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THE K-TH DERIVATIVES OF THE IMMANANT AND THE
x-SYMMETRIC POWER OF AN OPERATOR*

SONIA CARVALHO!T AND PEDRO J. FREITASH

Abstract. In recent papers, formulas are obtained for directional derivatives, of all orders, of
the determinant, the permanent, the m-th compound map and the m-th induced power map. This
paper generalizes these results for immanants and for other symmetric powers of a matrix.
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1. Introduction. There is a formula for the derivative of the determinant map
on the space of the square matrices of order n, known as the Jacobi formula, which
has been well known for a long time. In recent work, T. Jain and R. Bhatia derived
formulas for higher order derivatives of the determinant (J2]) and T. Jain also had
derived formulas for all the orders of derivatives for the map A" that takes an n x n
matrix to its m-th compound ([5]). Later, P. Grover, in the same spirit of Jain’s work,
did the same for the permanent map and the for the map V™ that takes an n X n
matrix to its m-th induced power. The mentioned authors extended the theory in [I].

This paper follows along the lines of this work. It is known that the determinant
map and the permanent map are special cases of a more generalized map, which is the
immanant, and the compound and the induced power of a matrix are also generalized
by other symmetric powers, related to symmetric classes of tensors. These will be our
objects of study.

2. Immanant. We will write M,,(C) to represent the vector space of the square
matrices of order n with complex entries. Let A € M, (C) and x be an irreducible
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character of C. We define the immanant determined by x as:
n
dy(A) = Z X(U)Haia(i)~
€Sy i=1

In other words, d, : M, (C) — C is a map taking an n x n matrix to its immanant.
This, being a polynomial map, is differentiable. For X € M, (C), we denote by
Dd, A(X) the directional derivative of d, at A in the direction of X.

We denote by A, (i|j) the n xn square matrix that is obtained from A by replacing
the i-th row and j-th column with zero entries, except entry (i, j) which we set to 1.
We define the immanantal adjoint adj, (A) as the nxn matrix in which the entry (4, j)
is dy (A (#]7)). This agrees with the definition of permanental adjoint in [7, p. 237],
but not with the usual adjugate matrix (we would need to consider the transpose in
that case). This is a matter of convention.

We obtain the following result similar to the Jacobi formula for the determinant.
THEOREM 2.1. For each X € M, (C),

Dd,(A)(X) = tr(adj, (4)" X).

Proof. Foreach 1 < j <n,let A(j; X) be the matrix obtained from A by replacing
the j-th column of A by the j-th column of X and keeping the rest of the columns
unchanged. Then the given equality can be restated as

(2.1) Dd, (A)(X) = de(A(j;X))-

On the other hand, we note that Dd, (A)(X) is the coefficient of ¢ in the polyno-
mial dy (A + tX). Using the fact that the immanant is a multilinear function of the
columns we obtain the desired result. O

Again using the fact that the immanant is a multilinear function, we notice that
for any 1 < i < n, we have

n
d(A) = aijdy (An(il))-
i=1
Using this and (Z1I), we get that

22) D (A)(X) = 30 3 iy (An i)
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We will generalize the expressions (21) and (22) for the derivatives of all orders
of the immanant.

We now turn to derivatives. Let Vi,...,V, be n vector spaces over C, and let
¢: Vi x---xV, — C be a multilinear form. For A, X', ... X* € Vi,...,V,, the
k-th derivative of ¢ at A in the direction of (X!,..., X*) is given by the expression

ak

DFp(ANXY, . XF)y = —
¢( )( ’ ’ ) 3t13tk t1=--=tr=0

PA+ X+ + 1, X").

This is a multilinear function defined on M, (C)*. In particular, if we consider
¢ = d,, we have the definition of the k-th derivative of the immanant.

3. First expression for the derivatives of the immanant. We start by
introducing some notation. Given a matrix A € M, (C), we will represent by Af; the
i-th column of A, i = {1,...,n}.

