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A NEWTON METHOD FOR CANONICAL WIENER-HOPF AND
SPECTRAL FACTORIZATION OF MATRIX POLYNOMIALS*
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Abstract. The paper presents a novel Newton method for constructing canonical Wiener-Hopf
factorizations of complex matrix polynomials and spectral factorizations of positive definite matrix
polynomials. The factorizations are the ones needed for discrete-time linear systems and hence with
respect to the unit circle. The Jacobi matrix is analyzed, and the convergence of the method is
proved and tested numerically. A new class of highly ill-conditioned test polynomials is introduced,
and the method is shown to manifest its very good performance also in this critical setting.
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1. Introduction. Let b(z) = by+b1z+---+byz"¥ be a polynomial with complex
coefficients such that boby # 0. If b(z) # 0 for |z| = 1, we may factor b(z) as b(z) =
f(2)u(z) where f(z) and u(z) are polynomials having all their zeros inside (|]z] < 1)
and outside (|z| > 1) the complex unit circle T, respectively. This factorization is
unique if the leading coefficient of f(z) is taken to be 1. Writing

f(Z):fQ—l—---—l—fnZn, U(Z):'UO"F"""UmZm
and letting a(z) = 27"b(z), we get a(z) = a_(2)ay(z) with
a_(z2)=z""f(z2)=fa+ -+ for™, ar(z)=ulz)=ug+- -+ unz".

The factorization a(z) = a_(z)a1(z) is a so-called canonical Wiener-Hopf factoriza-
tion of a(z). It represents a(z) as the product of two functions a_(z) and a4 (z) such
that a_(z) is analytic and nonzero outside the unit circle, including the point at in-
finity, and a4 (z) is analytic and nonzero inside the unit circle. Equivalently, z=" f(z)
is nonzero for 1 < |z| < oo (where |z| = oo corresponds to the point at infinity) and
u(z) is nonzero for |z| < 1.

Now suppose B(z) = Bo+Biz+- - -+Bxz" is a matrix polynomial with B; € C***
such that By # 0 and By # 0. Also assume that det B(z) # 0 for |z] = 1. We
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are looking for a factorization B(z) = F(z)U(z) where F(z) and U(z) are matrix
polynomials of the form F(z) = Fy + -+ + F,,z" and U(z) = Uy + - - - + U, 2™ such
that det(z~"F(z)) and det U(z) are nonzero for 1 < |z| < oo and |z| < 1, respectively.
The requirement on F'(z) is equivalent to saying that det F'(z) # 0 for 1 < |z] < o0
and that det F;, # 0. Since F,, is required to be invertible, we may take F,, = I. We
call a factorization B(z) = F(2)U(z) a canonical right factorization of B(z) if

Fz)=Fy+-+ Fp 12" P+ 12", U@R)=Us+ -+ Up2™,

and det F(z) and detU(z) have all their zeros inside and outside the unit circle,
respectively.

We remark at the very beginning that a canonical right factorization B(z) =
F(z)U(z) does not always exist. But if it exists, the matrix function

m

j=-n
has the factorization A(z) = Q_(2)Q+(z) with
Q (2)=2"F(2)=IT+F, 127 ' +- +Fpz™ Qu2)=Up+---+Upz™. (1.2)

The matrices Q_(z) and Q4 (z) are invertible for 1 < |z| < oo and |z| < 1, respectively.
Such a factorization is referred to as a right canonical Wiener-Hopf factorization of
A(z). Conversely, if A(z) = 2~"B(z) admits a right canonical Wiener-Hopf factor-
ization A(z) = Q_(2)Q+(z) with (L2), then B(z) = F(2)U(z) with F(z) = 2"Q_(2)
and U(z) = Q+(z) is the canonical right factorization we are looking for.

There exist methods for constructing canonical right Wiener-Hopf factorizations.
One such method is described in [I1 Section I.2], and since [I], the so-called state
space method is the prevailing procedure. See, for example, the books [2], [3], [15]
Chapter XXIV], [16]. The state space method consists in constructing a realization
A(z) =T+ X(2Y — U)~'V and subsequently determining a canonical right Wiener-
Hopf factorization in terms of the matrices X, Y, U,V and certain spectral projections
associated with them. These methods require the determination of the roots of poly-
nomials and therefore cause numerical problems in the case of very large degrees.

In the scalar case, £ = 1, several numerical methods are available, and we refer to
the papers [0, [9], [19], [27] and the references cited therein. Things are more delicate
in the matrix case.

If A(z) is positive definite on the circle |z| = 1, then a canonical right Wiener-
Hopf factorization exists and one can even take Q4 (z) = Q_(1/Z)*. One then speaks
of (right) spectral factorization. A classical algorithm for spectral factorization is the
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so-called Bauer-type factorization [33], which has its roots in the algorithm for scalar-
valued functions developed in [4]. An approximation of the spectral factor is given
through the Cholesky decomposition of a certain M{ x MY{ block Toeplitz matrix,
and the approximation is the better the larger M is. The convergence is linear.

