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SYMMETRIC MATRIX PENCILS: CODIMENSION COUNTS AND
THE SOLUTION OF A PAIR OF MATRIX EQUATIONS*

ANDRII DMYTRYSHYN', BO KAGSTROM', AND VLADIMIR V. SERGEICHUK?

Abstract. The set of all solutions to the homogeneous system of matrix equations (X TA+
AX,XTB+ BX) = (0,0), where (A, B) is a pair of symmetric matrices of the same size, is charac-
terized. In addition, the codimension of the orbit of (A, B) under congruence is calculated. This
paper is a natural continuation of the article [A. Dmytryshyn, B. Kégstrom, and V.V. Sergeichuk.
Skew-symmetric matrix pencils: Codimension counts and the solution of a pair of matrix equations.
Linear Algebra Appl., 438:3375-3396, 2013.], where the corresponding problems for skew-symmetric
matrix pencils are solved. The new results will be useful in the development of the stratification
theory for orbits of symmetric matrix pencils.
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1. Introduction. The goal of this paper is to present the general parameterized
solution of the system of matrix equations

XTA+AX =0,

1.1
(L) XTB+BX =0,

in which (A4, B) is a pair of complex symmetric 7 x 7 matrices@. The set of matrices X
that satisfy the system (I.I]) forms a vector space whose dimension is also calculated.

This dimension plus 7 is equal to the codimension of the orbit of (A, B) with respect
to the congruence equivalence relation (see Theorem 2.3).

This article is a logical continuation of the recent paper [I4], in which we solved the
homogeneous system of matrix equations ([LJ])) for skew-symmetric matrix pairs and
computed the codimensions of skew-symmetric matrix pair orbits under congruence.
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Both the papers are directed towards the same audience and to facilitate the reading
and the use of results from [I4], we keep the notation, the style and the structure of
them as similar as possible.

Problems of solving matrix equations as well as computing codimensions of corre-
sponding orbits appear in different branches of science. Recent papers that partially
share methods and motivation with this paper include:

e the solution of XA+ AXT =0 or XA+ AX* = 0 for any square matrix A
[4, 7, [©, 19];

e the solution of AX + XTB =0 or AX + X*B = 0 for matrices A and B of
compatible sizes [§];

e the solution of AX + BXT =0 or AX + BX* = 0 for matrices A and B of
compatible sizes [B];

e the solution of a pair of matrix equations (X7 A+ AX, XTB + BX) = (0,0)
with skew-symmetric A and B [14].

The general parameterized solutions of these matrix equations admit to compute the
codimensions of corresponding orbits (see also [9] 10} 111 12]). Besides these cases, the
codimensions were computed for contragredient matrix pencils [20] and generalized
matrix products [24]. The dimension of the solution space of generalized coupled
Sylvester matrix equation (A1 X —Y Ay, B1 X - Y Bs) = (0,0) was derived in [I].

We plan to use the results of [9] [14] to investigate the changes of the canonical
forms of skew-symmetric matrix pencils under small perturbations (i.e., the stratifi-
cation of skew-symmetric matrix pencils).

Symmetric matrix pencils appear often in applications. Examples include the lin-
earization of the quadratic eigenvalue problem coming from the equations of motion
or vibration of structural systems [25] 28], symmetric linearizations for symmetric ma-
trix polynomials [2I], and the dynamic governing equations of a structure submitted
to viscous damping [I5]. A Fortran 77 routine for computing a structured staircase
form for symmetric matrix pencils is presented in [3]. Miniversal deformations of
symmetric matrix pencils are obtained in [I0]. However, the stratification theory of
symmetric matrix pencils is not known yet and is in our field of interests. We recall
that the orbit of each matrix pencil has only orbits with higher codimensions in its
closure [26, Part III, Theorem 1.7] and thereby the codimensions define the coarse
(but not the complete fine) structure of the associated closure hierarchy graph. For
more information about deformation and stratification theories, their applications,
and software see [16] [17, 23] and references therein.

Using [7, [0, 4] and the results of this paper, Matlab functions for computing
codimensions of the congruence and *congruence orbits of matrices, congruence orbits
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of symmetric and skew-symmetric matrix pencils have been developed [I3] and added
to the Matrix Canonical Structure Toolbox [22].

The rest of the paper is organized as follows. The main results are presented in
Section [2I Without loss of generality, we consider a congruently transformed system
(TI) where the symmetric pair (A4, B) is in canonical form under congruence. The
general solution of the system (II]) in explicit form is presented in Theorem 21l The
dimensions of solution spaces and codimensions of orbits are given in Corollary
and Theorem [Z3l In Section Bl we prove Theorem 21l and Corollary 2.2l Finally, in
Section @ two examples illustrating our results are presented.

All matrices that we consider are over the field of complex numbers.