Let k be a natural number, 1 < k < n. Take A4, X',..., X* € M,(C), and
t1,...,tx k indeterminates. Let Qy » be the set of strictly increasing maps {1,...,k}
— {1,...,n} and Gy, the set of increasing maps.

We will denote by A(a; X!,..., X*) the matrix of order n obtained from A re-
placing the a(j) column of A by the a(j) column of X7. The next theorem gives the
first expression for the higher order derivatives of the immanant.

THEOREM 3.1. For every 1 < k < n,

Drd(A)(XY,. X =3 Y dyA(e X0, X)),
0€SE a€Qk,n

In particular,

DrA(A)(X, ..., X) =k > dyA(;X,..., X).
a€Qp,n

Proof. Just like in the case of the first derivative, D¥d, (4)(X!,..., X*) is the
coefficient of ¢1 - - - t; in the expansion of the polynomial d, (A + X 4ot thk).
Using the linearity of the immanant function in each column, we obtain the desired
equality. O

We can re-write the last expression for the k-th derivative of the immanant map
using the concept of mixed immanant, generalizing the respective concepts for the
determinant and the permanent.
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DEFINITION 3.2. Let X',..., X" be n matrices of order n. We define the mized
immanant of X1,..., X" as

n 1 o(1) a(n)
AX(XI,...,X )2: ﬁ Z dx(X[l] a~-~7X[n]n )

ocES,

If X! =... = Xt = A, for some t < n and A € M,(C), we denote the mixed
immanant by A, (4; Xt 0 X",

If d, = det, then the mixed immanant is called mixed discriminant, denoted by
A(XE .. X7,

As with the permanent and the determinant, we have that A, (4, ..., 4) = d, (A).
This is consistent with the abbreviation we introduced in the definition.

PROPOSITION 3.3. Let A € M, (C). We have that

—k)!
Ay(A X' XF) = M Z Z dXA(a;X”(l),...,X”(k)).
" o€SK a€Qk,n

Proof. One simply has to observe that each summand in A, (4; X?,... , XF)
appears (n — k)! times: Once we fix a permutation of the matrices X!,..., X*  these

summands correspond to the possible permutations of the n — k matrices equal to
A0

As an immediate consequence of this result, we can obtain another formula for
the derivative of order k of the immanant map. This generalizes formula (26) in [2].

PROPOSITION 3.4.

(3.1) DFd, (A) (X, . X)) = ———A (A X XP).

4. Laplace expansion for immanants. We start by generalizing the Laplace
expansion, known for the determinant and the permanent, to all immanants. This
expansion was proved first for the determinant and the same arguments used can be
used to prove the corresponding expansion for the permanent. These classical Laplace
expansions can be found in [0] and in [8].

The similarity of proofs is due to the fact that the determinant and the permanent
of A® B is just the product of the determinants, or the permanents, of A and B.
However, if x is any other irreducible character, there is no clear general relation
between the immanant of A and the immanant of any submatrix of A. So the Laplace
expansion formula for any immanant is a little more complicated.
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Let 1 <k <n, a,8 € Qr,n. We denote by S, g the subset of .S,, defined as

Sap ={0 €S, :0(Ima)=1ImpG}.

LEMMA 4.1. For every a € Qg n, the set {Sap: B € Qun} is a partition of Sy,.
Proof.

1. Let 8,7 € Qk,n, we prove that if 8 # ~ then So 3N Sy, = 0.
Suppose 0 € S48 N Sa,y. Then o(Ime) = Im S = Im~, and thus, Im g3 =
Im~. Since 58,7 € Qk,n, it follows that 8 =~.

2. 5, = U Sup-
BEQK,n

Take 7 € S,, with 7(Im «) = {4j1,...,Jx} and suppose j; < «-+ < ji.
Let v € Qg,n such that (i) = j;, for i = 1,..., k. Therefore, 7 € S, and

Snc U Sas
BEQK,n

The other inclusion is trivial. O
Now, for every a € Qi denote by Im o the complement of Im «, that is,

Ima={1,2,...,n} \ Ima.

