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POSSIBLE NUMBERS OF NONZERO ENTRIES IN A
MATRIX WITH A GIVEN TERM RANK*

YUN ZHANG! AND JIN ZHONGH

Abstract. The possible numbers of nonzero entries in a matrix with a given term rank are
determined respectively in the generic case, the symmetric case and the symmetric case with 0’s
on the main diagonal. The matrices that attain the largest number of nonzero entries are also
determined.

Key words. Term rank, (0,1)-Matrices, Symmetric matrix, Adjacency matrix of a graph.

AMS subject classifications. 15A15, 15B57, 15B34, 05B20, 05D15.

1. Introduction. Let A be a matrix. We call a row or a column of A a line.
The maximal number of nonzero entries of A with no two of these entries on a line
is the term rank of A, and denoted by 7(A). This concept is important in matrix
theory [6]. A set of lines of A is said to cover A if the lines in the set contain all
the nonzero entries of A. If a set of lines covers A, then this set is called a covering
of A. The minimal number of lines in a covering of A is called the line rank of A,
denoted by 6(A). A covering of A with §(A) lines is called a minimal covering. A
(0, 1)-matrix is a matrix whose entries are either 0 or 1. Such matrices arise frequently
in combinatorics and graph theory. Clearly, to study term rank or line rank we need
only consider (0, 1)-matrices.

In [5], Hu, Li, and Zhan determined the possible numbers of ones in a (0,1)-
matrix with a given rank in the generic case and in the symmetric case. In this
paper, we consider a parallel problem: What are the possible numbers of ones in a
(0,1)-matrix with a given term rank? We will answer this question in three cases:
The generic case, the symmetric case, and the symmetric case with 0’s on the main
diagonal. Although the term rank is a purely combinatorial concept which is related
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to the matching number of a bipartite graph, it is also related to the classical rank
(see [, [2] and [4]).

Let m and n be positive integers. For two m x n nonnegative matrices A = (a;;)
and B = (b;j), the notation A < B means that a;; < b;; for all ¢ = 1,2,...,m,
j=1,2,...,n. We denote by A, , the set of all m x n (0,1)-matrices and A,, the
set of all square (0, 1)-matrices of order n. Let J,, , be the m x n matrix of all 1’s,
JIn = Jn.n and let E; ; be the m x n matrix with its entry in (7, j) being 1 and all other
entries being 0. Let I} be the identity matrix of order k. Denote by |S| the cardinality
of a set S and @) the empty set. Let o be a subset of the set M := {1,2,...,m} and
let 8 be a subset of N :={1,2,...,n}. We denote by A[a|S] the submatrix of A with
rows indexed by a and columns indexed by . Also, a® = M\« and 8¢ = N\B. Then
we denote A(a|8) = Alac|5°].

2. Main results. For A € A,, ,,, let #(A) denote the number of ones in A. Let
k be a positive integer with k¥ < min{m, n}. Denote by Q(m,n, k) the set of all m x n
(0, 1)-matrices of term rank k. Denote by Os ¢ the s X ¢ zero matrix. The following
lemma is well known [3].

LEMMA 2.1. For every matriz A, 6(A) = 7(A).
By the definition of the term rank, we immediately have the following lemma.

LEMMA 2.2. Let A,B,C € Ay . If A< B, then 7(A) < 7(B). In particular, if
A< B<C and 1(A) =7(C), then 7(A) = 7(B) = 7(C).

Now, we give the following theorem, which determines
O(m,n, k) := max{t(4) | A € Q(m,n,k)}

and the (0, 1)-matrices that attain ©(m,n, k). Since the proof is trivial, it is left as
an exercise.

THEOREM 2.3. Let m,n,k be positive integers with k < m <mn. Then
O(m,n, k) = kn.

Ifm <nand A € Q(m,n, k), then $(A) = kn if and only if there exists a permutation

Jk’n} ;ifm=nand A € Q(n,n, k), then §(A) = kn if

matriz P such that PA = [O

and only if there exists a permutation matrix P such that PA = {Jg"] or AP =

[Jni O].