2. Main result. A matrix pair (A, B) is said to be congruent to (A’,B’) if
(A",B") = ST(A,B)S = (STAS,STBS) for some nonsingular S and the set of all
matrix pairs congruent to (A, B) is called the orbit of (A, B) under congruence and
denoted by orbit(A, B). Multiplying the equations (II)) by S” on the left and by S
on the right, we obtain

STxTsT.57AS+STAS-S'XS =0,
STXTS™T.5"BS+ST"BS-S7 XS =0,
and so the system (1)) is equivalent to the system
YTA + A'Y =0,
YTB' +B'Y =0,
where YV := 71X S, A" := STAS, and B’ := STBS. Therefore, it suffices to solve

the system (II) in which (A4, B) is a canonical pair of symmetric matrices under
congruence.

For each positive integer n, define the n-by-n unit matrix I,, and the n-by-n

matrices
A1 0 0 A 0 1
L= N B N U PRSP
0 A A1 0 1 0
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Note that Fy has size 0 x 1, i.e., it has no rows and one (empty) column. Then it is
agreed that each F contributes with a zero column (but no new row) to any matrix
it is summed with, e.g., [1]® Fo =[1 0] and [1]® Fy® Fy = [1 0 0]. Note that Gy = Fp.

Define the direct sum of matrix pairs as follows:
(A,B)e(C,D)=(AaC,Bo D).
The canonical form of a pair of symmetric complex matrices is given in [27]:

such a pair is congruent to a direct sum, determined uniquely up to permutation of
summands, of pairs of the form

(2.1) H,(\) = (A, An(N)), MeC,
(2.2) K, = (A(0),A),),

(2.3) Ln::([;)n Fog][(?n Cﬂ)

Thus, each pair of symmetric matrices is congruent to a direct sum
a b c

(24) (AaB) =®Hhi()‘i)®®Kkj ®®Ll7~v
i=1 j=1 r=1

consisting of direct summands of three types.

In the following, we define several parameter matrices, whose nonzero entries
p1,D2,P3,-.- are independent parameters; they will be used to express the set of
solutions of (LII), where (A, B) is in canonical form (24).

e The m x n Hankel matrices

—pl P2 P3 P4 ]
P2 P3 P4
Py = P3P ’ (a dense Hankel matrix),
P4 :
Pm+n-2
| Pm+n-2  Pm+n-1 |
"o 0 po]
0 ... 0 pm 0
: Pm
Py = or
me EE D2 Dn
0o ... 0 pm ... p2 p1 : ’ :
b2
| Pn oo P2 D1
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if m <m or m > n, respectively.
e The m x n Toeplitz matrices

Pn ... P2 D1
o -
0o ... 0 pm ... p2 D1 p.2
- .. D2 .
Pl = : S h or . Pn
: . . . 0
0 .. 0 pm :
[ 0 0]
if m <m or m > n, respectively.
e The m x n banded Toeplitz matrices
D1 --- Pn-m+l 0
Po= if m<n and 0 if m > n,
0 D1 coo Pn-m+1
[ 0 |
P! :=0if m<n and P if m > n.
Pm-n+1
| 0 pmfn+1_
e For each \ € C, define the m x n matrix with parameters p1,...,pn:
Y41 b2 ‘.- Pn
P1A p1+Ap2 ... Pn-1+ ADn
PN =[ai] = piA? 2Ap1+Xp2 ... pno+2Xpn1+ A%p,
P * *

whose rows are determined recurrently via  a;; = Aa;-1,; + ai-1,j-1-
e For all matrices Py, Pn\\;n, P’ P P},m, P] .. defined above, we denote by

mnr = mn?
N ¥ — oy r N ” A ! r
an’ ana mn? erm an’ an and Rmna Rmnv Rmnv Rmn’ Rmn’ Rmn

the parameter matrices that are obtained by replacing all parameters p; with
q; and 7;, respectively.

We say that a parameter matrix Q(01,...,d5) is obtained by reparametrization
of a parameter matrix P(eq,...,es) and write P(ey,...,e5) = Q(d1,...,05) if there
exists a permutation ¢ of {1,...,s} such that P(0,(1),...,00(s)) = Q(d1,...,0,). In
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other words, P(eq,...,es) and Q(d1,...,ds) coincide up to relettering of parameters
(€i = 0o(i))-

In the following, let (A, B) be a canonical matrix pair and let
(2.5) (A,B)=(A1,B1) @ (A, By), t:=a+b+c,

be its decomposition ([24]). In Theorem [Z] we prove that the set of all solutions of
the system (ILI]) consists of all matrices P(aq,...,as) with (a1,...as) € C® in which
P(m1,...,ms) is a parameter matrix that has the same size as A and B and the same
partition into blocks:

