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SOME RESULTS ON THE LARGEST AND LEAST
EIGENVALUES OF GRAPHS*

HUIQIU LIN', RUIFANG LIUf, AND JINLONG SHU$

Abstract. Let G = (V, E) be a simple graph with vertex set V(G) = {v1,v2,...,vn} and edge
set E(QG). In this paper, first some sharp upper and lower bounds on the largest and least eigenvalues
of graphs are given when vertices are removed. Some conjectures in [M. Aouchiche. Comparaison
Automatisée d’Invariants en Théorie des Graphes. Ph.D. Thesis, Ecole Polytechnique de Montréal,
February 2006.] and [M. Aouchiche, G. Caporossi, and P. Hansen. Variable neighborhood search
for extremal graphs, 20. Automated comparison of graph invariants. MATCH Commun. Math.
Comput. Chem., 58:365-384, 2007.] involving the spectral radius, diameter and matching number
are also proved. Furthermore, the extremal graph which attains the minimum least eigenvalue among
all quasi-tree graphs is characterized.
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1. Introduction. Throughout this paper, we consider only simple graphs, here-
in called just graphs. Let G = (V, E) be a graph on vertex set V = {v1,v2,...,v,} and
edge set E = F(G). The distance between vertices v and v is denoted by d(u,v). The
diameter of a graph is the maximal distance between any two vertices. The adjacency
matriz of a graph G is denoted by A(G) and defined as the n x n matrix (a;;), where
a;; = 1 if v;u; € E(G) and 0 otherwise. Since A(G) is a real symmetric matrix, its
eigenvalues must be real, and may be ordered as A1 (G) > A\2(G) > -+ > A\, (G). The
largest eigenvalue A1 (G) or p(G) is called the spectral radius or the index of G. By
Perron-Frobenius Theorem, A1 (G) is simple and has a unique positive unit eigenvector
corresponding to it. We will refer to such an eigenvector as the Perron vector of G. It
is known that A, (G) = —A1(G) for a bipartite graph G (see [7]). A unit eigenvector
corresponding to A\, (G) is called a least vector of G.
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A kite Kip,, is the graph obtained from a complete graph K, and a path P,_
by adding an edge between a vertex of K, and an end point of P,,_,. A matching in
a graph is a set of disjoint edges, and the maximum cardinality of a matching over all
possible matching in a graph G is called the matching number of G, denoted by p.

In a susceptible-infectious-susceptible (SIS) type of network infection, the steady-
state infection of the network is determined by a phase transition at the epidemic
threshold 7. = %1 : When the effective infection rate 7 > 7., the network is infected,
whereas below 7., the network is virus free. Motivated by a ﬁ threshold separating
two different phases of a dynamic process on a network, we want to change the
network in order to enlarge the network’s epidemic threshold 7., or, equivalently,
to lower A1 (A). We are searching for a strategy so that, after removing k vertices,
A1(A) is minimal. Recently, Li et al. [I3] presented a lower bound for the spectral
radius of a graph in which some vertices are removed, and Mieghem et al. [16] gave
lower and upper bounds for the spectral radius of a graph when some edges are
removed. Naturally, Xing and Zhou [23] established an upper bound for the least
eigenvalue of a graph when some vertices are removed using the components of the
least vector. Furthermore, the authors [23] also gave lower and upper bounds for the
least eigenvalue of a graph when some edges are removed. In Section 2 of this paper,
we consider the case of connected graphs, and present an incomparable sharp lower
bound for the spectral radius of a graph and an incomparable sharp upper bound for
the least eigenvalue of a graph when some vertices are removed.

In [T, 2], Aouchiche et al. gave the following conjectures involving index, diameter
and matching number of G (see also [3]).

CONJECTURE 1.1 ([]). Let G be a connected graph with diameter D. Then

M(G)+ D <n-—1+2cos

)

n+1
and equality holds if and only if G & P,.

CONJECTURE 1.2 ([1L[2,3]). Let G be a connected graph with matching number
. Then

M(G) —p<n—1-[n/2],
and equality holds if and only if G & K,,.

CoNJECTURE 1.3 ([1L[2,3]). Let G be a connected graph with matching number
. Then
A (G)
1
and equality holds if and only if G = Ky ;.

S \/nf]-a
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D. Stevanovié [20] proved Conjectures 1.2 and 1.3. However, we observed that
the extremal graphs in the statement of Conjecture 1.3 are not complete. Moreover,
Stevanovic’s theorem is also missing some extremal graphs. When n = 5, Kj is also
the extremal graph in Conjecture 1.3 which is not considered in [20]. In Section 3
of this paper, we show that Conjecture 1.1 is right, and Conjectures 1.2 and 1.3 still
hold when removing the condition that G is connected.