Next, we determine the possible numbers of ones in the general (0,1)-matrices



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 27, pp. 258-271, March 2014

260 Yun Zhang and Jin Zhong

with a given term rank.

THEOREM 2.4. Let k,m,n,d be positive integers with k < m < n. Then there
exists a matriz A € Q(m,n, k) with exactly d 1’s if and only if k < d < kn.

Proof. Suppose there exists a matrix A € Q(m,n, k) with exactly d 1’s. By
Theorem 3.3, we have k < d < kn. Hence, we need only show the “if” part.

Jk,n

Let Ay = Ik@Om—k,n—k and Ay = |:
Om—k,n

and #(A1) = k, §(A2) = kn.

] . Tt is clear that Ay, Ay € Q(m,n, k)

Let I' = {(¢,5)]i € {1,2,...,k},7 € {1,2,...,n} and ¢ # j}. Then |I'| = kn — k.
For any given positive integer d with k& < d < kn, we construct a matrix

Ap:=A1+ Y Eij,
(’i,j)GFl

where I'y C T and |T';| =d — k.

It is clear that A; < Ap < As. Hence, by Lemma 2.2, Ay € Q(m,n,k) and
8(A) = #(A1) + X jyer, 8(Ei ) =d. O

Next we turn to the study of symmetric (0, 1)-matrices. Let
S(n) ={Ac A,|AT = A}
and
A(n, k) ={A € S(n)|T(A) = k}.
In the following theorem, we will determine
®(n, k) = max{f(A)|A € A(n, k)}
and the symmetric (0, 1)-matrices that attain the maximum.

THEOREM 2.5.

nkf]%f, if 2§k§4?" and k is even,
D(n,k) =< (k—1)(n—E2)+1, if 2<k<2=3 and k is odd,
k2, otherwise.

Furthermore, a matriz A € A(n, k) has exactly ®(n, k) 17s if and only if A is permu-
tation similar to one of the following matrices:

(1)
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where k is even;

(2)

2
nok=1 k-1 O

2 2

where k is odd;

(3)
Jk Ok, n—k
On—k, &k 0] '

Proof. For A € A(n, k), let Ry, UCh, be a minimal covering of A, where Ny, Ny
are two subsets of N := {1,2,...,n} with |N1|+|Nz| = k, R; and C; are the i-th row
and the j-th column of A, Ry, = {R;|i € N1}, Cn, = {C}]j € Na}.

We distinguish the following two cases.
Case 1. N1 N Ny = 0.

Subcase 1.1. Ny = (), or Ny = (). We only consider the case N; = (), since
the case No = () can be proved similarly. Now A has a minimal covering Cy, with
|N2| = k. Thus, A[N|NS] = O. By symmetry, we also have A[NS|N] = O. Therefore,
A is permutation similar to a matrix of the form

Ay O
o 0]’
where Ag € S(k). It is obvious that #(A4) = #(A4g) < k2.

Subcase 1.2. Ny # () and N # (). In this subcase, we have A(N1|N3) = O. Since
A is symmetric, we also have A(N2|N7) = O. Suppose |[Ni|=t,1<t <k —1. Then
|Na| = k — t. Therefore, A is permutation similar to a matrix of the form

A O O
O A, Of,
O 0O O

where A; € S(t) and Ay € S(k —t). Now we have §(A4) = (A1) + #(A2) and

#(A) <2+ (k— )% < k2.

Case 2. N1 N Ny # (). We also consider two subcases.
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Subcase 2.1. N1 N Ny = Np, or Ny N Ny = Ns. By symmetry, we need only
consider the case Ny N Ny = Ny, i.e., Ny C No. Then A(N1|N2) = O. Since A is
symmetric, we have A(N|N1) = O. Suppose |N1| =¢,1 <t < % Then |[No| =k —¢.
Therefore, A is permutation similar to a matrix of the form

A, utovt
U A O],
vV 0O O

where A; € S(t) and Az € S(k — 2¢t). Thus, #(A) = §(A1) + §(42) + 2 (#(U) + £(V))
and

8(A) < g(t) == k? + 3> + (2n — 4k)t.

