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EXACT RELAXATION FOR THE SEMIDEFINITE MATRIX
RANK MINIMIZATION PROBLEM WITH EXTENDED
LYAPUNOV EQUATION CONSTRAINT*

ZIYAN LUOT AND NAIHUA XIU*

Abstract. The semidefinite matrix rank minimization, which has a broad range of applications
in system control, statistics, network localization, econometrics and so on, is computationally NP-
hard in general due to the noncontinuous and non-convex rank function. A natural way to handle this
type of problems is to substitute the rank function into some tractable surrogates, most popular ones
of which include the convex trace norm and the non-convex Schatten p-norm relaxations with p €
(0,1). The corresponding exactness of these relaxations have absorbed great attention and interest
from researchers both in mathematics and engineering fields. In this paper, a special semidefinite
matrix rank minimization problem with the extended Lyapunov equation constraint arising from
low-order optimal control is considered and shown to possess the desired exact relaxation properties
by exploiting the special structures of the involved linear transformation and by developing some
essential properties and features on rank function and the semidefinite matrix cone.

Key words. Semidefinite matrix rank minimization, Exact relaxation, Schatten p-norm, Ex-
tended Lyapunov equation, Multidimensional scaling.
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1. Introduction. Semidefinite matrix rank minimization is to minimize the
rank of a matrix variable under some affine constraints over the semidefinite matrix
cone. The mathematical model is of the form:

(P)  min{rank(X): A(X) =b, X € S}},

where X € S™ is the matrix variable, A : 8™ — R™ is a linear transformation and
b € R™. Here and in the sequel, 8™ denotes the space of all n x n real symmet-
ric matrices, S is the semidefinite matrix cone consisting of all positive semidefinite
matrices in 8" and rank(X) is the rank of X which is the number of all nonzero eigen-
values of X. Problem (P) has gained plenty of recent attention in both mathematical
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and engineering fields, owing to its wide applications in system control [3, 15, 16, 18],
statistics [4, 13, 20], network localization [10], econometrics, signal processing, quan-
tum information, and many others [2].

Mathematically, problem (P) is difficult to solve due to the discontinuity and non-
convexity of the objective function. From the viewpoint of computation complexity,
it is generally NP-hard since it includes the cardinality minimization as a special case
when the matrix variable is restricted to be diagonal [1, 11]. A natural way to make
it tractable is to employ some appropriate surrogates for the rank function. Most
popular ones among them include the convex nuclear norm (indeed the trace norm
for positive semidefinite matrices) heuristic [16], and the non-convex Schatten p-norm
relaxation with p € (0,1) [10]. Since for any X € 87, its Schatten p-norm, termed as

n 1/p
[IX ||, can be reduced to | X, = [Z )\f(X)] with A\;(X) the i-th eigenvalue of
i=1

X, and its trace norm, denoted by tr(X), is exactly tr(X) = > Ai(X), we can merge
i=1

these two relaxation counterparts into the following unified form:
(P)  min{[|X[}: A(X) =b,X € S}}
with p € (0,1].

As the extensive and fruitful study on various algorithms solving low rank so-
lutions based on the tractable problem (P), a fundamental question arises: under
what conditions the solutions of problem (P) coincide with the desired minimal rank
solutions of problem (P). Stimulated by the exact recovery theory on the compressed
sensing (which is indeed the diagonal case in our problem), several strong assump-
tions are imposed on the involved linear transformation A, such as the semi-RIP
condition [19], the s-semigoodness [12], and even some null space property to ensure
the uniqueness of feasible solutions [21]. However, most these conditions are not
easy to verify for deterministic linear transformations. This to some extent might
hinder the extensive applicability of the relaxation approach, especially for those
practical problems in the areas of system control, and positioning and localization.
Fortunately, based on some specific structures of the involved linear transformation,
together with some inherent properties of the constant in the affine constraints, Mes-
bahi and Papavassilopoulos [16], and Parrilo [17] showed that the trace norm re-
laxation succeeded to produce a minimal rank solution if the feasible set takes the

k
foom { X €S": X — > M;XM,'! —Qe S X ¢ St ¢ with @ € S%. Even though
i=1
the equivalence of this semidefinite matrix rank minimization and its trace norm re-
laxation does not hold resulting from the non-uniqueness of minimal rank solutions,

it still inspires us to consider some other special minimization problems which can
possess the desired exact relaxation with any p € (0, 1].
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In this paper, we concentrate on a special semidefinite matrix rank minimization
problem, which is to pursue the minimal rank solutions of the extended Lyapunov
equation. Related applications can be found in the literature of linear-quadratic
optimal control problems [7, 8, 9, 14]. The corresponding mathematical model can
be formulated as

min  rank(X)
(Py)  st. AX+XAT +WXWT +BB"T =0,
X eS8y,

where A, W € R"*™ and B € R™ ™ are given matrices. The relaxation counterpart
is of the following form:

min ”X”Iz;
(Py) st. AX+XAT+WXWT +BBT =0,
X eS8,

with p € (0,1].