P ... Pu
(2.6) P=1: S, size P;; = size A; = size B;.
The blocks of P satisfy the condition:
(2.7) the sets of parameters of P;; and Py jr are disjoint if (i,7) # (§',1")
and are determined by (A4, B) as follows. Write
(2.8) P((A;, B;)) =Py, 'P((Ai,Bi),(Aj,Bj)):: (Pji,Pij) if i<y,
then:

(i) The diagonal blocks of P are defined up to reparametrization by the following
conditions:

(2'9) P(Hn(A)) =0,
(2.10) P(K,) =0,
(2.11) P(Ly,) = [Sﬁi 0_";}:]

(ii) The off-diagonal blocks of P whose horizontal and vertical strips contain
summands of (A, B) of the same type are defined up to reparametrization by

(0, 0) if A# p,
2.12 P(Hn(N), Hn =
(212)  P(H(O\), Han)) {(_%,%) -
(213) P(Kn;Km) = (_Prﬂnapnjm)7

(2.14) P(Ln,Lm) ~ ([Rn+1,m+1 Qm+1,n:| ’ [ n+l,m+1 Qn+$1,m:|) )

T
0m,n+1 _an On,m+1 _an
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(iii) The off-diagonal blocks of P whose horizontal and vertical strips contain
summands of (A, B) of different types are defined up to reparametrization by

(215)  P(HLO), Kn) = (0, 0),
(2.16) P(H(N), L) = ([_P”FB”’"(”] [0nmen AnP;ZI,nu)FZ]) :
2.17) P(Ky L) = ([P %5] [0 AnP,Em+1G%]) -

Note that if any of the matrix pairs (ZI2)—(2I7) have blocks denoted by the
same letter, then these blocks have the same set of independent parameters, e.g.,
in (ZI4) the blocks P77 and P, ,..1 both have m —n + 1 independent parameters

n+l,m+
D1y -3 Pm-n+1, the blocks Qn+1.n and Qri1,m both have m+n independent parameters
Q1,---5,qm+n, and the blocks R£T+1,m+1 and R%m both have n — m + 1 independent

parameters 71, ..., "n—m+1-

THEOREM 2.1. Let the system (L) be given by the canonical pair 24) of
symmetric matrices for congruence. Let P(rw1,...,ms) be a parameter matriz (2.6

whose blocks are defined in 21)—(2ZI7). Then
(2.18) {P(a,...,as)|(a1,...,as) €eC*}
is the set of all solutions of the system (L.1J).

COROLLARY 2.2. If the system (L) is given by the canonical pair (24), then
the dimension of its solution space (ZI8)) is equal to the sum

(2.19) da,py=dng +dx +dp +dgg +drxx +drr +dgx +dmr +dir
whose summands correspond to

e the direct summands of (24) of the same type:
dH = 0; dK = 0; dL =
e the pairs of direct summands of [24) of the same type:

dgm = Z min(h;, hyr), dr i = Z min(k;, k; ),
i<i’ Jsg’
Ai=)\i/

2 ifl =l

drp = 2max(ly,lyr) +epp),  in which eppr =
wi= 2, Qmalde) v ) {1 i Lo %103

r<r!
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e the pairs of direct summands of [2A) of different types:

duk =0, dur =cy. hi, dxr=cy kj.
i J

The set of matrix pairs that are congruent to a pair (A, B) of 7 x i symmetric
matrices is a manifold in the complex 7 (7 + 1) dimensional space of all pairs of
7o x N symmetric matrices. This manifold is the orbit of (A4, B) under the action of
congruence. The vector space

(2.20) T(A,B):= {UT(A,B) + (A,B)U|U e C™"}
is the tangent space to the congruence orbit of (A4, B) at the point (A, B) since
(I+eU)'(A,B)(I+€U) =(A,B)+e(UT(A,B) + (A, B)U) +*UT (A, B)U

for all 7-by-n matrices U and each € € C. The dimension of the orbit of (A, B) is the
dimension of its tangent space at the point (A, B); it is well defined because the dimen-
sions of tangent spaces at all points of the orbit are equal (see [2], Chapter IV, Corollary
1.5]). The codimension of the orbit of (A, B) (denoted by codim(orbit(A, B))) is the
dimension of the normal space to its orbit at the point (A, B), which is equal to
(N +1) (the dimension of the space of all pairs of 7 x 72 symmetric matrices) minus
the dimension of the orbit of (A, B). Note that the orthogonality in the space of
all pairs of 1 x i symmetric matrices is defined with respect to the Frobenius inner
product

(2.21) ((4,B),(C,D)) =tr(AC”" + BD"),
where tr(X) denotes the trace of a square matrix X.

The formula ([2I9) admits to calculate the codimension of congruence orbit of
the canonical pair (24 due to the following theorem.

