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A BOUND FOR CONDITION NUMBERS OF MATRICES*

MICHAEL I. GIL’f

Abstract. Let A be a diagonalizable matrix; so there is an invertible matrix 7" and a normal
matrix D, such that T~1AT = D. A sharp bound for the constant k7 = ||T||||T~1| is suggested.
Some applications of the obtained bound are also discussed.
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1. Introduction and preliminaries. Let C" be the n-dimensional complex
Euclidean space with a scalar product (-,-), the Euclidean norm || - || = 1/(+,+) and
the identity matrix I. For an n x n matrix A, 0(A) denotes the spectrum of A, ||A||
is the spectral norm; A* is the adjoint to A; ||A||r = (Trace A*A)'/2 is the Frobenius
norm; A, (kK = 1,...,n) are the eigenvalues of A. Everywhere below it is assumed
that

Aj # Am, whenever j # m. (1.1)

So, A is a diagonalizable matrix: There is an invertible matrix 7" and a normal matrix
D, such that

T—'AT = D. (1.2)

The condition number xp := ||T||||T7!|| is very important for various applications,
cf. [3,16]. That number is mainly numerically calculated.

In the present paper, we suggest a sharp bound for xp. Applications of the
obtained bound to spectrum perturbations and matrix functions are also discussed.

The following quantity (departure from normality) plays an essential role here-
after:

1/2

g(4) = |I1AIE =D el
k=1
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g(A) enjoys the following properties:
P(A) <2 A2 (Ar = (A— A%)/20) and g2(4) < [|AIB. — [Trace 4%, (1.3)
cf. [I0, Section 2.1]. If A is normal, then g(A) = 0. Put

d:= min [A; — A&l
Jik=1,...,n; k#j

Corollary 3.6 from [I1], under condition (1.1) gives us the inequality

K < nz g(;k\/— (1.4)

That inequality is not sharp: If A is a normal matrix, then it gives kr < n, but
kr = 1 in this case. Inequality (1.4) has been slightly improved in [12]. In this paper,
we considerably refine (1.4) and the corresponding result from [12].

Put
n-2 gF+i(A
VE! 5’““

k=0

and

Now we are in a position to formulate the main result of this paper.

Y(A) = (1 +

THEOREM 1.1. Let condition (1.1) be fulfilled. Then there is an invertible matriz
T, such that (1.2) holds with

kr < v(A). (1.5)

The proof of this theorem is presented in the next two sections. Theorem 1.1 is
sharp: If A is normal, then g(A) = 0 and v(A) = 1. Thus, we obtain the equality
kr = 1. So Theorem 1.1 is obviously sharper than (1.4) at least for matrices “close”
to normal ones. The proof of Theorem 1.1 is absolutely different from the proof of
inequality (1.4) and the proof of the corresponding result from [12].

Theorem 1.1 supplements the interesting recent investigations of the similarity of
matrices, cf. [4, 5, @ [13] and references therein.
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2. Auxiliary results. Let matrix A have in C™ a chain of invariant projections

P.(k=1,...,m;m<n):
ocpCrcRC'"C---C P,C"=C"
and
P AP, = AP, (k=1,...,m).
Put AP, =P, — Py—1 (Po=0), Ay, = AP, AAPy,
Qr=1-PF;, Br=QrAQr and Cy = AP, AQy.
It is assumed that the spectra o(Ay) of A in AP,C™ satisfies the condition

(A No(A) =0 (5 # k).

LEMMA 2.1. One has

o(A) = UiL 0(Ag).

Proof. Put

m
S:ZAk and W=A-G6.
k=1

Due to (2.2), we have WP, = P,_1 W Pj,. Hence,

wm=wmp,=Wmp. WP, =W™ 2P, WP, WP,

=Wm 2P, sW2 =W™m 3P, sW3=... = RW™ = 0.
So, W is nilpotent. Similarly, taking into account that
(S —AN)'WP, = P,_1(S — \)'WP,
we prove that ((S — A)7'W)™ =0 (A € o(5)). Thus,

(A=X)"P=(S4+W =Xt =T+ (S - A)"'W) (S —-A)!

[

= S (—=D)*((S = AXD)7'W)*(S — aD)~L.
k=0

Hence, it easily follows that ¢(S) = 0(A). This proves the lemma. [
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Since Bj; is a block triangular matrix, according to the previous lemma, we have
o(Bj)=UiL;10(Ak) (j=0,...,m—1).
So, due to (2.3),
o(Bj)No(4;)=0.
Under this condition, the equation
A X;—X;B;j=-C; (j=1,...,m—1). (2.4)
has a unique solution, e.g., [Il Section VII.2] or [2].