The first to apply a Newton method to spectral factorization of real matrix poly-
nomials was Wilson in his pioneering paper [32]. Another Newton method was pro-
posed in [22]. The latter is based on extending the scalar case method of [30] to
the matrix case. The method starts with an approximation Qg(z). In each iteration
a system of the form Q;(1/2)" X;(2) + X;(1/2)TQ;i(2) = 2A(z) is solved and then
the approximation is updated by 2Q;+1(z) = Qi(z) + Xi(z). The matrix polyno-
mials Q;(z) converge quadratically to the spectral factor Q4 (z). This algorithm is
implemented in the polynomial toolbox for use with MATLAB [24], and it shows
reproachless performance for nf less than about 250.

Other algorithms for spectral and Wiener-Hopf factorization are based on diag-
onalization or cyclic reduction. We refer to [20] for the former and to [6] and [7] for
the latter. The recent paper [21] on spectral factorization also contains a new method
for the successive approximation of the spectral factor Q4 (z). Part of these methods
work even without the assumption that det A(z) # 0 for |z| = 1.

Most of these methods become critical if £ and N are large and the zeros of
det B(z) are clustered densely near the unit circle. We here present a Newton method
which works reasonably well even under such circumstances and which, moreover, is
not restricted to spectral factorization but also gives canonical Wiener-Hopf factor-
izations. In the scalar case, this method was introduced and thoroughly explored

in [9].

2. Preliminaries on Wiener-Hopf factorization. Let A(z) = Z;nz_n A7

with A; € C™¢. Assume n > 1, m > 1, A_,, # 0, A, # 0, and det A(z) # 0 for
|z] = 1. Then A(z) has a right Wiener-Hopf factorization

A(2) = Q_(2) diag(z",..., 2) Q1 (2), (2.1)

where ¢1,...,q € Z, Q_(z) is analytic and invertible for 1 < |z| < 0o, and Q4(2) is
analytic and invertible for |z| < 1; see [I7] or [I4, Theorem VIIL.2.2]. The integers
q1,--.qe are unique up to their order and are called the right partial indices of A(z).
If all right partial indices are zero, then factorization (2IJ) is said to be canonical.
(This terminology is now in general use and differs from the terminology of [14].)

One can show that the factors Q_(z) and Q4 (z) in 2I) are actually polynomials
in 1/z and z, respectively [I3]. In case A(z) admits a canonical right Wiener-Hopf
factorization, the degrees of @Q_(1/z) and Q4 (z) are n and m, respectively, that is,
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we have

— - - _ Nt +
RQ-(2)=Qp +--+Q,27", Q+(2)=Qy +- -+ Q2" (2.2)

This can be seen as follows [29]. From (1) with the condition ¢; = --- = g, = 0 we get

Q- (2)"'27™A(2) = 27™Q4+(2), and since the left-hand is analytic for 1 < |z| < oo,
so also is the right-hand side. But this implies that the degree of Q4 (z) is at most
m. In the same vein, we have 2"Q_(z) = 2" A(2)Q4+(2) ™!, and as the right-hand side
is analytic for |z| < 1, it follows that 2”@ _(z) must be analytic for |z| < 1, which is
only possible if the degree of Q_(1/z) does not exceed n. Because Qy Q) = Ay, # 0
and Q, Qf = A_,, # 0, we finally obtain that the degrees of Q_(1/z) and Q4 (z) are
exactly n and m.

Thus, if A(z) has a canonical right Wiener-Hopf factorization A(z)=Q_(2)Q+(z),
then Q4 (z) are as in ([Z2]). We obtain that

B(z)=2"A(2) = (Q,, + -+ Q12" '+ Qy 2" (QF +--- +QLz™),
and since Q; = Q_(c0) is invertible, we arrive at the factorization
B(2)=F()U()=Fo+-+ F 12" '+ I2")Ug + - - + Upnz™) (2.3)

with Fj = Q;(Qy)~" and Uy = Qg ¥, The zeros of det F(z) and detU(z) are
all inside and outside the unit circle, respectively. Consequently, ([23) is a canonical
right factorization of B(z). Conversely, if B(z) has a canonical right factorization as

in 3), then A(z) = Q_(2)Q+(2) with Q_(2) = 27 "F(z) and Q4+(2) = U(z) is a

canonical right Wiener-Hopf factorization.

If B(z) possesses a canonical right factorization B(z) = F(z)U(z), then
det B(z) = det F(z) det U(2).