Recently, researchers have paid much attention to the least eigenvalues of graphs
with a given value of graph invariant, for instance: order and size [5] [6, 10, [19],
unicyclic graphs with a given number of pendant vertices [I5], matching number and
independence number [21], number of cut vertices [22], connectivity [24], domination
number [25]. A connected graph G is called a quasi-tree graph if there exists v € V(G)
such that G—v is a tree. H. Liu and M. Lu [I4] determined the maximal and the second
maximal spectral radii among all quasi-tree graphs. In section 4, we characterize the
extremal graph which attains the minimum least eigenvalue among all quasi-tree
graphs.

2. On the largest and least eigenvalues of graphs when vertices are
removed.

THEOREM 2.1. Let G be a connected graph with V(G) = Vi UVy = {v1,...,v,}
where Vi = {v1,..., vk} and Vo = {vg41,...,0,}, and G[V;] be the induced subgraphs
of G for i =1,2. Suppose that A and A; are the adjacency matrices of G and G[V;]
for i = 1,2, respectively. Let X = (x1,..., Tk, Tht1,---,Tn)t be the Perron vector of
G, where x; corresponds to v; fori=1,...,n. Then

qu,'uj €E[V1,V5] Lilj

P} ;
Zmevl xi

M(A1) > M (A) —

t

and equality holds if and only if X1 = (x1,...,2)" is an eigenvector of G corre-

sponding to A1(A7).

A B X
Proof. Let A = < Bl A; > and X = < X; ) where X1 = (z1,...,7)" and

Xo = (g1, .-+, Tn)". Since AX = A\ (A)X, thus

(2.1) { M(A)X, = A1 Xy + B1 Xo,

)\1(A)X2 = BgXl + AQXQ.

Note that

k
X{BlXQ = Z i T;Q5X5 = Z XTilyj

i=1 j=k+1 vv; EE[V1,Va]
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and by the second equation in (2],
XIBo X1 + XEAs Xy = M (A)XLXs.

Thus,
A B X
M(A) = XTAX = (X X} < ! 1>< 1)
1( ) ( 1 2) B2 AQ XQ
= X'AL X + XEBo X1 + X!Bi Xo + XEAs Xo

ViV GE[Vl,VQ]

Note that X! X; + XiX5 = 1, then

M(Ar) > XTA1 X4 _ A(A) = M (A) XX, — vajeE[thz] T
1(A1) 2 XX, XX,
ZvivjEE[Vl,Vz] TiTj

= Au(d) - I
v €V1 i

Equality holds if and only if X; is an eigenvector of G; corresponding to A1(A41). O

For any graph G (not necessarily connected) with V(G) = V4 U V5 and corre-
sponding graphs G[V;] for i = 1,2 are the induced subgraphs of G. Suppose that A
and A; are the adjacency matrices of G and G[V;] for i = 1,2, respectively. C. Li et
al. [13] gave a lower bound on A;(A;), that is,

v €Va viv; €E(G[V4])

where X = (z1,...,x,)" is the eigenvector of G corresponding to A\ (G). Let G; =
G — v;, Then \;(G1) > (1 — 222)\1(G). Nikiforov [17] improved the lower bound of
A1(G1). When G is connected, we provide a necessary and sufficient condition for the
lower bound is attained (see Theorem [2.2)).

THEOREM 2.2 ([I7]). Let G be a connected graph with order n. Let v; € V(G)
and G; = G — v;. Suppose that X = (z1,...,%i—1,Tit1,--.,Tn,x;)" is the Perron
vector of G corresponding to A1 (G). Then

1— 227

2
%

A(G;) > M(G)

1—=z
and equality holds if and only if X1 = (T1,...,Ti—1,Tit1,---,Tn)"
of G; corresponding to A\ (G1).

