

Also, we need the following bound for the eigenvalues of a given matrix
A e M, (C) M.
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LEMMA 2.4. Let A € M,,(C). Then

2
- tA2 A*A_AA*2 tAQ
> A < <||A|§|rn|> _l Iy | [r AP
J=1

2 n

REMARK 2.5. The bound given in Lemma 24l is sharper than the bounds:

n A*A — AA*||?
S ()2 < a2 - A=A,
0

and

n x A %12
S I < \/|A|;‘ A Ak
j=1

given earlier in [2] and [7], respectively. These bounds, in turn, are sharper than the
classical Schur’s inequality [I5, p. 50].

Based on Theorem and Lemma [Z4] we have the following localization result
for the eigenvalues of matrices. This result includes a refinement of ([L3).

THEOREM 2.6. Let A € M,,(C) with n > 3. Then

tr A|? 1
Me(d) = —=| + 5= D IN(A) = (AP
n n .
7,kESy
n-1 AR\ ||A*A — A4+
_ ) _
< — <|A|2 ) - 5 2 (2.2)
n n
for 0 =1,...,n. In particular,
Al fa1 » [wAP) (A A — A4
Me(A) — == </ =—=314)2 - - 2 2.
o(A) = —=| <\ — <| 2 - ) 5 (2.3)
fort=1,...,n.

Proof. The result follows from Theorem and Lemma 2.4l O
We remark here that (2.3) has been obtained earlier in [I3].

Applications of Theorem 2.6 are given in the following result. This result includes
a refinement of (L2]).
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COROLLARY 2.7. Let A € M,,(C) with n > 3. Then:

tr A n—1 4 JJA*A—AA*D |t AP
A) - —= Allr - _ 2.4
M) = —=| < - \/II Il2 5 - (2.4)
for £ =1, , M
(b)
tr A n—1 A*A — AA* |2 fr AP
W L P L GPVER Al ALY (o5
n n 411Al5 n

for £=1,... n.

Proof. By direct computations, it can be seen that

2
tr A |A* A — AA*||2 |A*A — AA*|3  |tr A
<||A|§—' n') - 2 < 1Al - 2 AL (o)

2 2 n

and

|AA— Aty _ o ATA— 447
1Al = =52 <[l All; ~ 2. (2.7)
\/ 2 414l
Now, part (a) of the corollary follows from (2.3 and (2.6, while part (b) follows from
@4) and 7). O

REMARK 2.8. It is clear from (Z6) and (ZZ) that the bound for A\ (A4) — &4
given in (Z3)) is sharper than that given in (Z4]), which, in turn, is sharper than that
given in (Z8)). Another bound for the eigenvalues of a given matrix A € M, (C) says
that
|4 A — A4 |3

(A < A2 -
; ’ ? a4l

This bound can be inferred from Lemma 24 (Z8]), and (Z7), and it can also be
obtained from Theorem 2 in [3], concerning measures of nonnormality of matrices.

To give another application of Theorem 2.6, we need the following lemma [9].

LEMMA 2.9. Let z1,...,2, be complex numbers. Then
n ) ,
9 x| fe =l < Yo lm—al (2.8)

1<j<k<n
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Based on Theorem [2.6] and Lemma 2.9 we have the following result. This result
presents another refinement of (L3)).

COROLLARY 2.10. Let A € M,,(C) with n > 3. Then

2
trA n—1 tr A|? A*A — AA|2 s2(A
)\E(A) _ < <|A||§ _ | | ) _ H ”2 _ ( )
n n n 2

2
(2.9)
for£=1,... ,n, where s(A) = nin j{gg)scl [A;(A) — Ak (A4)].
Proof. Since Sy contains n — 1 numbers, we have
Do A =M =2 Y (A) — M)
4.kES, §,k€ES,
i<k
> (n— 1) max [A;(4) — Me(A)[* (by Lemma EZ9)
JRESe
> (n—1)s%(A). (2.10)

Now, (29)) follows from (2.2) and 2I0). O

REMARK 2.11. A localization result for the eigenvalues of matrices has been
given in [4]. This result asserts that if the eigenvalues of a matrix A € M, (C) are
arranged as |A1(A4)] > -+ > |An(A)[, then

trA
Ae(A) — —
o(A) = —
m—1 [ AP) ArA— A4 (tr A)?
< |5 1Al = - 2 4 ltrA2 - ——
2m n 2 m
for £ =1,...,m, where m is any integer satisfying rank A < m < n.
Another result analogous to (Z2]) can be stated as follows.
THEOREM 2.12. Let A € M,,(C) with n > 3. Then
trAl® 1
N(A) = ==+~ ‘(n — 1) (tr (42) — M2(A)) — (tr A — M(A))?
n—1 A2\ A4 — A4
— ) _
< <||A|2 - ) - 5 2 (2.11)
n n
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fort=1,... n.