Let 8 denote the number of zeros of det B(z) inside the unit circle, multiplicities taken
into account. Since det F'(z) is a polynomial of exact degree n¢ with all zeros inside
the unit circle and det U(z) has no zeros inside the unit circle, we get 5 = nf. Thus,
for B(z) to have a canonical right factorization it is necessary (but not sufficient) that
B be divisible by ¢, and in this case n = 8/¢ and m = N — n.

If A(z) is as at the beginning of this section, it also admits a left Wiener-Hopf
factorization

A(z) = Sy(z)diag(z®, ..., 2°)S_(2),

where s1,...,80 € Z, S_(2) = Sy + -+ 5,27, S:(2) =S + -+ S5z, S_(2)
is invertible for 1 < |z| < oo, and Sy(z) is invertible for |z| < 1; see [13], [14}
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Theorem II1.2.2], [I7]. The integers si,..., sy are called the left partial indices, and
they are uniquely determined up to their order. If s; = --- = s, = 0, the factorization
is said to be canonical. As above, it is easily seen that A(z) has a canonical left
Wiener-Hopf factorization A(z) = S4(2)S_(z) if and only if B(z) = 2" A(z) can be
factored in the form

B(2) =U(2)F(2) = (Up+ -+ Unz™)(Fo + -+ Fp12" '+ 12") (2.4)

such that the zeros of det F/(z) and det U(z) are all inside and outside the unit cir-
cle, respectively. Such a factorization will be called a canonical left factorization of
B(z). We have F(z) = 2"S_(00)"1S_(z) and U(z) = S4(2)S_(00). Note that the
polynomials F'(z) and U(z) in 23) and (24) need not to be the same.

We will design an algorithm which yields the right canonical factorization (23]
provided this factorization exists. Our algorithm is based on the extra assumption
n < m. This is no loss of generality. If n > m, we apply the algorithm to the matrix
polynomial (Y B(1/2))", which puts us into the former case. Our algorithm also
delivers canonical left factorizations: to find a canonical left factorization B(z) =
U(z)F(z), we apply the algorithm to B(z)" to obtain a canonical right factorization
B(2)T = G(2)V(2) and then we put F(z) = G(2)", U(z) =V (2)".

An important special case of Wiener-Hopf and polynomial factorization is spectral
factorization. We are in this case if A(z) = Z?Z_n Ajz7 with A; € C™ takes positive
definite values on the unit circle T. For this it is in particular necessary that AT = A_;
for all j. Note also that then n = m.

If A(z) = >°7_,, A;j2/ is positive definite for |z| = 1 and A, # 0, then A(z)
has both a canonical right and a canonical left Wiener-Hopf factorization, A(z) =
Q_(2)Q+(2) = S+(2)S_(z). Moreover, one can guarantee that Q1 (z) = Q_(1/2)*
and S4(z) = S_(1/2)* and that Q4 (z) and S4(z) are polynomials in z of the degree
n; see [12], [26], [3I]. Note that if |z| = 1, then 1/Z = z, and hence, Q4 (z) =
Q_(z)* and S4(z) = S_(2)*. The factorizations A(z) = Q_(2)Q_(1/Z)* and A(z) =
S4(2)S4(1/2)* are referred to as right and left spectral factorizations of A(z).

Let us write Q_(2) = Qo + -+ + @nz~". Then the right spectral factorization
factorization A(z) = Q_(2)Q_(1/z)* takes the form

Alz) = (Qo+Qiz "+ + Quz ™M)(Q + Qiz + -+ + Q2" (2.5)

Note that Qo = Q—(00) is always invertible. This factorization is unique under several
normalizations. For example, it is unique if @) is required to be positive definite or
if one demands that Qg is lower triangular with positive diagonal entries.

Given a right spectral factorization (21]), we get a canonical right factorization

B(z) = 2"A(z) = (Fo 4+ + Foo12" P4+ 12")(Uo + -+ - + Up2™) (2.6)
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with Fj; = Qn—;Qq L and Uj = QoQ;. Conversely, suppose we have a canonical right
factorization (26) and A(z) is known to admit a spectral factorization (235). Then
Uy = QoQ} is automatically positive definite, and hence ([ZH) results from (Z4) by
determining the positive definite matrix Qo from the equation Uy = QoQf and then
putting Q; = F,,_;Qo for 1 < j < n. Things are analogous for left factorizations.

Positive definite matrix functions A(z) form one of the rare classes of matrix
functions for which the existence of canonical left and right Wiener-Hopf factorizations
is guaranteed. In general, the existence of such factorizations is a delicate problem. We
refer to Chapter 4 of [18] for more on this question. We here confine us to outlining the
connection between canonical Wiener-Hopf factorization and block Toeplitz operators.