Our aim is to establish the exact relaxation theory for this special semidefinite
matrix rank minimization problem. By employing the matrix analysis, together with
properties of the rank function and features of the semidefinite matrix cone, we show
that problems (FPy) and (P,) are equivalent and have a common unique solution.
These results can be regarded as an important part of the refinement to the exact
relaxation theory for general matrix rank minimization, which makes it significant
both in theory and in practice.

The organization of this paper is as follows. Some fundamental properties and
features of the rank function and semidefinite matrix cone are recalled and developed
in Section 2. The main results on exact relaxation are stated in Section 3. Conclusions
are drawn in Section 4.

2. Preliminaries. This section is devoted to recalling and developing some fun-
damental properties and features of the matrix rank function and the semidefinite
matrix cone.

LEMMA 2.1 (Spectral Decomposition, [6]). For any X € 8™, there exist some or-
thogonal matriz P = (v - -+ v,) € R™™ and real vector A(X) = (A1 (X),..., A (X)) "
€ R™ such that

X =P Diag(\(X)) PT = > Xi(X)viv] .
1=1
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This is called the spectral decomposition of X and \(X),..., A\ (X) are its eigenval-
ues with the corresponding eigenvectors v; € R™, i =1,...,n.

LEmMA 2.2 ([5]). Let X = [x;] € ST with its spectral decomposition X =

n
SN (X)vw,, where (v1 -+ - vy,) is some orthogonal matriz in R™*™. We have
i=1

(i) M\i(X) >0, foranyi=1,...,n;

(i1) x5 >0, and z;x55 > :c?j, forany i, j=1,...,n;

(iii) tr(X) = i:l)\i(X) _ éx

LeEMMA 2.3. For any given X € R™™™ and A € SV, if XTAX = 0, then
X =0.

Proof. Note that
0=XTAX = XTAY2AY2X = (AYV2X)T(AY2X).

Thus, every eigenvalue of (A/2X)T(AY2X) is zero, which means that all singular
value of AY/2X is zero as well. This implies that A/2X = 0. Using the invertibility
of AY2, the desired result follows. O

COROLLARY 2.4. For any X,Y € S} with X =Y, we have rank(X) > rank(Y’)
and || X|[5 > Y[} for any 0 < p < 1. Moreover, if X # Y, then || X|b > [V} for
any 0 <p<1.

Proof. The first part follows directly from Lemma 2.2 (i) and the nondecreasing of
the function f(t) := t? for any ¢t > 0 and p € (0, 1]. For the moreover part, assume on

n
the contrary that || X|[P = [[Y||D, that is }_ (A:(X)? — Ai(Y)?) = 0. It is known from
i=1

Corollary 7.7.4 in [5] that X\;(X) > \(Y) for any i = 1,...,n when ;s are arranged
in the nondecreasing order. Together with the nondecreasing of f(t), we immediately
get that A\;(X) = \(Y) for any ¢ = 1,...,n. Thus, ¢tr(X) = ¢tr(Y). On the other
hand, since X —Y > 0 and X # Y, it follows that tr(X) —tr(Y) = tr(X - Y) =
(X —Y,I) > 0. This comes to a contradiction. Thus, the desired strict inequality
holds. O

LEMMA 2.5. For any given A € ST and any of its principal submatriz A, € S
with v < n, we have ||Al[5 > || A[|5 for any 0 <p < 1.

Proof. Let M\ (A), A2(A), ..., A\n(A) be the eigenvalues of A, and A1 (A4,), A2(A4,),

..y Ar(4;) be the ones of A,., both in a non-increasing order. By definition of the
matrix Schatten-p norm, together with the positive semidefiniteness of A and A,., we
know that [|Al[p = S Ni(A)P, A = i Ai(An)P. Tt is known from Corollary
3.1.3 in [6] that for any ¢ = 1,...,7, X\i(4,;) < A\i(A). Combining with the nonde-



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 27, pp. 683-691, September 2014
Exact Relaxation for the Semidefinite Matrix Rank Minimization Problem 687

creasing of the function f(¢) = ¢¥ for any ¢ > 0 and 0 < p < 1, the desired result
follows. O

It is worth mentioning that all assertions in Corollary 2.4 and Lemma 2.5 can be
extended to the case that p > 1 via a similar proof.