A direct computation shows that

. . .
g (_) =nk— &, if k£ is even,
t) = ? !
max  g(t) { g(5Y) =k -1)(n—E2)+1, if kisodd.

k
1<i<k

Moreover, if k is even, a matrix A € A(n, k) attains the largest number of ones
with §(A) = nk — ’“4—2 if and only if N3 = Na. If k is odd, a matrix A € A(n, k) attains

the largest number of ones with §(4) = (k — 1)(n — £2) + 1 if and only if Ny C N
and |N2\N1| =1.

Subcase 2.2. NN Ny # Ny and NyN Ny # Na. Suppose |[N1| =t and [Ny NNy| =
m. Then,

|N1\(N1 ﬂN2)| =t—m>0, |N2\(N1 n N2)| =k—t—m>0.

It is not difficult to see that A is permutation similar to a matrix of the form

A U VW
vt A, O O
vl 0 A3 O’
wT o O O
where Ay € S(m), A2 € S(t —m) and Az € S(k —t—m).
It follows that

B(A) = §(A1) + 4(A2) + #(As) + 2(8(U) + 4(V) + 2(W))
< k24 3m? + (2n — 4k)m == g(m).
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. . . . k
Comparing g(m) with g(t) in Subcase 2.1 and noting that 1 <m < 3 — 1, we have

2

kE— & if k is even
A< 47 ’
HA) { (k—1)(n—52)+1, if kis odd.

Now we can conclude that if k is even, then the possible value of ®(n, k) is nk— ’“4—2
or k?. Similarly, if k is odd, then the possible value of ®(n, k) is (k —1)(n — 21) 4+ 1
or k2. After comparing these two pairs of numbers we have

nk—%, if ZSkS% and k is even,
D(n,k) =9 (k—1)(n—E2)+1, if 2<k <23 and k is odd,
k2, otherwise.

Furthermore, if k is even with 2 < k < 42 and #(A) = nk — %2, then we can see
from Subcase 2.1 that A is permutation similar to the matrix

Ji Ji
%

(Ve

n—

O

If k is odd with 2 < k < 4223 and #(A) = (k — 1)(n — £2) + 1, then there exists a
permutation matrix P such that

PAPT =

Finally, if #(A) = k2, then there exists a permutation matrix P such that

PAPT: |: Jk Ok, n—k:| o

On—k.k 0

THEOREM 2.6. Let k,n,d be positive integers with k < n. Then there exists a
symmetric (0,1)-matriz A of term rank k with exactly d 1’s if and only if k < d <
D(n, k).

Proof. Suppose that A is a symmetric (0, 1)-matrix of term rank k& with exactly
d 1’s. By Theorem 2.5, we have k < d < ®(n, k). Hence, we need only show the “if”
part.

We only prove that if £k < d < nk — %, where 2 < k < 4?” and k is even, then
there exists A" € A(n, k) with d ones. The proofs of the other two cases are similar.
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In this case, ®(n, k) = nk — %2. Furthermore, the maximum is attained if and

J J
only if A is permutation similar to Ax = 3 5oy Setting
2 Jo e O, &
27 2 2
Og 0] C
Ai=10 Opx O | €Ank)
C 0] Og
and constructing the following matrices recursively,
k
A =Ap1+ Em, m+ > (Em, j+Ejm), m=2,....5,

m<j<n,m+j#n+1

where C' is the matrix of order g with each entry on the cross diagonal being 1 and
all other entries being 0. Note that for any m € {1,2,..., % — 1}, we have

A < Apga, 8(An) = k4 (2n — m)m — 2m.
It is obvious that f(A,,) is a monotonically increasing function in m and
A1§A2§"'SA§-

By Lemma 2.2, we have A; € A(n, k), fori € {1,2,..., %} It is clear that

k2
k= (A1) < §(As) < ~~~<ﬁ<A§) = nk — .
Thus, for any given positive integer d, there exists some s € {1,2, ..., % —1} such that

d € [$(As), 8(Ass1)]. For any given w € {1,2,...,% — 1}, we need only show that if d
is a positive integer with #(Ay) < d < #(Aw41), then there exists some A" € A(n, k)
with #(A') = d.