Proof. Observe that

Y A) = A4

J,kES,
= 7 () = a4
J,kES,
> 1) (A(A) = Ak(4))?

j,k€S,

=137 (2(4) +22(A) - 20 (A)A(4))

j,k€eSy

=1 D0 N@+ D N -2 Y M(AM(A)
j,k}GS[ j,kGS[ j,kGSZ
2

=12n—1) Y AA) -2 > N4

JESe JESe
=2 —1) [ DN (A) - | -2 Ak(A) = Ae(A)
= 2(n=1) [ Do N(A%) = A (A) | —2(tr A= M(A))°
= [2(n—1) (tr (A%) = N}(A)) — 2 (tr A — \(A))?]. (2.12)

Now, the result follows from Theorem 2.6 and (212]). O

The spread spd(A) of a matrix A € M, (C) is defined to be the maximum distance
between any two eigenvalues of A, that is,

spd(A) = max [A;(A) — Au(A)].

jk=1,..n

In the following result, we describe a disk that contains at least n — 2 of the
eigenvalues of a given matrix A € M,,(C). A localization result for at least n — 2 of
the eigenvalues of A € M,,(C) that improves (I3 can be concluded from this result.
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THEOREM 2.13. Let A € M,,(C) withn > 3. Then at least n—2 of the eigenvalues
of A lie in the disk

‘ tr A
L
n

IN

2
n—1 tr A|? A*A — AA*||2 spd?(A

2 2

Proof. Let s,t € {1,...,n} be such that spd(A4) = |[As(A) — A\:(A4)| and let S =
{1,...,n}\{s,t}. Then s,t € S, for all £ € S, and so

spd(A) = max |A;(4) — Ax(A)] (2.14)

for all ¢ € S. It follows that

Yo A =MW =2 3 (A — (A

j.keSe j.keSe
j<k
> (n—1) max [3,(4) - M(A)  (by Lemma 23
2,KESY
= (n—1)spd*(4) (by the identity (ZI4)) (2.15)

for all £ € S. Now, (ZI5) and Theorem [Z8] imply that

2

trA n—1 9
M(A) = AT 4 P ap(4)
n—1 AP\ A% A — A4
< Al - 0 — = = 2.1
< (n I~ =2 ) 5 7 (216)
and so
trA
Ae(A) — —
o(4) - —

(2.17)

2\ 2 2 2
n—1 1417 - [tr A] [[A*A - AA*|;  spd”(4)
n 2 n 2 2

for all £ € S. Since the set S contains n — 2 numbers, then (ZI7) means that at least
n — 2 of the eigenvalues of A lie in the disk given in (2.13). O

REMARK 2.14. Theorem 2.I3] guarantees that n — 2 of the eigenvalues lie in the
disk (ZI3). The question that arise here is what about the remaining two eigenvalues.
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In fact, it is clear from the proof of Theorem that the eigenvalues of the matrix
A € M,,(C) where the spread is attained do not necessarily lie in the disk (ZI3]).
Moreover, if one of these eigenvalues is not simple, then according to the proof of
Theorem 23] we can see that this eigenvalue must lie in this disk.

The following lemma enables us to give a new bound for the eigenvalues of ma-
trices. The proof of this lemma follows by direct computations. We leave the details
for the interested reader.

LEMMA 2.15. Let A € M,,(C) with n > 3. Then:
(a) iwm AP = 3 () - A
(b) Z i IN(A) = XA =2 —2) X IN(A) = (AP

=1j,keS, 1<j<k<n

THEOREM 2.16. Let A € M,,(C) with n > 3. Then

> )P
j=1

2
v (14 tr AP\ JA*A - AA-|3 N trA?  n-—2
2 n 2 n 2

<(n-1 spd?(A).

Proof. Observe that

n 2
Sy - AL 22 e

n—2

IA
M=
g
=
\
‘EI
S
+

Y ) = @)

1<j<k<n
(by Lemmas 2.9 and 218 (a))

1
AL LS S -
(=1 j.keS,
(by Lemma 215 (b))

Z [A;(A (A

_] keSS,

<.
Il
—

I
hE
g
B
!
‘E:
h

~
[
—

I
NE

~
Il
—
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"no1 AR\ 1
< 1Al = =] =5 lA*A - AA*||3
- n n 2
(by Theorem [2:6])
2
> |trAP)T[lAtA - Adr;
= =1) 4| | l14llz = — - 5 : (2.18)

Now, the result follows from (ZI8)). O

3. Eigenvalue localization for normal matrices. In this section, we are
interested in estimates for at least n — 2 of the eigenvalues of a normal matrix A €
M, (C). In order to do this, we need the following two lemmas of Bhatia and Sharma
1] and Mirsky [9]. It should be mentioned here that Bhatia and Sharma did not
write the first lemma below explicitly in this form, but it can be deduced from their
results. Before presenting these lemmas, we need to define two functionals on M, (C)
as follows: Let

n
drA = Z Qi
i,j=1
i#£]
and

CdrA*A |dr AP

2 )

v(A4) - N
where A = [a;;] € M, (C).