PROPOSITION 2.6. For any given A, W € R"*"™ and B € R™™™ and any 8 > 0
satisfying that A — BI is invertible, set My := (A — BI)"1(A + BI), My := \/28(A —
BI)~*W and H :=2B(A— BI)"*BBT (A —BI)~T. Then the following three systems
are equivalent:

(a) AX + XAT+WXWT +BBT =0, X € §};
(b) X =372 M;XM, =H, X €S?.
() X =2 M XM —HeS?, Xe8, (X -S> MXM —HX)=0.

Proof. The equivalence between (a) and (b) can be obtained by direct calculation,
and it is trivial to have (c) if (b) holds. Thus, it remains to showing that if the
semidefinite linear complementarity system is consistent at X in (c), then the equality
X -2 M;XM,;" = H is valid. For simplicity, denote F(X) := X — Y7 | M;X M;" .
Note that

(2.1) (F(X), F(X)~ H) = |F(X) = H|[% + (H,F(X) = H) >0,

where the last inequality follows from the semidefiniteness of H and F(X) — H from
(c), and the self-duality of ST. On the other hand,

(F(X),F(X) - H) —(X,F(X) - H)
2
- M XM, F(X) - H)

<0

)

where the first equality follows from the complementarity in (c) and the last inequal-
ity from the semidefiniteness of 212:1 M; X M,". Together with (2.1), it yields that
(F(X),F(X)— H) = 0, which further implies that ||F(X) — H||% = 0, and hence,
X — Z?Zl M;XM,;" — H = 0. This completes the proof. O

3. Main result. This section is dedicated to the exact relaxation theory for the
semidefinite matrix rank minimization problem with extended Lyapunov equation
constraint. Before we give the main exact relaxation theorem, an important proposi-
tion is stated which will serve as an essential preparation for the sequel analysis.

PRrROPOSITION 3.1. For any given A, W € R™ "™ and B € R"*™ satisfying
F={XeS8 :AX+XAT+WXW ' +BB" =0} # 0, there exists a unique matriz
X* e F such that X = X* for any X € F.
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2 _
Proof. For simplicity, we use F(X) to denote X — > M; X M,", and F to denote
i=1
the set {X € ST : F(X) — H € S}, where M; and H are defined as in Proposition

2.6. It follows from the equivalence in Proposition 2.6 that
(3.1) F={XeS}:F(X)-HeS} (F(X)-H,X)=0}CF.

By employing Lemma II.1 in [16], we know that there exists a unique X such that
X € F such that

(3.2) X=X, VX € F.
Together with (3.1), we obtain that
(3.3) X=X, VX € F.

Now we claim that X € F, which is sufficient to show that (F(X) — H, X) = 0. As-
sume on the contrary that (F(X)—H, X) # 0. By the semidefiniteness of both F/(X)—

H and X, we have (F(X)—H, X) > 0. Let X = [Q; Q2] Diag(())\(X)) Q1 Q2] "

be its spectral decomposition with A(X) = (A1(X),..., A ()_())T and r = rank(X) >
0. From (i) in Lemma 2.2, we have \;(X) > 0 for any i = 1,...,r. Set V :=
2 _ _

> M;XM,;" + H. It follows from the semidefiniteness of X and H that V € ST.

i=1
Applying the semidefiniteness of F'(X) — H and V, we have

Diag(M(X)) = Q{VQ1 —Q{VQ2
~QzVQ: ~Q;VQ2

and Q4 VQs = 0. Thus, Diag(A(X)) — Q{VQ; € St\{0}, QVQy € SN
(=877") = {0}. Relying on (ii) in Lemma 2.2, we further get Q{ VQ2 = 0. Hence-
forth,

0=2[Q1 Q2] (F(X) — H)[Q1 Q2] =

F(X)— H = Q1 (Diag(MX)) — Q{ VQ1) Q.
For any € > 0 and any Z = QlZlQI € 8t with Z; € 87, it follows that

2
F(X-eZ)-H=(X-€Z)- > M(X -eZ)M] - H
=1
2
=F(X)-H-eZ+ey MZM,
=1

=F(X)-H-¢Z
= Q1 (Diag(MX)) = Q{VQ1 —€Z1) Q7 .
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By choosing Z; := Diag(A(X)) — Q{ VQ1 € S7\{0}, and € € (0,1), we can very that

F(X—-eZ)-H=F(X)-H—-€eZ=(1—¢)(F(X)—H) €S,

X —eZ=Q1 ((1 — €)Diag(\(X) + eQ{ VQ1)) Q] € ST\{0}.