It is easily seen that $(Aw+1) = #(Aw) + 1+ 2(n — 2 — w). Thus,
1<d—4$(Ay) <1+2(n—2—w).

Let p=d —§(A,) and denote Uy :={(m+1,j) | m+1<j<n,j+w=n+1}.
We distinguish two cases by considering the parity of p.

If p is even, then § < [, 11]. Hence, there exists a subset ¥y of W, with
|Wo| = £ such that

A=A, + Z (Eij + Ej ;).
(1,7)€¥0

Thus, Ay, < A < Ayy1 and #(A') = d. By Lemma 2.2, we have A" € A(n, k).
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Similarly, if p is odd, then p—;l < |Uyp41]| and there exists a subset Uy of U, q

with [¥;| = 2% such that

A =Au+ Y (Bij+Ei)+ Enyimr.
(i,5)€¥1

Thus, Ay < A < Ay and lj(A/) = d. By Lemma 2.2, we have A" € A(n,k). O

Let G be a simple undirected graph. Note that the adjacency matrix of G is a
symmetric (0, 1)-matrix with 0’s on the main diagonal. Clearly, the adjacency matrix
is just another way of specifying the graph. Finally, we consider the class of symmetric
(0, 1)-matrices with 0’s on the main diagonal. This class is also of interest from the
point of view of graph theory.

Denote by I'(n) the set of all n x n symmetric (0, 1)-matrices with each main
diagonal entry being 0 and

Ag(n, k) ={A eT(n)|r(A) = k}.
It is clear that if A € I'(n), then 7(A) # 1. Thus, we may assume that k > 1.
Let
Dy (n, k) = max{f(A4)|A € Ao(n, k)}.

We will determine ®,(n, k) and the matrices in Ag(n, k) that attain it. Denote .J, =
Jy — 1.

THEOREM 2.7.

nk — (£)2 - &, if 2<k<42 and k is even,
Do(n,k) =14 n(k—3)— (522 -2 46, if 2<k <47 and k is odd,
k% — K, otherwise.

Furthermore, a matric A € Ag(n, k) has exactly ®o(n, k) 1’s if and only if A is
permutation similar to one of the following forms:

(4)

where k is even;

()

T T
Jk73 J3 k—3 J k+3 k=3
2 ’ /2 2 02
J3 k—3 J3 O 9

Jy sz s O 0

v 2
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where k is odd;

(6)

Proof. Use the notation and argument in the proof of Theorem 5. We distinguish
the following two cases.

Case 1. Ni[) Nz = 0. We consider two subcases.

Subcase 1.1. N1 = 0 or Ny = (. Therefore, A is permutation similar to a matrix

Ay O

O 0]’
where Ag € T'(k). It is obvious that #(A4) = #(A4¢) < k? — k. The equality holds with
Ay = Jy.

of the form

Subcase 1.2. N1 # () and Ny # 0. Suppose | Ny |=t. Then | Ny |= k — ¢ with
1 <t <k —1. Therefore, A is permutation similar to a matrix of the form

A O O
O Ay, Of,
O O O

where A; € I'(¢) and Az € T'(k —t). We have §(A4) = (A1) + #(A42) and

#(A) < k* — k.

Case 2. Ni[) Nz # ). We also consider two subcases.