THEOREM 2.3. The codimension of the congruence orbit of a pair (A, B) of ix i
symmetric matrices is equal to

d(a,B) + 1,
in which d¢a py is the dimension of the solution space of system (LI)).
Proof. Define the mapping
f:C"™ 5 T(A,B), X~ XT(A,B)+ (A B)X,

where T'(A, B) is the tangent space at the point (A, B) € C** x C™" (see (Z20)),
and C™™ is the space of symmetric 7 x 7 matrices.
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Since this mapping is a surjective homomorphism, dim C**"* = dimT(A, B) +
dim V' (A, B), where V (A4, B) = {X e C*" XT(A,B) + (A,B)X =0}. We recall that
dim V' (A, B) = d(a,B), e.g., computed as in [ZI9). At every point (A, B) we have the
decomposition

C™ " x C™" =T(A,B)® N(A, B),
in which N(A, B) is the normal space at the point (A, B) with respect to the inner
product defined in (Z20]). Therefore,
codim(orbit(A4, B)) = dim N(4, B) = dim(C™"™ x C™*™) —dim T'(A, B)
= dim(C™™ x C*™) — dim C™™ + dim V (A, B)

=n*+n-n"+dapy =dap +h 0O

3. Proof of Theorem [2.7] and Corollary Let (M,N) and (M',N") be
two pairs of symmetric matrices such that the sizes of M and N coincide and the
sizes of M’ and N’ coincide. Define two systems of matrix equations:

syst((M,N)) : XTM+MX =0, XTN+NX =0;
syst((M,N), (M',N")): ZM'+ MY =0, ZN'+NY =0.

LEMMA 3.1. Let
(A,B) = (AI;BI) SZRR) (At;Bt)

be a pair of symmetric matrices and let X = [Xij];jzl be a complex block matriz
such that the sizes of A;, B;, and X;; are equal for every i = 1,...,t. Then X is
a solution of (L) (i.e., syst((A,B))) if and only if each diagonal block X;; is a
solution of syst((A;, Bi)) and each off-diagonal block pair (X;i, Xi;) = (Z%,Yi;) with

Jir
i< j, where (Z;;,Yi;) is a solution of syst((A;, B;),(4;,Bj)).

Proof. Tt is enough to consider ¢ = 2. Partitioning the unknown matrix X we
rewrite system ([LT)) as follows

X4 X5 |[A 0 +A1 0] X11 Xi2 :—
X, XH|[0 Axf |0 As|[Xor X ’
X X50[Br 0] [Br 0][Xu X _
Xy X[ 0 Bx] [0 Bzf|[Xor Xoo
Multiplying the matrices we obtain
XlTlAl-i-Alel X2TlA2+A1X12 _ 0 1
XITQAl-i-Angl X2TQA2+A2X22 - 0
XlTlBl-i-Blel X,QTIBQ-FBleQ _ 0
XITQBl-i-BQXgl X’QTQBQ-FBQXQQ B 0

oo oo
o o

r
S O
[ S—

L

i

o o O O
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where the systems on the diagonals are syst((A1,B1)) and syst((As, B2)), and the
system in the position (1,2) is syst((A1, B1), (A2, Bo)) with (X1, X12) =(Z,Y) 0

If (A, B) is the pair ([235) in canonical form, then it is enough to solve
SySt((Aia Bz))a SySt((Aiv Bl)a (Ajv Bj)) with 7 <7,
in which all (A;, B;) are of the form [ZI)-(23). All possible cases are considered in
Sections BT to 317

3.1. Solution of syst(H,(\)) and syst(K,). The system syst(H,(\)) has the
form

XTA, +A,X =0, XTA,(\) + A (M)X =0.

From the first equation we have X7 = -A,XA,. Substituting it in the second
equation, multiplying the equation by A,, from the left side, and using that A, A,, = I,
and ApA,(A) = J,(A) we obtain

XT+ ALXA, =0, ~XJn(N) + Jo(M)X =0.
Since
(31) =XJ,(\)+Ju(MN)X = -AX = XJ,(0) + J,(0)X + AX = -XJ,,(0) + J,(0) X,

the solution does not depend on A. By [I8, Chapter VIII], the equation X.J,(0) =
J.(0)X has the solution X = P/ and so X* = A,XA,, = -XT. Thus, the only
solution of B is X = 0, which proves [29) due to Lemma Bl Since (B holds,
syst(K,,) has the same solution as the system syst(H,(0)), so (ZI0) is proven too.
Thus, dg = dx =0 and by Theorem 23] codim(orbit H,,(\)) = codim(orbit K,,) = n.

3.2. Solution of syst(L,). The system syst(L, ) has the form
XL x41ro FnT+ 0 FIl[Xn Xi2| [0 0
XL XLI|F, o0 F, 0 ||Xa1 X [0 0f
XL xI1[o GT [0 GLl[X11 Xi2] O ©
XL XLl|G. 0 G, 0 ||Xa1 Xao| [0 0)
in which X is partitioned conformally with the 2x2 block structure of L,,. Multiplying

the matrices we have

X%Fn+FEX21 XﬂFg-ﬁ-FgXQg _ 0 0

XLF, +F, X1 XLFT'+F,X2| [0 o
X5Gy+GEXo1 X{GL+GEX9] [0 0
XLG,+G, X1 XLGT +G.X12| |0 O]

(3.2)
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Since the pairs of blocks at positions (1,2) and (2,1) are equal up to the transposition,
B2) decomposes into three independent subsystems.
First consider the subsystem corresponding to the (1,1)-blocks:
(33) X;Tan + F Xo1 =0,
X5,G+GT X5 = 0.