Thus, X — €Z € F, and X — ¢Z # X. Combining with the fact X > X — €Z, this
comes to a contradiction to (3.2). Therefore, we have proven our claim that X € F.
By setting X* := X, the desired result follows from (3.3). O

THEOREM 3.2. Let A, M € R™*"™ and B € R"*™. If F (defined as in Proposition
3.1) is nonempty, then problems (Py) and (P,) are equivalent and share a common
unique solution X* with rank(X™*) > rank(B).

Proof. It is known from Proposition 3.1 that there exists some unique X* € F
such that X = X* for any X € F. Therefore, for any X € F with X # X*,
it follows from Lemma 2.4 that [ X|b > [[X*||} for any p € (0,1] and rank(X) >
rank(X™*). This indicates that X* is the unique solution to problem (P,) and also
a solution to problem (Fp). Now we proceed to show the solution uniqueness of
problem (P). Assume on the contrary that there exists some Y € F with YV # X*
Prag(x) o ] @1 Qa be its
spectral decomposition with A(X*) = (A1(X*),..., \(X*)" and 7 = rank(X*).
Note that Diag(A(X*)) € S}, and

and rank(Y) = rank(X*). Let X* = [Q1 Q2] [

[Q1 Qo] T (Y — XM)[Q1 Qq] = { —Diag(\(X*) +Q{YQ1 Q[YQ> } |

Q3 YQ Q1Y Q>

This comes to Q{ Y Q1 € S% . Utilizing the Schur complement theorem [6, p. 100,
Exercise 8], we know that

r=rank(Y) = rank(Q] Y Q1) + rank(M*)
=r+rank(M"),
where M* := Q3 Y Q2 — Q3 YQ1(Q{ YQ1)7'Q{ YQ,. It further derives that
(3.4) 2V Q2 = Q3 YQu(QYQ)TQYQ2 =0,

Choose some sufficiently small € > 0 such that X* — eQ:Q{ € 8. By the semidefi-
niteness of [Q1 Q2] T (Y — X* +€Q1Q7 )[Q1 Q2], it follows from the Schur complement
theorem that Qg Y Q2 — Q5 YQ1(Q{ YQ1 — (Diag(A(X*) —€l,.)) Q] Y Q2 = 0. Com-
bining with (3.4), we have

(3-5) Q2 YQu[(Q1YQ1) ™"~ LIQ{ Y Q2 = 0.
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where L := (Q{ YQ1 — (Diag(A\(X*) — eI,.))~!. Noting that Q] YQ, = L™ = 0, it
yields that

(3.6) (QIYQ1) ' —Le (-8,
Thus,

—Q, YQ[(Q{Y Q1) ' = LIQ{ Y Q2 = 0.

Combining with (3.5), we have Q] YQ1[(Q{ Y Q1) — L]Q] Y Q2 = 0. Invoking (3.6),
it follows from Lemma 2.3 that Q{ Y Q> = 0. Henceforth, ¥ = Q:Q{ YQ:QT. By
choosing sufficiently small § > 0, we can get Xy := X* — 6(Y — X*) = Q1((1 —
§)Diag(A(X*)) — §(Q{ Y Q1))Q] = 0. Evidently, Xo € F and X* = X with X* #
Xo. This contradicts to the fact that X > X* for any X € F. Here the solution
uniqueness is concluded. Observe that X* =V + H = H. It follows from Corollary
2.4 that rank(X*) > rank(H) = rank(B). This completes the proof. O

It is worth mentioning that the extended Lyapunov equation turns out to be the
continuous-time or discrete-time Lyapunov equation if W =0or A = — é[ . Therefore,
the exact relaxation theorem, as discussed in Theorem 3.2, holds for both of these
two specific cases. Meanwhile, compared with the existing exact relaxation results on
semidefinite matrix rank minimization proposed in [16, 18], we focus on the equality
constraints other than inequalities, and the surrogate of the rank function used as
the objective function, is more general which includes the convex (when p = 1) and
non-convex (when 0 < p < 1) heuristics.