LEMMA 2.2. Let condition (2.3) hold and X; be a solution to (2.4). Then

(= Xm-1)( = Xpm2)-- (I = X1) A+ X1)(I + Xa) - (I + Xin—1)

= Ay + Ag+ -+ Ap. (2.5)

PT’OOf. Since X]’ = APijQj, we have X]'Aj = Bij = XjCj = Cij = 0. Due
0(2.2), Q;AP; = 0. Thus, A = Ay + B; + C4, and consequently,

(I =XD)AI +X1) =1 - X1)(A1 + B1 + C1)({ + X4) =

Ai+B1+C - XiB1+ A4 X, =4+ Bi.

Furthermore, By = As + By + C5. Hence,

(Q1— X2)B1(Q1+ X2) = (Q1 — X1)(A2 + Ba + C2)(Qh + X1) =

A+ By + Cy — Xo9By + Ay X9 = Ay + Bs.
Therefore,

(I—X2)(A1+B1) [+ Xo)=(PL4+Q1—X2)(A1+ B1)(PL+ Q1+ Xs) =

A+ (Q1 — X2)(A1 + B1)(Q1 + X2) = Ay + Az + Bs.
Consequently,

(I — Xg)(Al + Bl)(I + X2) = (I - XQ)(I - Xl)A(I + Xl)(I + Xg) = A1 + A2 + BQ.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 27, pp. 162-171, February 2014

166 M.I. Gil’

Continuing this process and taking into account that B,,_; = A,,, we obtain the
required result. [
Take
T=(IT+X1)T+X2) I+ Xp—1). (2.6)
It is simple to see that the inverse to I + X; is the matrix I — X;. Thus,
T =~ Xpn)( = Xp—2)- - (I = X1) (2.7)
and (2.5) can be written as
T AT = diag(Axk) ;. (2.8)

By the inequalities between the arithmetic and geometric means, we get

m—1 m—1 m—1
1
7l < TL G+ Xl < (1 LS ||Xk|> (29)
k=1 k=1

and

1 m—1 m—1
1774 < (1 > ||Xk|> : (2.10)

k=1

3. Proof of Theorem 1.1. Let {ex} be the Schur basis (the orthogonal normal
basis of the triangular representation) of matrix A:

a11 a2 a3z -+ QAln
0 a2 a3z -+ a2,

A =
0 0 0 st Apn

with a;; = A; in that basis. Besides,

S

n —1

SO Jaaf? = g?(4).

k=2 i=1

Take P; = Zi=1(~,ek)ek. Then one can apply Lemma 2.2 with m = n, AP, =
(s ex)ex,
n
Q= > (er)er, Ap = APLAAP, = My AP;, diag(Agi)j—; = diag(Me)f,,
k=j+1
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Aj+1,5+1  Qj+1542 0 Gjtln
O a: . . a:
742,542 Jj+2,n
B =Q;AQ; = : )
and
Cj = APAQ; = ((ajj1 Gjjrz - ajn ).
Besides,
A—(Al o ) Bl—(AQ Gy ) B'—()\jﬂ Cin ) G <n)
= , = y oeey Dy = .
0 B 0 By 0 Bjn

So, B; is an upper-triangular (n — j) x (n — j) matrix. Equation (2.4) takes the
form )\ij - Xij = 70]'. Since Xj = Xij, we can write Xj()\ij - B]) = Cj.
Therefore,

Xj=C;(NQ; — B~ (3.1)

The inverse matrix is understood in the sense of subspace Q);C". Hence,

111 < IG5 11X @5 — B;) -

Besides,
G517 = > agel?,
k=j+1
and due to [10, Corollary 2.2.2], we have
n—j—1
9"(B;)

J
1@ =By M < >

But
9°(B;) = 9°(Q;4Q;) = Y Z lai]? < g*(A).
k=j+2i=j+1

So, with the notation

9" (4)
prs \/_ 5k+1

we have

[(XNQj — B) ' <m(A) and | X, < [|C5lIm(A).
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Take T as is in (2.6) with X}, defined by (3.1). Besides (2.9) and (2.10), imply