1S an eigenvector
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A b X
Proof. Let A = ( btlo ) and X = ( ! ) where A; is the adjacency matrix
Ti

of G;. Since AX = A\1(A)X, thus we have \;(A)x; = b*X;. Therefore,
AL b X,
= X{Ale + Zithl + X{bl‘l

Note that X?X; + 2? = 1, then

XIA X,
XiX,

1 — 227

_ p2 7
11—z

A1(Ar) > =X (4)

Obviously, the equality holds if and only if X7 = (21,...,%i_1,Ti11,---,2Zs)t is an

eigenvector of G; corresponding to A\ (G;). O

COROLLARY 2.3. Let G be a connected graph with order n. Suppose that X =
(v1,®2,...,2,)" is the Perron vector of G, where x1 > xo > --- > x,. Then
max?_; A1 (G;) > M (G)2=2, and the equality holds if and only if G = K,,. Meanwhile,
min? ; A (G;) > 0, and the equality holds if and only if G = K1 1.

Proof. Let X = (z1,%2,...,2T,)" be the Perron vector of G where x; corresponds
2. . .
to v; for ¢ = 1,...,n. It is easy to see that f(z) = 11:2;2 is a decreasing function

when 0 < z < 1. So A1(G;) attains the maximum if v; = v, and the minimum
if v; = v1. Note that ﬁ <z < % and 0 < z, < ﬁ Therefore A1 (G1) > 0

and the equality holds if and only if z; = %, that is G =2 K;,-1. On the other

hand, A\1(Gp) > Al(G)Z—j and the equality holds if and only if =, = \/Lﬁ Then
1

T = = fori=1,...,n and then G is a regular graph. By Theorem 2.2 the equality
t
holds if and only if X; = (z1,...,2p_1)" = (\/Lﬁ, ceey \/Lﬁ) is the eigenvector of G,,

corresponding to A;(G,), that is G,, is also a regular graph. Therefore, it is easy to
see that G =2 K,,. O

THEOREM 2.4. Let G be a connected graph with V(G) =V1 U Vo = {uvy,..., v,
Vktly- -+, Un} where Vi = {v1, ..., 0k} and Vo = {vg41,...,0n} and G; = G[V;] be the
subgraphs of G for i = 1,2. Suppose that A and A; are the adjacency matrices of G
and G; for i = 1,2, respectively. Let X = (x1,..., Tk, Tkt1,---,%n)" be a least vector
of G where x; corresponds to v; fori=1,...,n. Then

)\n(A) (1 - 2 Z’UiGVQ xf) + Z'Ui'UJ'GE(GQ) sz‘j
)\n(Al) § 2 )
1 - Z’ULEV2 Ty

and equality holds if and only if X1 = (x1,...,zk)" is a least vector of G1.
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A1 B X,
Proof. Let A = ( B A, ) and X = (X2 ) where X; = (z1,...,zx)" and

Xo = (Tht1,---,2Tn)t. Since AX = N\, (A)X, thus

An(A)X] = A1 X1 + BXo,
An(A) Xy = BEX| + Ay X,

Then
A, B X
M (A) = XPAX = (Xt XE ! 1
(1) ctxn(pin ) (3
= X'A1 X, + X B'X, + X!BXs + XLA, X
= X'A1 X, + 2XL(B'X1 4 A2 Xs) — XLA X,
= X1A X1 + 20 (A)XEXy — XEAL X,

Note that X¥X; + X{X, =1, then

XfAle o )‘n(A) - 2)\71(A)X§X2 + ZUi’L}jGE(GQ) Lilj
XtX, - XtX,
An (A) (]‘ -2 Z’UiEVQ :C'LQ) + qu,vjEE(Gg) Lilj
1- qu,EV2 :C’L2

Equality holds if and only X is a least vector of Ay corresponding to A\, (A4;). O

COROLLARY 2.5. Let G be a connected graph with V(G) = V1 UVa = {vy,..., v,
Vk41s---,Un} where Vi ={v1,... 0} and Vo = {vg41,...,vn} and G; = G[V;] be the
subgraphs of G for i = 1,2. Suppose that A and A; are the adjacency matrices of G
and G; for i = 1,2, respectively. Let X = (x1,..., Tk, Tkt1,---,%n)" be a least vector
of G where z; corresponds to v; fori=1,... ,n. If x; =0 fori=k+1,...,n, then
An(A) = Ay (Ar).

Proof. By Theorem 24 A\, (A1) < A\(A4). On the other hand, by Cauchy inter-
lacing theorem, A, (A1) > A, (A). Thus, A, (A1) = A, (A4). O

3. On conjectures involving the spectral radius of graphs. The following
inequalities are well-known Courant-Weyl inequalities.

LEMMA 3.1. Let A and B be n x n Hermitian matrices and C = A+ B. Then

Ai(C) S N(A) + Xijua(B) (n2i 25 >1),

Ai(C) Z Aj(A) + Aijin(B) (1 <1< j<n).
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Similar to the Courant-Weyl inequalities, we have the following result.