LEMMA 4.2. Let 1 <k <nand o, € Qin. If 0 € Sy g then

o(Tma) = mB.

Proof. Suppose that [ € Ima and o(l) = 5; € Im 8. We have o € S, g so we can
find ¢ € Im « such that o(i) = j; = o(l). But ¢ # [. This is a contradiction, because
o € Sy, and therefore is injective. O

Since {Sa.5: 8 € Qkn} is a partition of S,, we have

|
|{Sa,,6 1B e Qk,n}| = |Qk,n| = m

In an analogous way, we can prove the same results if we fix 3 instead of . That is,
if we consider the set {Sa,5: @ € Qk.n}-

Now, we can conclude that for every a, 8 € Qy,,, the value

Z x(o) ]_:[ Ao (t)

0€Sa,p
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does not depend on the values of the following entries of the matrix A:

I. Entries a;; with ¢ € Ima and j € Im 3.
II. Entries a;; with ¢ € Ima and j € Im g.

We now denote by A{a|8} = (a;-"j) the matrix of order n obtained by replacing
in the matrix A every entry in I and II by zeros.

LEMMA 4.3. With the previously established notation, we have that for each

Oé, 6 e Qk,n;

Z x(o) H Ato(t) = dX(A{a|B}).

O'Gsayﬁ t=1

Proof. Using the definition of the immanant and the fact that S, = U Says

YEQK,n
we have that

dy(A{e|B})

> xo) [Talq
t=1

g€eSy

= > x@]faLy
t=1

UEUWGQ;WL Sa,y

Z Z X(U)Ua;(t)-

'YEQk,n JGS&,’Y

Now take § € Qp,p such that § # § and 0 € S, 5. Then H a;(t) = 0, because at
t=1
least one of the factors is zero, by definition of the matrix A{«|S}. Therefore,

n
Z X(U) H a:‘;(t) =0,
t=1

0ESa,y

for every v € Qr.n \ {8}

Moreover, for A{a|S8}, if 0 € S, 5 then a;(t) = Q4o(t)- SO

d(A{alpy) = Y x(0) [T awn.

O’GSaﬁ

This concludes the proof. O
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PROPOSITION 4.4. Let A be an n X n complex matriz and suppose 1 < k < n.
Suppose a € Q. n. Then

d(A)= Y d(A{alB}).

Ber,n

Proof.

dy(A) = Z x(o) H Qo (t)

ocES,

Z Z x(o) ]_:[ Ato(t)

BEQK,n 0E€ESa,p

= Y d(AfalB}).

BEQK,n

This concludes our proof. O

Now we construct matrices of order n using matrices of order k and order n — k.
In general, this could be done by using the usual direct sum of matrices. We introduce
a generalization of this concept.

Let o, 8 € Qk.n, and let A be a k x k matrix and let B be a (n — k) x (n — k)
matrix. Denote by & be the unique element of @y —,, with Im@ = Ima.

We define

AP B = (wi)),

alB

as a n X n matrix such that

o z;; =0ifi € Imo and j € Im f3;
o z;; =0ifi ¢ Imoa and j € Im f3;
® Tij = aa—l(i)ﬁ—l(j) le € Ima and j S Imﬂ,
® T = bafl(i)ﬁ—l(j) ifiZIma and j ¢ Im 3.

In a sense, we place A in rows o and columns S and we place B in rows & and
columns .

If a=p=(1,...,k), this is the usual direct sum of A and B, that is

A B(é g).

(1,0 K)|(1,....k)
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Checking the definitions, it is easy to see that

X{al8} = X[a|8) €D X (alB).
alp
Now we can state the Laplace expansion for immanants.

THEOREM 4.5 (Generalized Laplace Expansion). Let X be an n X n complex
matriz, let 1 < k < n , and o a fized element in Q. Suppose x is an irreducible
character of Sy,. Then

(4.1) dh(X)= Y d(X[afPX(B)= Y d(X{als}).