Subcase 2.1. N[Nz = Ny, or Ni[JN2 = Ni. Suppose | Ny |= t. Then
| Nay |=k—twithl<t< % Therefore, A is permutation similar to a matrix of the

form
A, UT vT
U A, O,
vV 0 O

where A; € T'(t) and Ay € T'(k—2t). Therefore, §(A4) = §(A1)+#(A2) +2(8(U) +4(V))
and

8(A) < g(t) == k* — k+ 3t* + (2n — 4k + 1)t.
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First assume that k£ is odd. Then the order of A, is odd with & — 2¢ > 3 and so
1<t < k3

(a) Suppose 2n —4k +12>0,ie,2<k < § + %. We have g(t) > k? — k and
k—3 k—3\> k-3
max, o) =g (57 ) =nt-3)- (152) 5524

(b) Suppose 2n — 4k +1 <0, ie., § + i <k <n. If g(t) > k* — k, then by the
monotonicity of the quadratic polynomial g(t), we have

4k —2n —1 < k:f?)7 ie., k§4_n
3 2 5

(SRR |

and
max g(0) = (%) = n(k—3)— (%)2 = % +6.

Combining (a) and (b), it follows that if 2 < k < 4= and k is odd, then

H) < max g) =g (*5° ) =ik~ 3) - (%)%w

Moreover, A attains the largest number of ones with

ﬁ(A)=g(g) =n(k—3) - (%)2_$+6

if and only if N1 C Ny, | No\N; |= 3. If 4”5—_7 < k <n and k is odd, then

#(A) < k* — k.

Now assume that k is even.
c) Suppose 2n —4k+1>0,1e.,2< k<241 We have ¢g(t) > k? — k and
2 T 1

2
max g(t):g(ﬁ)znk—k——g.

1<t<k 2

(d) Suppose 2n — 4k +1 <0, ie., T + % <k <mn. If g(t) > k® — k, then by the
monotonicity of the quadratic polynomial g(t), we have
4k —2n —1
3

4n

k
Si, i.e., kgg—f—

(S )
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and

k
t = — = k‘———
e g(t) 9(2> nk —

Combining (c) and (d), it follows that if 2 < k < 422 and k is even, then

Moreover, A attains the largest number of ones with #(A4) = ¢ (g) =nk — ’“4—2 if and
only if Ny = No. If % < k <n and k is even, then

1(A) < k? — k.

In Subcase 2.1, we have

"’f*'f*%: if 2<k< 222 and k is even,
4A) < max g(t) = n(k—3)— (52)° =22 +6, if 2<k < %L and k is odd,
1<t<k 9 i
: <k —k, otherwise .
Subcase 2.2. Ny(\Na # Ny and Ni[(N2 # N,. Suppose | Ny | =t and

| Ny(NN2| =m. Then
| N\ (\N2) | =t—m >0, |[N\(Ni[|N2)| =k—t—m>0.

Now A is permutation similar to a matrix of the form

/

Jm Jm,tfm Jm, k—t—m
thm, m Al 0O ’
Jk—t—m, m 0 A2

where 47 € I'(t —m) and Ay € T'(k —t —m).

Then we can show that §(4) < g(m) = k+3m?+ (2n—4k)m with 1 <m < £—1.
Comparing this g(m) with ¢g(¢) in Subcase 2.1, we have

2
nk — £ — if 2<k <22 and k is even,

k
29
BH(A) < n(k—3)— (553)° = k52 46, if 2<k <47 and k is odd,

k% —k, otherwise .