Let again A(z) be as at the beginning of this section. We denote by T'(A) the
infinite block Toeplitz matrix (Aj—k)?,ok:p where A;_j := 0 for j — k < —n and
j —k > m. The matrix T'(A) induces a bounded operator on £2(N, C*), the C*-valued
¢? space over the natural numbers N. A famous theorem by Gohberg and Krein says
that the operator induced by T'(A) is invertible if and only if A(z) has a canonical
right Wiener-Hopf factorization; see [14] Theorem VIIL.5.1] or [I7].

The infinite block Toeplitz matrix corresponding to the matrix function A(1/z) is
the matrix (A—;)3%—;. This matrix is traditionally denoted by T'(A). In the scalar

case, that is, for £ = 1, T'(A) is simply the transposed matrix of T'(A). This is in
general no longer true for ¢ > 1. From what was said in the previous paragraph we
infer that T'(A) induces an invertible operator on ¢2(N,CY) if and only if A(z) has a
canonical left Wiener-Hopf factorization.

Let Th(A) denote the principal truncation of T'(A) formed by the M? blocks
in the upper-left corner. In other words, Ths(A) is the finite block Toeplitz matrix
(Aj,k)%czl. Actually, this is an M ¢ x M/¢ matrix. We denote by Pj; the projection
on (2(N,C*) which sends a sequence {x1,x2,...} (z; € C*) to {z1,...,22,0,0,...}.
One says that the finite section method is applicable to T'(A) if T'(A) is invertible, if
the matrices Tys(A) are invertible for all sufficiently large M, and if Tps(A)~! Pyy
converges in £?(N, C*) to T'(A) "1y for every y € £2(N,C*). Gohberg and Feldman [14]
Theorem VIIL.5.3] were the first to prove that the finite section method is applicable
to T(A) if and only if both T((A) and T'(A) are invertible; see also [10, Theorem 6.9).
Equivalently, the finite section method is applicable to T'(A) if and only if A(z) has
a canonical right and a canonical left Wiener-Hopf factorization.

Since small perturbations of invertible operators are also invertible, we see in
particular that the property of having a canonical left or right factorization is stable
under small perturbations. See also Chapter 5 of [I§] for such issues.
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3. The nonlinear system. Let B(z) = By+---+Byz" be a matrix polynomial
with B; € C*** and suppose B(z) has a right canonical factorization (Z3) with n < m.
We formally proceed as in [9]. For lucidity, let n = 3 and m = 4. In terms of the
coefficient matrices, the equation B(z) = F(z)U(z) is the nonlinear system

By Iy
B B F
By B F K go
By | I F K Ul
B, I F, [ F U2
Bs I B F U3
Bg I B 4
By I
Of course, I is the £ x £ identity matrix. After letting
Bs
By B, Fy
B() = Bl y B1 = B5 , F = F1
By Bg I
By
and introducing the matrices
I I B
Fy I I
q)() = Fy FQ N @1 = I
I Fy Fp 0 0

Iy
Iy
)

I

U,
U,
Us
Uy

Fy
Fl ’
I
I

system (3] is equivalent to the two equations By = U and By = ®,U. Inserting
U from the second equation in the first equation, we see that [B) is equivalent to
the nonlinear equation E(F) := Bg — <I>0<I>1_1B1 = 0, or written out in full,

I Fy, Fy Fy
By Iy I F, Fi Fy
Bl — F1 FQ I F2 Fl
By F, Fi Fp 00 I I

I

-1

This is a nonlinear system for the three unknown matrices Fy, Fy, F5, and our intent

is to solve this system by Newton’s method.
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In the general case, we have N = n +m with n < m. We put
By B, Iy U
Bg = , By := , F:= , U= , (3.2)
By By Fn Un
we let ®g be the nf x (m + 1)¢ block Toeplitz matrix

Fo
F Fy
q)() = . . . 5 (33)
F,1 -+ F, F, 0 --- 0
and we define the (m + 1)¢ x (m + 1)¢ block Toeplitz matrix ®; by
I F,, - F
P = R (3.4)
I anl
I

The equation B(z) = F(2)U(z) is now equivalent to the two equations By = ®,U
and B; = ®,U and thus to the nonlinear system

E(F):= By - ®,®,'B; =0 (3.5)

for the vector F which determines the matrices ®o and ;.

4. The Jacobi matrix. Given matrices A, B, ... with equal numbers of rows,
we can form the matrix (A B ---). It will be convenient to denote this matrix by
(A|B|--+). The M x M identity matrix will be denoted by Iy, and in case M is
obvious from the context, we simply write I. Formula ([B5) may thus be written as

E(F) = (Ine| — Do®] ) ( E? > — 0.