LEMMA 3.2. Let G be a graph with vertex set V(G) and edge set E(G). Suppose
G1 and Gy are two subgraphs of G such that V(G) = V(G1) UV(G2) and E(G) =
E(G1) U E(Gs) with E(G1),E(G2) # 0. Then M\ (G) < M(G1) + M(Gs), equality
holds if and only if G, G1 and G have a common eigenvector corresponding to A (G),
)\1(G1) and )\1(G2)

Proof. Let A, A; and As be the adjacent matrices of G, G1 and G5, respectively.
Obviously, A = A; + A,. Suppose that X is a eigenvector of A corresponding to
A1(A4), then

A(A) = XTAX = XTA; X + XTA,X < A(Ar) + M (As).

If )\1(14) = )\1 (A1)+)\1(A2), then )\1 (Al) = XtAlX and )\1(142) = XtAQX, that iS7 X
is a common eigenvector of A; and Ay corresponding to A (A1) and A;(Asg). For the
converse, suppose that X is a common eigenvector of A, A; and As corresponding
to A\1(G), AM(G1) and A\ (Gs), then it is easy to see that A\j(4;) = X'A1X and
)\1 (AQ) = XtAQX. Therefore )\1 (A) = )\1 (Al) —+ )\1(A2) 0

By the above lemma, we get the following corollary.

COROLLARY 3.3. Let G be a graph with vertex set V(G) and edge set E(QG).
Suppose G1 and Ga be two subgraphs of G such that V(G1) = V(G2) = V(G) and
E(G) = E(G1)U E(G2) with E(G1), E(G2) # 0. If one of G1 and G2 has an isolated
vertex, and the other is connected, then A1 (G) < A1(G1) + A\ (Ga).

Proof. Without loss of generality, we may assume that G; is connected and
G5 contains an isolated vertex, say u. Since (7 is connected, by Perron-Frobenius
Theorem, the eigenvector, say X = (x1,...,2,) of Gy corresponding to A;(Gy) is
positive, that is ; > 0 for i = 1,...,n. By Lemma B2 A\ (G) < A\1(G1) + M (G2).
If \Mi(G) = AMi(G1) + A1 (G2), then X is also the eigenvector of Gy corresponding to
A1(G2). Then A(G2)X = A\ (G2)X. Since u is an isolated vertex of V(G2), we have
(M (G2)X)y = A (G2)xy > 0. But on the other hand, (A1 (G2)X), = (A(G2)X)., =0,
a contradiction. Therefore A1 (G) < A1(G1) + A\1(G2). O

Let M(n, D) be the graph obtained from a complete graph on n — D + 2 vertices
by removing an edge, adding a pendant path of [D/2] — 1 edges to one end vertex
of the removed edge, and adding a pendant path of [D/2| — 1 edges to its other end
vertex as shown in Fig. 1.
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Fig. 1. The graph M (n, D).

E.R. van Dam [8] and P. Hansen and D. Stevanovi¢ [12] independently determined
that the graph M (n, D) attains the maximal spectral radius among all graphs on n
vertices with diameter D.

LemMMmA 3.4 ([8], [12]). Let n and D be integers with 1 < D < n. Then the
graph M (n, D) is the unique graph with mazimal spectral radius among all graphs on
n vertices with diameter D.

THEOREM 3.5 (Conjecture 4.2, [4]). Let G be a connected graph with diameter
D. Then

M(G)+D<n-—1+2cos

™
n+1
and the equality holds if and only if G = P,.
Proof. Let M = M(n,D) be shown in Fig. 1. If G # M, then by Lemma [3.4]
A (G) < A (M). Thus, M (G) + D < M (M) + D. Therefore in the following, it is

sufficient to show that A1 (M) + D < n — 1+ 2cos 35, with equality if and only if
G=P,.

Let M" = M[V(M)\{vo,---,v[D1_2,0(B743;---,Un}]. Then it is easy to see that
M’ = Kn_p —vrpy_y0rpqyy. Therefore, M’ contains a Hamiltonian path with end
vertices vrpy_y, Vrpyy, say vppy g Pivppq . Then P =wvovi---vrpy  Pioppyg,
---vp is a Hamiltonian path of M(n, D). Let My = P and My = M\E(M;). It is
clear that M, consists of a complete graph of order n — D + 1 deleting an Hamiltonian
cycle and D — 1 isolated vertices. Then A\;(M7) = 2 cos nL_H and A\;(My) =n—D—1.
Then by Lemma [3.2]

(3.1) )\1(M)§)\1(M1)+)\1(M2):n—D—1+2cosnil.