Now from the above proof, we can conclude that

nkf’z—zfg, if2§k§% and k is even,
Do(n, k) =4 n(k—3)— (522 -2 46, if 2<k < 2T and k is odd,

k% — K, otherwise .
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First, observe from Subcase 2.1 that if §(A4) = Pg(n, k) and k is even with 2 <

k< 4”5+ 2 then there exists a permutation matrix P such that

PAPT =

Second, if §(A) = ®o(n, k) and k is odd with 2 < k < 42T then there exists a
permutation matrix P such that

! T T
J s J3 k—3 Jn_k+3 k—3
T 2 7/2 2 2
PAPT = | J, rs I 0
s T2
J _ k+3 k-3 O 0
n—"—5 "3

Otherwise, if #(A) = ®g(n, k) = k% — k, then there exists a permutation matrix P
such that

PAPT|: Jk Ok, n—k:|. 0

On—k,k 0

Next, we will determine the possible numbers of nonzero entries of matrices in
Ap(n, k). To this end, we need determine the minimal number of nonzero entries of
matrices in Ag(n, k). Denote

do(n, k) = min{t(A) | A € Ao(n,k)}.

LEMMA 2.8.

|k, if k is even,
‘bo("’k){ k+3, if k is odd.

Proof. First note that if A € Ag(n, k), then #(A) > k and #(A4) is even. We
consider the following two cases according to the parity of k.

If k is even, we need only show that there exists a matrix A € Ag(n, k) such that
H(A) = k. Let A = (0¥2).J, @ O,_y, then A € Ag(n, k) and #(A) = k. Thus, in this
case, ¢o(n, k) = k.

If k is odd and A € Ag(n, k), then A has exactly k nonzero entries with no two
of these entries on a line. Since §(A) is even, A has at least k + 1 nonzero entries. If
#(A) = k41, then there are k—;rl pairs of nonzero entries which are pairwise symmetric.
Without loss of generality, let a1, as,...,ak,ar+1 be the k + 1 nonzero entries of A
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and a;,a;4+1 be symmetric in A, i = 1,3,...,k. We may assume that a;,as,...,ax

are k nonzero entries with no two on a line. Since 7(A) = k, there exists a positive

integer 7, 1 < ¢ < k—1, such that a; and ag41 are on a line. This can not be true since

ay and a; are not on a line. Hence, if k is odd and A € Ag(n, k), then #(A) > k + 1,
k=3 ’ ’

ie., §(A) > k+3. Moreover, let A = (6,2, J,)® J3PB Opn_. Then, A € Ag(n, k) and

#(A) = k + 3. Therefore, if k is odd, then ¢g(n, k) =k +3. 0

THEOREM 2.9. Let k,n,d be positive integers with k < n. Then there exists
A € Ao(n, k) with exactly d 17s if and only if ¢o(n, k) < d < ®o(n, k) and d is even.

Proof. Suppose A € Ag(n, k) has exactly d 1’s. By Theorem 2.7 and Lemma 2.8,
do(n, k) < d < Pg(n, k) and d is even. Hence, we need only show the “if” part.

According to the parity of k, we consider the following two cases: k is even; k is
odd. Next, we only show the case: k is even, while the left case is similar.

Let k be even. If 2 < k < 4"—;2, then ®g(n, k) = nk — %2 — % Without loss of
generality, we can set

1= 2 = ke
T On-g J 0 0O
Taking
O% O C
Ap=|10 Opp O],
C O o

(Ve

where C' is the matrix of order g with each entry on the cross diagonal being 1 and
all other entries being 0. Then Ay € Ag(n, k) and Ag < A;. By Lemma 2.2, for any
symmetric matrix B with Ag < B < A; we have B € Ag(n, k). Hence, for any given
even number d with k < d < ®g(n, k), there exists By € Ag(n, k) such that §(By) = d.

Otherwise, ®q(n, k) = k? — k. Without loss of generality, we can set

/ -

J o
Ag = |7F .
’ [0 On_r |
Taking
Ck O
Ao —
2 |:O Onfk | )

where C}, is the matrix of order k with each entry on the cross diagonal being 1 and
all other entries being 0. Then Az € Ag(n, k) and Ay < Az, By Lemma 2.2, for any
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symmetric matrix B with A2 < B < A3 we have B € Ag(n, k). Thus, for any given
even number d with k < d < ®g(n, k), there exists By € Ag(n, k) such that §(By) = d.
This completes the proof. O
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