The following lemma reveals that the nf x (n 4+ m + 1)¢ matrix (I,¢| — ®o®; ') has a
very nice structure. We define the nf x nf block companion matrix Cr and the nf x ¢
block delta A; by

0 0 0 —FKy 1
I 0 0 —-F 0

Cpe | 001 o 0 =B | A —|0] (4.1)
0 0 I — n—1 0
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LEMMA 4.1. We have
(Ing|l — @01 ") = (AL|CRALCEAL| -+ |CET™AY),

and for 0 < j < m+1, the jth block window W; of (L,e| — ®o®, "), that is, the nt x nf
submatrix which is formed by the columns j€+ 1,50+ 2,...,j0 + nl equals

Wi = (CpA|-+[CF ™ Ay) = O,

Proof. This can be proved in the same way as [0 Lemma 3.1], which is the scalar
version of the result. O

The map E : F — By — <I>()<I>f1B1 acts from C™*¢ to C**¢ and hence has n
block components, which we denote by Ey(F),..., E,_1(F). We columnwise stack
the nf x ¢ matrices F and E(F) to vectors of length n¢?. Thus, denoting by §; the
jth column of the ¢ x ¢ identity matrix I,, we put

F051 EQ(F)(Sl
Fn_161 E,_1(F)y
f= (S (CTMQ, e(f) = c (Cn@z. (42)
Fody Ey(F)d,
anl(sé Enfl(F)(Sé

Let ;i (z) denote the j, k entry of the matrix polynomial U(z),

U(z) = U+ + Unz™ = (uj(2))5 =1

THEOREM 4.2. The Jacobi matriz of the map e : f — By — <I>0<I>1_1B1 18

e'(£) = —(ur; (Cr))j p=1-

Proof. To avoid avalanches of dots and indices, we restrict ourselves to the case
n =m = { = 2. The proof we will give in this case clearly indicates how to proceed
for general n,m, ¢. Let

Fi = (f;k)?,kzlv Ei(F) = (eék)?,k:p Ui = (ué‘k)?,kzl' (4.3)

The vectors e and f have length 8, and hence, €/(f) is an 8 x 8 matrix. In fact, €(f)
is of the form €'(f) = (€/(f);x)3 =, With 4 x 4 blocks €'(f);x. Let us, for example,
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compute €' (f)12. This block is

ELA

86(1)1 86(1)1 a6(1)1 a6(1)1
Ofly  0f3y Offy  Ofs
8< Eo(F)é; ) ey,  0eYy  0eYy 9y
(= N E )| Offy Ofn Offy Ofh
lp=——"-—"—"—"°> =
8( Fooo ) Oel,  0Oely, Oely  Oely
F16; Ofty  Offy Offy Ofay
de,  Oed; el el
Ofly  0f3y Offy  Ofs
We have
Bs6
( Eo(F)o, ) _ ( Byoy ) Gy BZ({
Ey(F)o, B16y ! B.6,
with
I B F
_( Fo B
(I)(<F1 F()O)’ (I)l( ! Fl).

Consequently, the columns of €'(f);2 are

ofk - of,

s ) o (

I
/~
|
=
oA
o
KA
=
—
—

(4.5)
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for ij = 01,02, 11, 12. Inserting [@3]) and (@3] in the last expression, we obtain

Wy 0 0 0
0 ug, 0 0
uy 0wy O
0 wuy 0wy
200 w0
(E)2 = (- Ll@ooy) | 2 2 4,
e(f)12 4| PPy 0w 0 ul (4.6)
0 0 w3 0
0 0 0 u
0 0 0 0
0 0 0 0
It follows that e’(f)12 equals
Ir 0 0 0 0 0
0 I I 0 0 0
( - I4|(I)()q)1_1) Ugl 0 0 + ’Uél 0 ]2 + Ugl IQ 0 (47)
0 0 0 0 0 I
0 0 0 0 0 0
We have (—I4|®0®7 )l = —ud, (L] — ®e®7 '), and multiplying (1] — ®e®; 1)

from the right by the three 10 x 4 matrices in ([£7]) amounts to taking the windows
Wo, Wi, Wa we encountered in Lemma [£J] Thus, by this lemma,

1 0 1 2 0 1 2 2
e (f)lg = 7U21W() — U21W1 - u21W2 = *u21I — U21CF — U21CF = 7u21(CF).