To satisfy the first equation of (33), X2; must have the form

0 T12 13 R A ) 0

—T12 0 23 oo Xon 0

X21 =1—-213 —x93 0 ... X3n 0
—ZT1n —T2n —T3n ... 0 0

The matrix Xo; without the last column is skew symmetric. Substituting X7 in the
second equation of (3], we obtain

0 -T11 -T12 e ~21,n-1 ~Z1n
11 0 ~T22 = %13 ... ~Tip—T2p-1 —T2n
T12 T13 + T23 0 e T = T3mel “Tsn |
- b
Tin-1 Tin+T2p-1 Top TT3p-1 - 0 ~Tnn
| Z1n Ton, Tan, .. Tnn 0 |

which implies that X5; = 0.

Now consider the subsystem corresponding to the (2,2)-blocks:
(3.4 X{HF! + F, X152 =0,
. XlTQGZ;-FGnXlg =0.

To satisfy the first equation of (3.4)), X{, must have the form

0 T2 13 .- Tip  Tip+l
-T2 0 T23 ... Top T2l
T
Xip=|-T13 —23 0 ... Z3n T3p+el
—T1n —X2on —T3n e 0 I'n,'rwl_

Substituting it in the second equation of ([3:4)), we obtain

2119 13 ... T1n+l — T2n
13 223 T2,n+1 — T3n
. . . . . - ()7
Tin —X2,n-1 21’n71,n Tn-1,n+1

T1n+1 —T2n coo Tp-1,n+1 2xn,n+1
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and so X7, = 0.
By [14], Section 3.2] the solution of the off-diagonal subsystem
XooFp + FuX11 =0,
X5oGn + G X11 =0,
is X11 = aly41 and Xog = —al,, where « is a parameter.

Summing up, the solution of system (32)) is

alpir Opsin
X - ’
|:0n,n+1 _aIn ] ,

which together with Lemma [31] ensure (22T4]). We have just one independent param-
eter in X, thus dz, = 1, and by Theorem 2.3, codim(orbitL,) =2n+1+1=2n+2.

3.3. Solution of syst(H,(\), H,,(r)) and syst(K,, K,,). In this section, we
calculate off-diagonal blocks of the solution of the system (1) that correspond to
the diagonal blocks H,(\) and H,,(u). The system syst(H,(\), H,,(u)) has the
following form

ZAn+ ALY =0, ZA(p) +An(N)Y =0,
where Z and Y are the unknown n-by-m matrices.

From the first equation we have Z = -A,Y A,,,. We substitute this value of Z in
the second equation, multiplay the equation by A,, and using that A, A, = I, and
ApAp(X) = J,(X) we obtain:

Z4+A YA, =0, =Y Ju(u)+Ju(A)Y =0.

By [I8 Chapter VIII] the equation Y J,,, (1) = J,,(A)Y has the solution Y =0 if A # u
and Y = P/ if A = u. Summing up, we have

0 if A% u, 0 if A+ p,
77 = AR R o S
-P7. if A=up, P i A=yp,

which together with Lemma Bl prove (ZI2). Note that the system syst(K,, K,)
has the same solution as syst(H,(0), H,,(0)), and thus, (ZI3) is justified too. The
numbers of independent parameters in the solutions are equal to dxx = min(n,m)
and

0 it A% g,
dun =9 .
min(n,m) if A= p.
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3.4. Solution of syst(L,, L,,). In this section, we calculate off-diagonal blocks
of the solution of the system (II)) that correspond to the diagonal blocks L,, and L.
The system syst(L,,, L,,) has the form

Zy Zpll 0 FEL . 0 FI'l[Yi1 Yo 10 0
Zyy Zyp||Fm 0 F., 0 ||Yar Yaa| |0 0Of
Zy Zpl[ 0 GE . 0 GIl[vii Y2 100
Zyn Zxp||Gm 0 G, 0 |[Yar Ya 0 0}
where Z and Y are the unknown (2n + 1)-by-(2m + 1) matrices.
After performing the matrix multiplication, we have
Z12Fm + FgYél leF,g; + F,;{}/QQ _ 0 0
ZQQFm + FnYII Z21F,Z; + Fnylg - 0 0 ’
Z19Gm + GEYs1  Z11GL +GLYa] [0 0
Z92Gm + G Y11 Zo1GL +GLY12| |0 0f

m

It is enough to consider the subsystems that correspond to blocks (1,1),(2,1), and
(2,2). Consider first the (1,1)-blocks:

ZIQFTYL-’—F??}/QI :0,

(3.5)
ZI2G'm + Gz;}/21 =0.