BEQK,n o|B BEQKn

and

d(X)= Y dX[Bl@PXBl) = Y d(X{Bla}).

BEQK,n Bla BEQK,n

EXAMPLE 4.6. Let A be a matrix of order 4. Let k = 2 and o = (1,2). Then,
we have

a1 a2 0 0 a1 0 aiz O
a2 az 0 0 a2 0 a3 O
dy(A) =d d
x(4) X1 o 0 as3 as T 0 azx2 0 a3
0 0 a43 ag 0 a2 0 ay
a1 0 0 aus 0 a2 az O
a2 0 0 a2 0 ax ax O
+d +d
1 0 asgp azs O *lasi 0 0 ass
0 as2 ag3 O ag1 O 0 au
0 a2 0 ais 0 0 a3 au
0 ax 0 az 0 0 a3 ax
d d
x azr 0 azz O o azg1 azx 0 0
asr 0 as3 O as1 as2 0 0

We list some properties of the matrix X {a|3}.
PROPOSITION 4.7. Let o, 8,/ , ' € Qi,n. Then we have
X{a|p}alf] = X][a|B] and X{a|f}(a|B) = X(a|B).

If B # /3, then both matrices X{ca|B}a|f'] and X{a|B}(a|B") have a zero column. If
a # o, then both matrices X{a|B}[c/|f] and X{a|B}(c/|B) have a zero row.
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Proof. These are consequences of the definitions. O

We can now check that this formula generalizes the known Laplace formulas for
the determinant and the permanent (see [6] and []]). If x = ¢ then d. = det. For
a € Qp.n, denote |af = a(1) + - -+ a(k). Fixing a € Q. and applying the previous
properties we have:

det X = Z det(X{«|8})
BEQKn

plel 37 ST (1) det(X {a|B}aln]) det(X {a| B} (aly))

BEQK,n VEQE,n

= (=Dl " (—1)P det(X{a|B}alB]) det(X {alB}(alB))

BEQK,n

(4.2) = (=pll Y7 (-1) det(X [a]]) det(X (al8)).

Ber,n

This is exactly the expression of the the Laplace expansion for determinants.
With similar arguments we can prove the same result for the Laplace expansion of
the permanent.

5. Second expression for the derivatives of the immanant. We now
present a formula where the entries of the matrices X1, ..., X* are, in a way, separated
from the entries of A.

It is easy to express the determinant of a direct sum in terms of determinants of
direct summands, and the same happens with the permanent. With immanants, the
best one can do is use formula ([&I]), which is what we do in this second expression.

Take X!,..., X* complex matrices of order n, and, for o € Sk, 8 € Q.. Denot-
ing by 0 the zero matrix of order n, we define

X5 =0(3Xx°W, . X0,
the matrix whose 8(p)-th column is equal to x7! [ﬂ( )] and the remaining columns are
zero, for 1 < p < k.

THEOREM 5.1.
DFd A(XY, ... =Y > d (X5l P AlalB)),
o€Sk a,fEQK,n alp
in particular

DFa AX,... . X) =k > dy(X[al8] @D AlalB))
a,BEQK N alB
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Proof. We have proved that
DR AKX, XM =Y > d AB XM, xeW),

0€Sk BEQE,n
By the Laplace expansion for immanants, for every 8 € Qg n, we have that
dyA(B; X7 xRy =
= Y dAB XM, X7W){alsY)

A€Qr,n
= > dy(AB XN X TPl P AB; X0, X7 W) (0] B)).
a€Qxk,n o|p

Now notice that

AB; XM, X)) [alB] = XG[alf]
and

AB; XMW X W) (0] B) = A(alB).

This concludes the proof. 0

6. Formulas for the k-th derivative for the m-th y-symmetric tensor
power. In this section, we wish to establish a formula for the k-th derivative of the
x-symmetric tensor power of a matrix. Before we can do this, we need quite a bit of
definitions, including the very definition of this matrix.