The computations for the remaining entries €’(f);; are analogous. O

Thus, the Jacobi matrix €'(f) is a block matrix with ¢? blocks, and each block
is an nf X nf matrix and a polynomial of degree at most m of Cr. The following
theorem will provide us with additional information about the structure of the blocks.
Let

Dji(2) = ujn(2) Lo = (uh +ul"2 + - +wlkzm)I,,

let Rjx(z) = R + RI*2 4 .- 4+ RI* 271 be the remainder of left division of Dj(2)
by F(z) (see, e.g., [18 Section 3.2] for division of matrix polynomials), and let Ry
be the n¢ x ¢ matrix obtained from writing the coefficients of R;x(z) as a column,

Rl
Dji(z) = F(2)Xjr(2) + Rjr(2), Ryr = : (4.8)

jk
Rn—l
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We may write Xjx(z) = ng + X{kz + 4 XIF 2o Let us furthermore put
Xff_m_l = ... = XJ¥ = 0. Then the coefficients of Rj,(z) and X;x(z) can be
obtained from the triangular system

” .
R Dy
R D* |
X" DiF
Ly | ®

0 | P : )

X'rjf—n D%
K
X'rJn—n-i-l 0
X7k 0

m

Clearly, the last n equations of this system could be omitted. The following theorem
reveals that the Jacobi matrix has block Krylov structure with the data given by (1)),

@), and @I).
THEOREM 4.3. We have Ujk(CF) = (Rjk|CFRjk| s |C;371Rjk).

Proof. Let Aj, € C"** (1 < k < n) denote the kth block column of the nf x
n{ identity matrix. Thus, A; is as in (&), and for 2 < k < n, Ay is also the
k — 1st block column of Cr. We denote by R the first block column of u;,(CFr),
that iS7 R = Ujk(CF)Al. It follows that CFR = CF’U,jk(CF)Al = Ujk(CF)CFAl =
Ujk(CF)AQ, then that C%R = CFUjk(CF)AQ = Ujk(CF)CFAQ = Ujk(CF)Azg, and so
on, until the equality C 'R = w3 (Cr)A,,. This proves that u;x(Cr) is of the form
(R|CFR/|---|CE'R), and we are left with showing that R = R .

By Theorem 2] R is the first block column of —e/(f)y;, and taking the first
block column of both sides of (L) we obtain that

Jjk
D()

R = (InK' - cI)O(I)l_l) . : (410)

The last m + 1 blocks in the column on the right of [@I0Q) are DJ*, ... Dk 0, ...,0.
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Di¥
Xo :
DiF
Dy : = m
: 0
X’V?L :
0
We may now write [@I0) as
ik
Dy
R = — Pg ,
ik
Di—1 X’m
or equivalently, as the system
Ry DiF
Rnfl Dflk,l
X9 Dik
InZ (I)() . _ .
0 q)l . :'
Xm—n D%f
Xm—n—H 0
X 0

Comparing this with system @) we see that R = Rjz and X; = X7* for all i. O

885

THEOREM 4.4. The matriz €' (f) is invertible if and only if det F(z) and det U(z)
do not have common zeros. In that case the inverse is € (f)~1 = 7(]7]@]'(0}7‘))?’]6:1 with
polynomials p;i(2), and denoting by P, € C**™ the first block column of p;r(Cr),

we have pix(Cr) = (Pjx|CrPx| - |O7 'Px).

Proof. Let H be an arbitrary M x M matrix and denote by P**(H) the algebra
of £ x ¢ block matrices whose blocks are polynomials of H. Thus, P***(H) is exactly

the set of all matrices C = (ij(H))f,kzl with polynomials g;(z).

Put Q(z) =

(gjx(2))5 =y~ Tt is well known that C' = (q;x(H))} —; € P™Y(H) is an invertible
matrix if and only if det Q(z) # 0 for all z € o(H), where o(H) denotes the spectrum
(= set of eigenvalues) of H, and that in this case C~! also belongs to P**(H); see,
e.g., [18, Proposition XI.7.2] or [23, Theorem 1.1] plus [25, Proposition 1.2.35].
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Theorem E2] tells us that e'(f) = —(ukj(C’F))?k:l is in P***(Cr). Hence, for
€/(f) to be invertible it is necessary and sufficient that det U(z) # 0 for z € o(CF).
But o(CF) is known to be the set of the zeros of det F'(z) (see, e.g., [15, p. 37]
or [I8 Theorem 1.1]). This proves the first part of the theorem. By what said in
the previous paragraph, it also follows that in the case of invertibility the inverse
is e/(f)~! = _(pkj(CF))g,k:1 with polynomials pjx(z). Finally, the argument em-
ployed in the first paragraph of the proof of Theorem shows that p;x(Cr) =
(Pjk|CrPjil|- - |CE Py). O

The né? x £% matrix (Pjz)4,_, results from e/ (f)~" by taking the block columns
with numbers 1,n 4+ 1,..., (£ — 1)n + 1. Consequently, letting A; be as in ([@I]) and
denoting by 0 the nf¢ x ¢ zero matrix, we can obtain (ij)ﬁ,kzl from the system

TTY TRV B L B
e'(f)( Jk)g,k:1 . . ¢ AL,
0 0 - A

5. Newton’s method. Suppose B(z) = F.(z)U.(#) is a canonical right factor-
ization. We want to determine Fj(z) and U.(z). To do this, we solve the equation
e(f) = 0 by Newton’s method, which amounts to finding an initial vector £f(%) and
determining the subsequent iterations by

f(iJrl) _ f(i) - e/(f(i))fle(f(i))v 7> 0.