Therefore, \i (M) + D <n—1+2cos75.

If G P,, then D =n—1 and A\ (G) = 2cos 747+ Therefore the equality holds.

For the converse, we may assume that Ay (G)+D < n—1+2 cos nLH Then G = M

by Lemma and the inequality ([B.1) is equality. If My # (), then 2 < D < n — 2.
Since M7 = P, and M consists of a complete graph of order n — D + 1 deleting a
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Hamiltonian cycle and D — 1 isolated vertices. Therefore, by Corollary B.3]

A (M) < M\ (Mi) + M (Mz) =n— D — 1+ 2cos 11,
n
that is, Ay(M)+ D < n —1+ 2cos nL_H, a contradiction. Then My = () and M =

My = P,,. Thus, we complete the proof. O

COROLLARY 3.6. Let G be a connected graph with diameter D. Then

MG <n—-D-1+2
1(G) <n + COSnJrl

and the equality holds if and only if G = P,.

LeMMA 3.7 ([I1]). Let Gn, be the set of graphs on n wvertices with matching
number u. For any G € Gy, we have

(i) If n = 2p or n = 2pu+ 1, then p(G) < p(K,) with equality if and only if
G2 K,.

(i) If 2+ 2 < n < 3u+ 2, then p(G) < 2u with equality if and only if G =
Koyy1 UKy 29, 1.

(i) If n = 3+ 2, then p(G) < 2u with equality if and only if G = K,V K,,_,,
or G = K2H+1 U Kn—2u—1-

(itii) If n > 3pu+2, then p(G) < $(u—1+ /(p— 1)% + 4p(n — p)) with equality
if and only if G = K,V K,_,.

THEOREM 3.8. Let G be a graph on n > 3 vertices with spectral radius A1 (G)
and matching number w. Then

M(G) —p<n—1-[n/2]
and the equality holds if and only if G =2 K,, or G = K,,_1 U K3 and n is even.

Proof. Let G be a graph with matching number p. Then p < |n/2], thus we
distinguish the following three cases.

Case 1.  p=1n/2].
Then,

(3.2) M(G) —pu=M(G)—|n/2] <n—-1-|n/2].

Case 2. ”T_qugn/Qfl.
Then by Lemma 37 (ii) and (iii), A1 (G) < 2u. Therefore, we obtain

(3.3) MG —p<p<n/2-1<n-1-|n/2].
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Case 3. pu<3g—1
Similar to the proof in [20], \1(G) —p<n—1—[n/2].

If G =2 K,, then \y(G) = n—1 and p = |n/2], thus the equality holds. If
G = K,_1UK; and n is even, then A1 (G) =n—2 and p =n/2 — 1, thus the equality
holds.

For the converse, we may suppose that Ay — 4 = n — 1 — [n/2]. Then all the
inequalities in B2]) and B3] are equalities. Since the inequality (B2) is equality,
AM(G) =n—1and p = |n/2], then G = K,,. Since the inequality 3] is equality.
Then G = Ky, 11 U K,,—2,—1 by Lemma 7 (ii), and A\ (G) = 2u, p=n/2—1 and n
is even. Thus, G &£ K,,_1 U K7 and n is even. [0

THEOREM 3.9. Let G be a graph on n > 6 vertices with spectral radius A\ (G)
and matching number w. Then
AM(G)
"

<vn-—1

and equality holds if and only if G = Ky 1.

Proof. If G is empty, then the result follows immediately. If G is not empty, then
we have 1 < pu < |n/2]. Thus, we consider the following two cases.

Case 1. n/3—-1<p<|n/2].

Then by Lemma[31 (i), (ii) and (iii), A1 (G) < 2y, thus # <2 < /n—1since
n > 6.

Case 2. 1<pu<n/3-1.

Ifpu=1,then G =2 KsUK, 30orG=K;; UK, ;1 forl<i¢<n—1. Thus,
M (G) < A (K1n-1) = v/n — 1since n > 6. Equality holds if and only if G = Ky ,,_1.

If 2 < pp < n/3 —1, similar to the proof in [20], # <+4/n-—1

Therefore, /\IL(LG) < v/n — 1 with equality if and only if G = Ky ,,—1. 0

REMARK 3.10. The order n > 6 of the graph in Theorem is needed. By a
direct computation, when n = 3, # < 2 with equality if and only if G = K3; when
n = 4, # < 2 with equality if and only if G = K3 U K;; when n = 5, # <2

with equality if and only if G = K5 or K; 4 or K3 U K.