We start with some classical results that can be found in [7, Chapter 6]. Let x
be an irreducible character of S,,, and

K =X S ()P0,

0ESm

where id stands for the identity element of S,,,. The map K, is a linear operator on
®MV, and it is also an orthoprojector. It is called a symmetriser map. The range of
K, is called the symmetry class of tensors associated with the irreducible character
x and it is represented by V,, = K, (®™V).

It is well known that the alternating character x (o) = €, (sign of the permutation
o) leads to the symmetry class A™V; on the other hand the principal character
x(0) =1 leads to the symmetry class V"V

Given a symmetriser map K, we denote

VI KUk kU = K (01 QUa @ -+ @ Uy ).
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These vectors belong to V, and are called decomposable symmetrised tensors.

Let Ty, », be the set of all maps from the set {1,...,m} into the set {1,...,n}.
This set can also be identified with the collection of multi-indices {(i1,...,%m) : i; <
n}. If a € Ty, p, this correspondence associates to a the m-tuple (a(1),...,a(m)).
In the set Iy, ,, we will consider the lexicographic order. The set

{ac:0€85,} CTnn

is the orbit of @. The group Sy, acts on I'y, ,, by the action (o, ) — ac~! where
o €Sy, and a € I'y, ,,. The stabiliser of a is the subgroup of S, defined as

Go={0 €Sy a0 =a}.
Let {e1,...,en} be an orthonormal basis of the vector space V. Then
{ef =€a(1) @en@2) X - Qeqm) € Fm’n}

is a basis of the m-th tensor power of V. So the set of all decomposable symmetrised
tensors spans V,. However, this set need not be a basis of V,,, because its elements
might not be linearly independent, some of them may even be zero. Let

=0, ={ael,,: Z x(o) # 0}.
oeGq
With simple calculations, we can conclude that
x x(id)
(6.1) ezl = X7 32 x(@)
A EPN

So the nonzero decomposable symmetrised tensors are {e’, : & € Q}. Now, let A be
the system of distinct representatives for the quotient set I'y, /S, constructed by
choosing the first element in each orbit, for the lexicographic order of indices. It is
easy to check that A C G, ,, where Gy, is the set of all increasing sequences of
Ton. Let

A=ANQ.

It can be proved that the set {eZ : o € A} is linearly independent. We have already
seen that the set {e}, : @ € Q}, spans V,;, so there is a set A, such that ACACQ
and

{e* :a € A},

is a basis for V.. It is also known that this basis is orthogonal if x is a linear character
(see [T, p. 167]).
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In general, if x does not have degree one, there are no known orthonormal bases
of V3 (Sm) formed by decomposable symmetrised tensors. Let &€ = (vg : @ € A) be
the orthonormal basis of the m-th y-symmetric tensor power of the vector space V'
obtained by applying the Gram-Schmidt orthonormalization procedure to £. Let B
be the ¢ x t change of basis matrix, from & to & = (e, : a € A). This means that for
each a € ﬁ,

*
Vo = E byacs.

763

We note that this matrix B does not depend on the choice of the orthonormal
basis of V', since the set A is independent of the vectors, and has a natural order
(the lexicographic order), which the basis £ inherits. Moreover, the Gram-Schmidt
process only depends on the numbers (e}, ej), and, by [7, p. 163], these are given by
formula

ennes) = Y 5™ 0) T (ot o)

Hence, they only depend on the values of {e;,e;) = d;; and thus are independent of
the vectors themselves.

It is known that if T" is a linear operator on V, then V,, is invariant for its m-th fold
tensor power ®T. Thus, the x-symmetric power T', denoted by K, (T') is defined
as the restriction of ®™T to V,. There is a close connection of this x-symmetric
tensor power of T' and the immanant, as the following result already shows (this is a
rephrasing of [7, p. 230]).

THEOREM 6.1. Suppose x is an irreducible character of the group Sy,. Let E =
{e1,...,en} be an orthonormal basis of the inner product space V.. Let T € L(V,V)
be the unique linear operator such that M (T, E) = A.