The vector f(?) gives us the coefficients of a matrix polynomial F(®)(z). We put
F(z) := F(2) and solve the triangular system ®; U = B; with B; and ®; given
by (32) and ([B4) to get the matrix polynomial U (z) =: U(z). For moderately sized
m, the Jacobi matrix €'(f (i)) may be established directly as in Theorem If m
is large, we may create the Jacobi matrix e(f(?)) as follows: we solve the triangular
systems ([£9) to obtain R, then construct u,;(Cr) as in Theorem 3] and finally
built €' (f(*)) according to Theorem B2 Once Fi(z) is known, we get U.(z) from the
system ®; , U, = By, where ®; , result from (34)) by replacing F; with the coefficients
of F.(2).

THEOREM 5.1. Let f. be any solution of the equation e(f.) = 0, and let Fi(z)
and U, (z) be the corresponding polynomials such that B(z) = Fy(2)U.(2). If the poly-
nomials Fy(z) and U, (z) do not have common zeros, then Newton’s method converges
quadratically to £, whenever the initial vector £ is sufficiently close to f,.

Proof. We abbreviate nf? to v. Let us first assume that the coefficient matrices
Bj are all in R, Then all data in the algorithm are real as well, and e acts from
R” to R”. A vector f, satisfying e(f.) = 0 is called a regular zero of the map e
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if e has continuous partial derivatives up to the order 2 in an open neighborhood
of f, and if the Jacobi matrix €'(f,) is invertible. The well known theorem on the
local convergence of Newton’s method, for which see [28, p. 195], for example, says
that if f, is a regular zero of e, then Newton’s method converges quadratically to f,
provided the initial vector £(*) is close enough to f.. From (Z3), it is clear that e(f)
is a polynomial in the components of f, which implies the existence and continuity of
all partial derivatives of e(f). Finally, Theorem 4] shows that €'(f.) is invertible if
det F.(z) and det U.(z) do not have common zeros.

Now allow the coefficients B; to be in C**. Then e maps C” to C”. We stack
complex vectors (ay, + i8k)%_; to real vectors (aq, 81, a2, Ba,...) " and may therefore
think of e as a map of R?” to itself. We denote the latter map by e. By what
was said in the previous paragraph, we are left with proving that the Jacobi matrix
e'(f.) € R?"*?¥ is invertible. As in the proof of Theorem E2 we illustrate this for
n = £ = 2. In this case the block €'(f)2 is given by @4). We write e}, = u?; + v},

0, = 29, +1iyYy, and so on. When interpreting C” as R?”, the Jacobi matrix €/(f)
turns into a real 2v x 2v matrix M. Accordingly, the block €’(f)12 becomes a real 8 x 8
matrix Myy. This matrix results from replacing de9, /0%, = duf, /0295 +i0v?, /029,
by

< 8u(1)1/8:£(1)2 *8”(1)1/839(1)2 ) (5.1)

vy /02%,  dufy/0at,
etc. In the Jacobi matrix €’(f), we have instead

8u‘f1/8z(1)2 au(l)l/ay(l)Q (5.2)
01}?1/03&32 aU%/ay?Q .

etc. As the function €Y, is a polynomial in f¥,, we infer from the Cauchy-Riemann

equations that (&) and (2] coincide. Consequently, the upper-left 8 x 8 block of
€'(f) equals Mjs. It follows that &'(f) = M. Since F.(z) and U.(z) do not have
common zeros, the matrix €/(f,) is invertible due to Theorem [l This shows that
the matrix M is also invertible for f = f,, which implies the invertibility of &’(f,). O

The preceding theorem says in particular that Newton’s method will deliver the
factors Fi.(z) and U,(z) of the canonical right factorization of B(z), in which case
the zeros of det Fi(z) and det U.(z) are located inside and outside the unit circle,
respectively. All we have to ensure is that the initial vector £(©) is sufficiently close
to f.. However, this is, as almost always with Newton’s method, not a trivial task.
Theorem [.2] will produce initial vectors under the extra assumption that in addition
to a canonical right factorization also a canonical left factorization exists. Note that
this is the case for spectral factorization. In Theorem (.3, we present a method for
constructing initial vectors under the sole assumption that a canonical right factor-
ization exists. Of course, in connection with Newton’s method, both theorems are
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heuristics, since they merely deliver a sequence of vectors converging to the exact so-
lution. However, in our concrete numerical tests, we observed that the choices M =n
and M = 2n worked in nearly all cases.