1 n—1 n—1 (A) n—1 n—1
T1
I < <1 > ||Xk|> < (1 + S j||ck||>
n n
k=1 k=1
and

n—1

n—1
_ (A
T < (14 2 S gy
j=1

But, by the Schwarz inequality,

2

SIol) <o-DY =m0 Y lanl = (- De(A)

j=1 k=j+1

Thus,

e R

and ||T71|? < v(A). Now (2.8) proves the theorem. [J

4. Applications of Theorem 1.1. Theorem 1.1 immediately implies the fol-
lowing.

COROLLARY 4.1. Let condition (1.1) hold and f(z) be a scalar function defined
on the spectrum of A. Then ||f(A)| < v(A) maxyg |f(Ag)]-

Let A and A be complex n x n matrices whose eigenvalues )\, and N, respectively,
are taken with their algebraic multiplicities. Recall that

sva(A) = mkaxmm Ak — N\
J

is the spectral variation of A with respect to A.
COROLLARY 4.2. Let condition (1.1) hold. Then sva(A) < y(A)||A — Al

Indeed, the matrix D = TAT ! is normal. Put B = TAT~'. Thanks to the
well-known Corollary 3.4 [16], svs(B) < ||D — B||. Now the required result is due to
Theorem 1.1.

Furthermore, let us suppose that A\; are real and

AL > Ao > > A (4.1)
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Then (1.2) holds with a Hermitian matrix D. Again put B = TAT. Then, due to
Theorem 1.1, we have

ID = B|lr = |[TAT™ = TAT '|p < |T|[[|A = Al[p|T7"] <V (A)|A - Allr. (4.2)

The eigenvalues of B coincide with the eigenvalues Xk of A. Denote ur = Re S\k and
assume that \; are ordered in such a way that

pa > 2 2 > . (4.3)

Due to the Kahan theorem [I6, Theorem IV.5.2, p. 213, inequality (5.4)], we can
write

n 1/2
[Z|AkAk|2‘| <V2|D - Bllr.
k=1

Hence, taking into account (4.2), we arrive at our next result.

COROLLARY 4.3. Let the inequalities (4.1) and (4.3) hold. Then

n 1/2
[ZI%MIQ] <V2y(A)|A - A p.
k=1

In addition, note that Theorem 4.5.4 in [I6, p. 215] and Theorem 1.1 yield the
following corollary.

COROLLARY 4.4. Let A and A be diagonalizable n x n matrices having purely
real eigenvalues:
M<A< <N and M\ <X <--< S\n, respectively .
Then

N =Nl S A A A)A- A (G=1,...,n).

To consider an additional application of Theorem 1.1, put

" 1/2
md(A, A) := min [Z Ak — A,ﬁ] :
k=1

where 7 ranges over all permutations of the integers 1,2,...,n, cf. [16] . Let us use
Theorem 4.5.5 [I6l p. 216]. That theorem together with Theorem 1.1 implies our
next result.

COROLLARY 4.5. Let the conditions (1.1) and

Aj # Am, whenever j #m (4.4)
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be fulfilled. Then
md (A, A) < y(A)y(A)|A - A p.

About the interesting recent publications on spectrum perturbations see for in-
stance [0 [§].

Finally, note that Corollaries 2.2 and 2.3 from [I1] and the above proved Theorem
1.1 yield the following corollary.

COROLLARY 4.6. Let conditions (1.1) and (4.4) be fulfilled, and f be a function

defined on o(A)Ua(A). Then the inequalities

I£0) = ) < (A (A e | HL L 4 iy,
and
15 = F(A) e < AN (A max S ) = £
are valid.

The recent interesting results devoted to matrix-valued functions can be found in
[, [14].

5. Example. To illustrate Theorem 1.1, consider the simple matrix

5 0 —%
A=(07 0
00 3

It is simple to check that A\; = 5, A2 = 7, A3 = 3. So, 6 = 2. In addition, due to (1.3),
we have g(A) < |A— A*||p/V2 = 3. Thus,

1

k+1
g4 1 1
A) = Z_ L <24 — ~0.1944
and
4
0.1944
A< (1+ ~ 1.6741.
s (1+27)

On the other hand, it is not hard to check that the matrix
10 3 10 —3
T=101 0 has the inverseone T-'=[ 0 1 0
0 0 1 0 0 1
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and satisfies relation (1.2) with

I
o o w
o N o
w o o

The direct calculations gives us k7 ~ 1.1815.

Acknowledgment. I am very grateful to the referee of the present paper for
his/her really deep and helpful remarks.
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