If a,8 € 'y, then

(6.2) (Ex(T)(e3), ) = = —=dy (AT [a]B),
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As we came across the immanant of a transpose, we prove that d, (A7) = d, (A).

m

dx(AT) = Z x(o) H(AT)ia(i)

cESm i=1
m
= Z X(U)Haa(i)i (i:U_l(j))
ocESm =1
m
= Z x(o) H Ajo—1(5) (c=771
gESm j=1
m
= Z x(t7h) H ajr(5) (T is conjugate to 77 1)
TESm j=1
m
= > x(0 a-0
TESm j=1
= dy(A).

Now we want to define K, (A4), the m-th x-symmetric tensor power of the matrix
A. A natural way to do this is to fix an orthonormal basis F in V, and consider the
linear endomorphism 7" such that A = M (T, E). Then the basis £ is orthonormal
and one can define

Ky (A) == M(E\(T),€)
The matrix K, (A) has order ¢t = |A], with |Qmn| <t

It is important to notice that this matrixz does not depend on the choice of the
orthonormal basis E of V. This is an immediate consequence of the formula (6.2)):
For a, 8 € A, the (a, ) entry of K, (A) is

(K (T)vg, v) = Z (bys Ky (T)es, bsac})

7,663
= Z b’vﬂm<Kx(T)efyae§>
7663
1d
= Z by sbsady (A[57]")
'yJEA
'beéa 5|7]
v,6€A

This definition admits, as special cases, the m-th compound and the m-th induced
power of a matrix, as defined in [7, p. 236]. The matrix Kx(A) is called the induced
matriz in [7, p 235], in the case when the character has degree one.
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o~

Denote by imm, (A) the square matrix with rows and columns indexed by A,
whose (v, §) entry is d, (A[y]d]) (one could call the elements of this matrix immanantal
minors indexed by 8, the usual minors are obtained by considering the alternating
character, in which case A= Qm,n). With this definition, we can rewrite the previous
equation as

K (A) = MB* imm, (A)B.

Finally, denote by miximm, (X?!,..., X™) the square matrix having rows and
columns indexed by A, whose (7,6) entry is Ay (X1y)8], ..., X"[v]6]). With this
definition, miximm, (4, ..., A) = imm, (A). We use the same shorthand as with the
mixed immanant: For k < n,

miximm, (4; X, .. LXRY = miximm, (4, ..., 4, X', .. X

Before our main formula, we recall a general result about derivatives which follows
from the definition.

LEMMA 6.2. If f and g are k-differentiable maps between vector spaces such that
f o g is well defined, and g is linear, then

DF(fog)(A)(X',...,X") = DFf(g(A)(g(X),...,g(X")).

THEOREM 6.3. According to our previous notation, we have

x(id)
(m —k)!

and, using the notation we have already established, the («, 8) entry of this matriz is

% ST bogbea DY A l(X[NZIelr @D Al (pl))-

v,0€A 0€ESK p,TEQK,m plT

DFK, (A)(XY,..., X" = B* miximm, (4; X',..., X*)B

Proof. Notice that the map A — A[d]v] is linear, so we can apply Lemma to
compute the derivatives of the entries of the matrix K, (A). The («, 8) entry of the
k-th derivative of the m-th x-symmetric tensor power of A, i.e., the (a, ) entry of
the matrix D*K, (A)(X1,..., X*) is:

x(id)
k!

D" bygbsa DEdy (A (XS]], - ., X*[6]4]).
7,663
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To abbreviate notation, for fixed v, € 8, we will write C' := A[6]7], and Z¢ :=
X8ly],i=1,...,k. Using formula @), we get

Dy (ABW)(X[0]3], - -, XF[o]n]) = D dy (C) (2., ZF)

m!
= ——=A(C; 2., 2,
(=) x(C; )
So the (a, B) entry of D’“KX(A)(XI7 o, XR) s
wbéa — ) AJ(C 2. ZF) =
4,6€R '
k] D bysbsady (AL X (00, -, XF[S])).
v, seA
According to the definition of miximm, (A4; X!, ..., X*), we have

DFE AV (XL, x) = XD g inm (A X XF)B.
X ( k’)' X
m — !