From the first equation of ([B5]) we have

0
-W
Zig = , Yo =W if,
0o ... O 0

where W = [w;;] is any n-by-m matrix. Substituting Z12 and Ys; in the second
equation of ([B.3]), we obtain

0 w11 e W1,m-1 Wim
—w11 W21 — W12 ce W2 m-1 — Wim Wam
...................................................... =0.
~Wnp-1,1 Wnl — Wn-1,2 Wn,m-1—~ Wn-1,m Wnm
—Wn1 —Wn2 —Wnm 0

Therefore, we have that W =0, and thus, both Y5, and Z;5 are zero blocks.

The subsystem corresponding to the (2,1)-blocks is

Z22Frn + FnYll = 0;

(3.6)
Z92Gm + GpY11 = 0.
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By [14, Section 3.4], it has the solution Zap = ~P,;;, and Y11 = P}, ,,,,;- Recall that

the n x m part, starting form the top-left corner of Y1 is equal to —Za2 (because of
the first equation of (B:)). Therefore, the parameter entries of both matrices are the
same and the dimension of the solution space is equal to m —n + 1. Note that the
subsystem corresponding to the (1,2)-blocks is equal to ([B.6]) up to the transposition
and interchanging the roles of n and m. Thus, we have that Yas = (—P;,Tn)T = —P,IIm

and 711 = (P7‘,'L’+17n+1)T = P}z+1,m+1 and the dimension of the solution space is equal to

n-m+1.

Now consider the subsystem of equations corresponding to the (2,2)-blocks
Zo1FX 4+ F,Y15 =0,

ZnGL + G, Y12 = 0.

From the first equation of ([B.7]) we obtain that

(3.7)

by

(3.8) Y12=[ W ] and Zop = |W i,
aq Am b

n

where W = [wij] is any n-by-m matrix. Substituting Z3; and Yio in the second
equation of ([B.7), we obtain

Wa1 — W12 Woo — W13 ...  W2m-1— Wim Wam — b1

W31 — Wa2 W32 — W23 ...  W3m-1— W2 W3y, — bo
.................................................................. =0.
Wp1 — Wnp-1,2 Wp2 —Wp-1,3 ... Wnm-1—"Wn-1,m Wnm — bmfl

—a1 — Wn2 —a2 — Wn3 oo —0p-1 — Wnm —Qp — bm

Thus, we have that Y12 = Ppy1.m (an (n+1) xm dense Hankel matrix), Zo1 = =Py, ym+1
(an n x (m + 1) dense Hankel matrix), with common n x m part (up to the sign, see
B3)), and a,, = b,,,. Hence, the sets of parameter entries of Y15 and Zs; are the same,
and so they are denoted by the same letter. Calculating the number of independent
parameters in the solution we obtain that the dimension of the solution space is equal
ton+m.

Summing up the answers for all the four equations, we obtain (Z,Y") that is the
solution of syst(Ly, L,,) and transposing Z we get

T <>
7T _ |:R£L+1,m+1 —Qm:;n] and Y = [Pnﬂ,mﬂ Qn-%—il,m 7
0m,n+1 _an 0n,m+1 _an

which proves (ZI4) due to Lemma Bl Calculating the number of independent pa-
rameters we obtain

2n + 2 if n=m,
drr = .
2max(n,m)+1 if n+m.
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3.5. Solution of syst(H,(\),K,,). In this section, we compute off-diagonal
blocks of the solution of system (L)) that correspond to the diagonal blocks H,,(\)
and K,,. The system syst(H,,(\), K,,) has the form

ZAn(0)+AY =0, ZAn + Ap(N)Y =0,

where Z and Y are the unknown n-by-m matrices.

From the first equation we have Y = -A, ZA,,,(0). We substitute this value of
Y in the second equation, multiply the equation by A,, from the right side, and use
that A, A, = I, and A, (M)A, = (AT to obtain the following system

Y+ ApZAn(0)=0,  Z-Ju(N)ZJ,(0)7 =0.

By [14, Section 3.5] the second equation of the system has only the trivial solution
Z =0. Thus, Y = 0 too. Now Lemma B.] ensures (2I5). We have no parameters in
the solution, so dgx = 0.

3.6. Solution of syst(H,(\),L;). In this section, we find the off-diagonal
blocks of the solution of system (L.J)) that correspond to the diagonal blocks H,,(\)
and L,,. The system syst(H,,(\), L,,) has the form

0 FZT
Z "+ ALY =
o | aw-o

0 GT
Z[Gm N ]+An(>\)Y—0,

where Z and Y are the unknown n-by-(2m + 1) matrices.
From the first equation we have
(3.9) Vi Y2]=[-AnZ2F, -AZiFL].
Substituting it in the second equation, we obtain
[Z2:G = Tn( N ZoFy Z0GL - T, (M Z1iFL] = 0.