LEMMA 3.1. Let A = [a;;] € M,,(C) be normal. Then

spd?(A) > max (a1, 1), (3.1)
where
3 n n |a a |2
=3 | |2 4 1 T GGl
ar= 2 i,j:ﬁ,},(,,n Z |ai|” + Z |lak;|” + 5
k=1 k=1
ki =
and

n n? n?

A2 2
5= <_' T M) |
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LEMMA 3.2. Let A = [a;;] € M,,(C) be normal. Then

spd(A) > max (o, f2), (3.2)
where
@ =V3 max |ayl
1,j=1,...,n
i#]
and

laii — ajil* + | (@i — az;)” + 4ai;a;
o 2 2
B2 = max 5 +lag|” + las]
WJ=Lyees
i

THEOREM 3.3. Let A = [a;;] € M, (C) be normal with n > 3. Then at least n —2
of the eigenvalues of A lie in the disk

tr A —1 tr A|? 2 2
‘Z—r— < n <|A||§_ | rn | _ ma’x(alﬂ;)QﬂﬂlvﬁQ)). (33)
In particular, at least n — 2 of the eigenvalues of A lie in the disk
tr A n—1 s JtrAP? 3 2
-4 < Y i Y
3,J=1,...,n

i#]

Proof. Let £ € S, where S is the set defined in the proof of Theorem 2.13] Then

_wAl (-1

Ae(4) 2n

max (ala a%a 617 ﬂ%)

-1
< spd?(A) (by Lemmas B and B2)

n—1

IN

n

(nAn; . %) (by @ID). (35)

Now, ([B3) follows from Theorem 2.T3 and (B.5]), while (3.4 is a special case of ([3.3]). O

The constant 3 in ([34) can be improved if the matrix A is Hermitian. This
improvement can be achieved using a result of Mirsky [I0] that says if A = [a;;] €
M, (C) is Hermitian, then

spd?(4) > max (4 |aij|2 + (ai — ajj)Q) . (3.6)
ij=1,...,n

i#]
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In fact, through Lemma [3.I] Bhatia and Sharma introduced a remarkable improve-
ment of (B.6). This improvement asserts if A = [a;;] € M, (C) is Hermitian with
n > 3, then

2
> (@i — aj5)
spd“(4) > 21‘,]‘1:1112?.).{.@ Z lag|® + Z |ag;)? f . (3.7)

k;éz k;éj

Based on (371) and using a proof similar to that given for Theorem B3] we have
the following result.

THEOREM 3.4. Let A = [a;;] € M,,(C) be Hermitian with n > 3. Then at least
n — 2 of the eigenvalues of A lie in the disk

‘ tr A
P
n

n—11|A|? tr A? a“—a)
< e e, Zlaml+Zlaml+ ] 6

k#z k#]

An application of ([34]) can be seen as follows. Applications of (B3] and (B8] can
be deduced by a similar argument.

COROLLARY 3.5. Let A = [a;;] € M, (C) be normal with n > 2. Then all the
eigenvalues of A lie in the disk

2
1Al 10 oyl ). (3.9)
44,

‘ tr A 2n —1 9 |trA|2 3
z——| < — —
n

A 0
0 A
values of B are the same as those of A with duplicate multiplicities. It follows from
B, applied to the matrix B, that the disk

Proof. Let B = [b;;] = [ ] Then B € Mj,(C) is normal and the eigen-

tr B 2n —1 9 |trB|2 3 9
_Eol o BI? - _2 bi; 3.10
e E e 1) B CET)

i#j

contains at least 2n — 2 of the eigenvalues of B. Since the eigenvalues of B are not
simple, it follows from Remark [ZT4] that these eigenvalues lie in the disk (3I0). In
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particular, the eigenvalues of A lie in this disk. Now, the result follows in view of the
facts that || B||5 = 2||A|3, tr B=2tr A, and max |bi;|* =
n

i,j=1,..., ;

i#] i#]
REMARK 3.6. Theorems[3.3] 3.4] and Corollary[3.5lare based on the lower bounds
for the spreads of normal matrices mentioned in this paper. Related localization

results can be obtained using further lower bounds for the spreads of normal matrices
(see, e.g., [5], [6], and [5]).

max |aij|2. O
ij:ll,.‘..,n

In the following result, we utilize Theorem[Z.8land the spectral theorem for normal
matrices to investigate the equality conditions of (ITJ).

COROLLARY 3.7. Let A € M,,(C) with n > 3. Then

tr A n—1 9 |trA|2
M(A) — —| = Al — —— 3.11
() - & L (a (311)
for some £ € {1,...,n} if and only if A is a scalar matriz or A is normal with only

two distinct eigenvalues one of multiplicity n — 1 and the other is of multiplicity one.
Our final result follows from Theorem 213 Corollary 37 and Remark 214
COROLLARY 3.8. Let A € M,,(C) with n > 3. If

tr A n—1 s |trA)?
M(A)— —| = Al — 3.12
(4) — (a3 - = (312)
for some £ € {1,...,n}, then A is normal and at least n — 1 of the eigenvalues of A
lie in the disk (Z13).
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