4. The minimum least eigenvalue among all quasi-tree graphs. A graph
G is called minimizing (respectively, mazimizing) in a certain class of graphs if the
least eigenvalue (respectively, spectral radius) of G attains the minimum (respectively,
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mazimum) among all graphs in the class.

LEMMA 4.1. The graph K ,,_o is the unique mazimizing graph among all bipar-
tite quasi-tree graphs.

Proof. Let G be a quasi-tree maximizing graph among all bipartite quasi-tree
graphs. Let V(G) = {v1,va,...,v,} and X = (x1,%2,...,7,)" be the Perron vec-
tor of G. Assume that G’ = G — vy is a tree. Let V(G) = SUT, where S and
T are the partitions of V(G) such that S and T are independent sets. Let z, =
{maxz;|v; € S\{v1}}. Without loss of generality, we may assume that }_, o\ 1, %i
< qu,eT\{vl} x;. We first prove the following claim.

Claim 1. v1 € S and v1v; € E(G) for all v; € T.

By contradiction, we suppose that v; € T. Note that G is a maximizing graph
among all bipartite quasi-trees, then viv; € E(G) for all v; € S. Let G* = G —
{v1v;|v; € S} + {v1v;|v; € T} Therefore, G* is also a bipartite quasi-tree graph. But

p(G*) > X'AGHX = X'AG)X =221 Y wi+ 221 Y 2 > X'A(G)X = p(G).

v, €S v, €T

If p(G*) = p(@), then X is also the Perron vector of G*. Since p(G*)X = p(G)X,

thus (A(G*)zx); = (A(G)z); for ¢ = 1,...,n. But on the other hand, for v; € S,

(A(G)x)i =1+ ZvJeN(v ) %5, and A(G*)SL'Z = ZvjeN(U%) xj, a contradiction. Hence,
p(G*) > p(G). This contradicts the maximality of G.

Claim 2. No vertex of S\{u} in G’ has a neighbor with degree one.

If not, suppose that w € S\{u} has a neighbor, say w’ with dg/(w’) = 1. Then
let G* = G — ww’ + uw’. Obviously, G* is a bipartite quasi-tree graph. But

p(G*) > X'A(GM)X = XPA(G)X — 2200y + 22420 > XPA(G)X = p(G).
Similar to the proof of Claim 1, we have p(G*) > p(G), a contradiction.
Claim 3. No vertex of T in G’ has a neighbor with degree one.

If not, suppose that w € T has a neighbor, say w’ with dg(w’) = 1. Then we let
G* = G —ww' +uw' +viw'. Obviously, G* is a bipartite quasi-tree graph. But since
ZvieS\{vl} z; < qu,eT\{vl} x;, we have 1 > x,,. Then
p(G*) > X'A(G*)X = X'A(G)X — 220 Ty + 201 Ty + 204,00 > XPA(G)X = p(G),
a contradiction.

Claim 4. The degree of the vertex of T in G’ is one.

If not, suppose that w € T and dg/(w) > 2. Without loss of generality, suppose
w1, ws are two neighbors of w in G'. Let P, = wwy--- and P, = wws --- be the
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longest path passing the vertex w,w; and w,ws in G’, respectively. Then the end
vertices of P; and P, must be leaves of G’ (since G’ is a tree). But by Claims 2 and
3, the neighbor of leaves must be u. Then there is a cycle in G’, this contradicts that
G’ is a tree.

Then by Claims 1-4, G = K5 ,,—2. Thus, we complete the proof. O

THEOREM 4.2. The graph K ,_2 is the unique minimizing graph among all
quasi-tree graphs.

Proof. Let G be a minimizing graph among all quasi-tree graphs, and assume
that G — vy is a tree. Let X be a least vector of G. Denote V; = {v;|x; > 0}, V_ =
{vi|z; < 0}. If v; € Vi, then we delete all edges between v; and the vertex of V.
Similarly, if v; € V_, then we delete all edges between v; and the vertex of V_. We get
a bipartite graph, denoted by Go. Obviously, Gy is a quasi-tree, and A\, (G) > A\, (Gp).
So it is sufficient to determine the minimizing graph among all bipartite quasi-tree
graphs. If G is a bipartite graph, then A, (G) = —A1(G). Then by Lemma [Z1] the
graph Ky, is the unique minimizing graph among all bipartite quasi-tree graphs. O
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