The solutions of these equations are given in [I4] Section 3.6]. Altogether, using (3.9
we have the solution (Z,Y") of syst(H,(\), L,,) and therefore

-Pr A
ZT:[ mtn )] and Y = [On,m+1 AnPJ;ZLn()\)F%],

Omn

which together with Lemma Bl ensures (2I6). The number of independent parame-
ters in the solution is dy, = 2n.
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3.7. Solution of syst(K,, L,,). Finally, we compute off-diagonal blocks of the
solution of system ([LI)) that correspond to the diagonal blocks K, and L. The
system syst(K,,, L,,) has the form

0 FZ
Z [Fm . ] +A,.(0)Y =0,

T
Z [GO GO’”] +AY =0,

where Z and Y are the unknown n-by-(2m + 1) matrices.
From the second equation we obtain
(3.10) [Y1 Ya2]=[-AnZ:Gp -AZiGL].
By substituting it in the first equation, we have
[Z2F - Jo(0)Y 22Gry Z1FE - J,(0)7 2,GE ] = 0.

The solutions of these equations are given in [I4] Section 3.7]. Using (BI0) and
transposing Z we get

T _P\T+1 N r
ZT = | TP nmet | and Y=[on,m+1 APY G

0 n,m+1 m] .
mn

Thus, using Lemma Bl we prove (ZI7). Calculating the number of independent
parameters in the solution we obtain that dg = 2n.

4. Two examples. We illustrate our results by considering two different pairs
of matrix equations (ITT]) with (A4, B) in canonical form.

EXAMPLE 4.1. Consider the system ([I]) given by the symmetric 13 x 13 matrix
pair (A, B) = K3 & L1 ® L3. By Theorem 2] its solution is the matrix

o 0 o]0 O0:izs| 0 O 0 0 :azs x a7 |
0o 0 0|0 0:iazl|lo0o 0o 0 0:0 x5
0O 0 0 0 0 iz [ O 0O O O0:i0 0 =5
0 -x1 -z xza 0 1 0 |@3 214 215 0 i xg g T10
vz Tre ) 0 me f 0L T s f T Tio, T
0 0 0|0 O0:i-z4f0 O 0 O0:0 0 0
X=10 0o 0|0 0 i-zg|lz2 O O O0O:0 0O 0 [,
0 0 -5 0 0 ;—xg 0 12 0 0 0 0 0
0 —T5 —Tg 0 0 :—xlo 0 0 X112 0 0 0 0
-X5 —Tg —T7 0 0 211 0 0 0 T12 0 0 0
I i B
0 0 0|0 0 :i-ziul O O 0 0:0 -z 0
| 0 0 0] 0 0 i-zi510 0 0 0:0 0 -z
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in which z1,...,x15 € C.

The dimension of the solution space is d(4,p) = 15 (the number of independent
parameters in X), and therefore, the codimension of the congruence orbit of (A, B)
is equal to d(4 gy +n = 28.

EXAMPLE 4.2. Consider the system (LI given by the symmetric 7 x 7 matrix
pair (A, B) = Hy(\) ® Lo. By Theorem 2] its solution is the matrix

[ 0 0 0 0 0:zy Azg+a ]
0 0 0 0 O X1 )\xl
T -T2 I3 0 0 0 0
X=| X1 “dza-x1 |0 3 0: 0 0 ,
“Nzy -MNzy -2z, [0 0 x3i 0 0
..... R i i MecuRR
0 0 000:0 -a3 |

in which x1,x2, 23 € C.

The dimension of the solution space is d(4, 5y = 3 (the number of independent
parameters in X), and therefore, the codimension of the congruence orbit of (A, B)
is equal to d(4 gy +n =10.

REFERENCES

[1] M.A. Beitia and J.M. Gracia. Sylvester matrix equation for matrix pencils. Linear Algebra
Appl., 232:155-197, 1996.

[2] W.M. Boothby. An Introduction to Differentiable Manifolds and Riemannian Geometry. Aca-
demic Press, New York, 1975.

[3] T. Brill and V. Mehrmann. STCSSP: A FORTRAN 77 Routine to Compute a Structured
Staircase Form for a (Skew-)Symmetric/(Skew-)Symmetric Matriz Pencil. Preprint 31—
2007, Institut fiir Mathematik, TU Berlin, 2007.

[4] A.Z.-Y.Chan, L.A. Garcia German, S.R. Garcia, and A.L. Shoemaker. On the matrix equation
XA+ AXT =0, IT: Type 0-1 interactions. Linear Algebra Appl., 439:3934-3944, 2013.