4. Conclusions. Semidefinite matrix rank minimization problems are generally
hard to solve due to the discontinuity and nonconvexity of the rank function. In this
paper, we have dealt with a special case, the extended Lyapunov equation case from
system control. Based on the structures of the involved linear transformation, the
properties of matrix rank function and the features of the semidefinite matrix cone,
we have established the exact relaxation theory for this special semidefinite matrix
rank minimization problems and its convex and non-convex relaxation problems. The
proposed results are of importance both in theory and in practice since they can be
served as an important refinement for the exact relaxation theory for general matrix
rank minimization, and are useful in low-order optimal control problems.

REFERENCES

(1] D.L. Donoho and J. Tanner. Sparse nonnegative solutions of underdetermined linear equations
by linear programming. Proc. Natl. ACAD. Sci., 102:9446-9451, 2005.

[2] M. Fazel. Matriz rank minimization with applications. PhD Thesis, Stanford University, 2002.

[3] L. El Ghaoui and P. Gahinet. Rank minimization under LMI constraints: A framework for
output feedback problems. Proc. Furopean Contr. Conf., 1993.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 27, pp. 683-691, September 2014
Exact Relaxation for the Semidefinite Matrix Rank Minimization Problem 691

[4] Y. Gao and D.F. Sun. A majorized penalty approach for calibrating rank constrained corre-
lation matrix problems. Preprint available at http://www.math.nus.edu.sg/~matsundf/
MajorPen.pdf, 2010.

[5] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, 1990.

[6] R.A. Horn and C.R. Johnson. Topics in Matriz Analysis. Cambridge University Press, 1991.

[7] J.H. Huang, X. Li, and J.T. Shi. Forward-backward linear quadratic stochastic optimal control
problem with delay. Systems Control Lett., 61:623-630, 2012.

[8] J.H. Huang, X. Li, and J.M. Yong. A Linear-Quadratic Optimal Control Problem for
Mean-Field Stochastic Differential Equations in Infinite Horizon. Preprint available at
http://arxiv.org/pdf/1208.5308v1.pdf.

[9] J.H. Huang and Z.Y. Yu. Solvability of indefinite stochastic Riccati equations and linear
quadratic optimal control problems. Systems Control Lett., 68:68-75, 2014.

[10] S.Ji, K.F. Sze, Z. Zhou, A.M.C. So, and Y. Ye. Beyond Convex Relaxation: A PolynomialCTime
NonCConvex Optimization Approach to Network Localization. INFOCOM 2013, Torino,
2013.

[11] M.A. Khajehnejad, A. G. Dimakis, W. Xu, and B. Hassibi. Sparse recovery of nonnegative
signals with minimal expansion. IEEE Trans. Signal Process., 59:196-208, 2011.

[12] L.C. Kong, J. Sun, and N. H. Xiu. S-semigoodness for low-rank semidefinite matrix recovery.
Pacific J. Optim., 10:73-83, 2014.

[13] Q.N. Li and H.Q. Qi. A sequential semismooth Newton method for the nearest low-rank corre-
lation matrix problem. SIAM J. Optim., 21:1641-1666, 2011.

[14] X. K. Liu, Y. Li and W.H. Zhang. Stochastic linear quadratic optimal control with constraint
for discrete-time systems. Appl. Math. Comput., 228:264-270, 2014.

[15] M. Mesbahi. On the rank minimization problem and its control applications. Systems Control
Lett., 33:31-36, 1998.

[16] M. Mesbahi and G.P. Papavassilopoulos. On the rank minimization problem over a positive
semidefinite linear matrix inequality. IEEE Trans. Automat. Control, 42:239-243, 1997.

[17] P.A. Parrilo. Structured semidefinite programs and semialgebraic geometry methods in robust-
ness and optimization. PhD Thesis, California Institute of Technology, 2000.

[18] P.A. Parrilo and S. Khatri. On cone-invariant linear matrix inequalities. IEEE Trans. Automat.
Control, 45:1558-1563, 2000.

[19] L.X. Qin, N.H. Xiu, and L.C. Kong. Nonconvex exact relaxation of semidefinite matrix rank
minimization (in Chinese). Acta Mathematicae Applicatae Sinica, to apear.

[20] H. Wolkowicz, R. Saigal, and L. Vandenberghe. Handbook of Semidefinite Programming:
Theory, Algorithms, and Applications. Kluwer Academic Publishers, Boston, 2000.

[21] M. Wang, W. Xu, and A. Tang. A unique nonnegative solution to an underdetermined systems:
From vector to matrices. IEEE Trans. Signal Process., 59:1007-1016, 2011.