This establishes the first formula. For the entries of the matrix, we use the formula
in Theorem 5.1}

D)2 2= Y Y Z @ i),

0ESK P, TEQK,m plT

recalling that
ze =0(r; 2°W, ..., 27,
where 0 denotes the zero matrix of order m.

So, the (a, B) entry of the k-th derivative of K, (A) is:

S i Y Y i@ o) -

V.0€A 0ESK PTEQK,m plT

1d
Z bigbsa D (XTIl ED Al (plr))-
v,0€A 0€SK p,TEQK,m plT

This concludes our proof. O

The formula obtained for the higher order derivatives of K, (4)(X*,..., X*) gen-
eralizes the expressions obtained by Bhatia, Jain and Grover ([2], [3]). We will prove
this for the derivative of the m-th compound, establishing that, from the formula in
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Theorem [6.3] one can establish formula (2.5) in [5], from which the main formula for
the derivative of the m-th compound of A is obtained.

If we take xy = ¢, the alternating character, then
Ky (A)(XY . XE)y = Am(A) (XYL XR).

In this case, A= Qm.n and the basis {e} : @ € Qu n} is orthogonal and it is easy to
see (by direct computation or using formula (G1))) that every vector has norm 1/vm!.
So the matrix B of order (:fl) is diagonal and its diagonal entries are equal to vm!.

We present two properties that we use in our computations.

I. For any square matrices X € My(C), Y € M,,_x(C) and functions «, 8 € Qg n,

detX@Y Dle+18l det X det Y.
alB

This is a consequence of formula ([@2]). We again notice that if v # 3, the matrices
(X P V)lalr] and (X PY)(aly)
o|B alp
have a zero column. Now, using the Laplace expansion for the determinant along «,

det X@PY = (-1 3 (~1)1 det(X @ Y)lal]) det((X @Y )(aly)

alB YEQK,n alp alp

= (=Dl det((X P Y)als]) det(X P Y)(alB))
alp alf

= (1)l 18l det X det Y-

II. For «, B € Q. and p, T € Qg m, We have

> det(X[alB)Z [plr]) = KAX alBllpl), ..., X*[alB][ol7]).

o€eSk

To check this, consider the columns of the matrices involved. Remember that

X[a|B)2 = 0(r, X*D[a|a],..., X ®[a|8)).

For given o € Sy, and j € [k], we have:
the (i, j) entry of X[a|f]7[pl7] = the (p(i),7(j)) entry of X[a|f]7
— the (p(i), 7(j)) entry of X*0)[a|g]
= the (4,7) entry of X°W[a|B][p|7].

7(4)
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Therefore,

X[a|B)7[plr] = (XD alBllplr]yy - X7 alBllplr]n)

and the matrices that appear in the first sum are the same as the ones that appear
in the mixed discriminant.

We are now ready to prove the result. If we replace, in Theorem 6.3 d, = det,
we have that that the (o, 8) entry of DF A™ (A)(X1, ..., X*) is

LY b XY det(X Il €D A olr)

" Y,0€Qm,n €Sk P, TEQK,m olT

%m!z ST det(X[alB)2 [olr) D AlalB)(pl7))

0€ESK p,TEQK,m plT

Yo > (=PI det(AlalB)(plr) det(X [al A7 [plT])

0€SK P, TEQK,m

=kl Y (~)PFdet(Ala]8)(plm)AX [ BllplT], -, X*[edBllolT])

vaer,m

Recall (Definition[3:2) that A(By, ..., B,,) is the mixed discriminant. The formula
we obtained is formula (2.5) in [5], if you take into account that in this paper the
roles of the letters k and m are interchanged.

Using similar arguments one can obtain the formula for the k-th derivative of
VP (A)(XE, L XR) in 3]
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