[5] F.De Terdn. The solution of the equation AX + BX* = 0. Linear Multilinear Algebra, 61:1605—
1628, 2013.

[6] F. De Terdn and F.M. Dopico. The equation XA+ AX* =0 and the dimension of *congruence
orbits. Electron. J. Linear Algebra, 22:448-465, 2011.

[7] F. De Teran and F.M. Dopico. The solution of the equation X A + AXT =0 and its application
to the theory of orbits. Linear Algebra Appl., 434:44-67, 2011.

[8] F. De Terdn, F.M. Dopico, N. Guillery, D. Montealegre, and N. Reyes. The solution of the
equation AX + X*B =0. Linear Algebra Appl., 438:2817-2860, 2013.

[9] A. Dmytryshyn. Miniversal Deformations of Pairs of Skew-Symmetric Forms. Master Thesis,
Kiev National University, Kiev, arXiv:1104.2492; 2010.

[10] A. Dmytryshyn. Miniversal deformations of pairs of symmetric forms. Preprint,
arXiv:1104.2530, 2011.
[11] A.R. Dmytryshyn, V. Futorny, and V.V. Sergeichuk. Miniversal deformations of matrices of

bilinear forms. Linear Algebra Appl., 436:2670-2700, 2012.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 27, pp. 1-18, January 2014

18 A. Dmytryshyn, B. Kagstrom, and V.V. Sergeichuk

[12] A. Dmytryshyn, V. Futorny, and V.V. Sergeichuk. Miniversal deformations of matrices under
*congruence and reducing transformations Linear Algebra Appl., to appear, 2014, DOI:
10.1016/j.1aa.2014.01.016.

[13] A. Dmytryshyn, S. Johansson, and B. Kagstrom. Codimension Computations of Congruence
Orbits of Matrices, Skew-Symmetric and Symmetric Matriz Pencils Using Matlab. Tech-
nical report UMINF 13.18, Department of Computing Science, Umea University, Sweden,
2013.

[14] A. Dmytryshyn, B. Kagstrom, and V.V. Sergeichuk. Skew-symmetric matrix pencils: Codi-
mension counts and the solution of a pair of matrix equations. Linear Algebra Appl.,
438:3375-3396, 2013.

[15] N.A. Dumont. On the solution of generalized non-linear complex-symmetric eigenvalue prob-
lems. Internat. J. Numer. Methods Engrg., 71:1534-1568, 2007.

[16] A. Edelman, E. Elmroth, and B. Kagstrom. A geometric approach to perturbation theory of
matrices and matrix pencils. Part I: Versal deformations. SIAM J. Matriz Anal. Appl.,
18:653-692, 1997.

[17] A. Edelman, E. Elmroth, and B. Kagstrom. A geometric approach to perturbation theory of
matrices and matrix pencils. Part II: A stratification-enhanced staircase algorithm. STAM
J. Matriz Anal. Appl., 20:667-669, 1999.

[18] F.R. Gantmacher. The Theory of Matrices. Chelsea Publishing Co., New York, 1959.

[19] S.R. Garcia and A.L. Shoemaker. On the matrix equation XA + AXT = 0. Linear Algebra
Appl., 438:2740-2746, 2013.

[20] M.I. Garcia-Planas and V.V. Sergeichuk. Simplest miniversal deformations of matrices, matrix
pencils, and contragredient matrix pencils. Linear Algebra Appl., 302/303:45-61, 1999.

[21] N.J. Higham, D.S. Mackey, N. Mackey, and F. Tisseur. Symmetric linearizations for matrix
polynomials. SIAM J. Matriz Anal. Appl., 29:143-159, 2006.

[22] P. Johansson. Matriz Canonical Structure Toolboz. Technical report UMINF 06.15, Department
of Computing Science, Umea University, Sweden, 2006.

[23] B. Kagstrom, S. Johansson, and P. Johansson. StratiGraph tool: Matrix stratifications in con-
trol applications. In: L. Biegler, S. L. Campbell, and V. Mehrmann (editors), Control and
Optimization with Differential-Algebraic Constraints. SIAM Publications, Philadelphia,
79-103, 2012.

[24] B. Kagstrom, L. Karlsson, and D. Kressner. Computing codimensions and generic canonical
forms for generalized matrix products. Electron. J. Linear Algebra, 22:277-309, 2011.

[25] B.N. Parlett. Symmetric matrix pencils. J. Comput. Appl. Math., 38:373-385, 1991.

[26] A. Tannenbaum. Invariance and System Theory: Algebraic and Geometric Aspects. Lecture
Notes in Mathematics, Vol. 845, Springer-Verlag, Berlin - New York, 1981.

[27] R.C. Thompson. Pencils of complex and real symmetric and skew matrices. Linear Algebra
Appl., 147:323-371, 1991.

(28] F. Tisseur and K. Meerbergen. The quadratic eigenvalue problem. SIAM Rev., 43:235-286,
2001.