If B(z) admits a canonical right factorization B(z) = Fi(2)U.(z) with Fi(z)
of degree n, then A(z) stands for the Laurent matrix polynomial (II). Recall the
definition of the infinite block Toeplitz matrix T'(A) and the M ¢ x M{ block Toeplitz
matrix Ths(A) given in Section We there also defined the projections Py; on
the Cl-valued £?(N,C"). We may clearly consider T'(A4) and Py on the C**‘-valued
(2(N,C**%) as well. Let T, (B) be the block Toeplitz matrix

By
B, B,
Tn(B) := ]
Bn1 Bn2 -+ Bp

and denote by 1 € £2(N, C***) the sequence {I;,0,0,...}. Finally, for obvious reasons,
we denote the principal M/ x M/ truncation of the infinite matrix 7(4)TT(A) by
PuT(A)TT(A)Pyy.

THEOREM 5.2. If the matriz polynomial B(z) has a canonical right factorization
B(z) = Fu(2)U«(2), thenF, = T,,(B)P, T(A)~'1. In case the matriz polynomial B(z)
has canonical right and left factorizations, the matrices Th(A) are invertible for all
sufficiently large M and FIM] .= Tn(B)P,Tar (A" Pyl converges in £2(N,C*%) to
F. as M — oc.

Proof. This can be proved in the same way as the scalar version, which is The-
orem 6.1 of [9]. The only difference is that in the matrix case both canonical right
and canonical left factorization are required to guarantee the convergence of the finite
section method; see Section 2l O

THEOREM 5.3. If the matriz polynomial B(z) has a canonical right factorization
B(z) = F.(2)U.(2), then F, = T,,(B)P,T(A)~'1, the matrices Py/T(A)TT(A)Py
are invertible for all M > 1, and

FiM} .= T, (B)P, (PyT(A)"T(A)Py) ' Py T(A) 1
converges in (2(N,C*>*) to F, as M — oo.

Proof. Let x = T(A)~!1. The previous theorem tells us that F. = T),(B)P,x. We
have T'(A)x = 1, and hence, T(A)"T(A)x = T(A)T1. Since T(A)TT(A) is positive
definite, the systems Py T(A)"T(A)Pyxy = PyT(A)T1 are uniquely solvable for
all M > 1 and x)s converges in £2(N,C**%) to x; see, for example, [8, Proposition
3.2] or [I4, Chapter II, §2]. Consequently, T,,(B)P,xys converges to T, (B)P,x = F,
as M — oo. O
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6. Test polynomials. We here describe the polynomials which will be used
in the tests in the following section. In particular, we introduce a class of matrix
polynomials such that, after appropriate choice of the parameters, the zeros of the
determinant are located very close to the unit circle.

6.1. Matrix polynomials with zeros outside the circle. Fix a real number
uw>2,let P(z2)=1+2+---+2z™"1 define

up(z) = P(2) =1+ p, ui(z)=---=up1(2) = P(2),
and put
2 0 0 -+ 0 uo(2)
-1z 0 -+ 0 u1(2)
0o -1 2z ... 0 uz2(2)
Q+(z) = L . .
0 0 0o ... zm up—o(z)
0 0 0 - =1 z2"4u1(2)
Using the well known identity
x o o0 --- 0 ug
-1 z 0 0 Uy
det o -1z .- 0 u2 =z’ w2+ g
0 0O 0 -+ —1 x4+ur1

with @ = 2™ and uy, = ug(2), we get after a direct computation that

det Qy(2) =2 + 214 422 424

6.2. Matrix polynomials with zeros inside the circle. Take a real number
A>2 put R(z) =2+ 22+ + 2" let

folz) = (CDHR(2) + 1), fulz) = (1) R(z) (1<k<l-2)

and fr—1(2) = R(z) + (A = 1)2",

and set
Z" 1 0 0 0
0 Z" 1 0 0
0 0 Z" 0 0
Q (s)==" |
0 0 0 z" 1

foz) fiz) fa(z) - fe2(2) fea(2)
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It is readily verified that the determinant

r 1 0 - 0 0

O = 1 -- 0 0

o 0 = -- 0 0
det

o o o -- T 1

fo fi fo o fie2 fiaa

equals fr 12/t — fo ozt 2 4+ 4 (=) frz 4+ (1)L fo. Letting x = 2" and fp =
fx(2), we obtain after a straightforward computation that

det(z"Q_(2)) =X 4+ 2 4 224 24 1

6.3. Combinations. Following [5], [9], we choose p € {2,¢m} and X\ € {2,¢n}.
Then the zeros of det Q1 (z) and det(z"Q_(z)) are all outside and inside the unit
circle, respectively. For u = A = 2, these zeros lie very close to the unit circle, and
therefore we refer to the cases p = A\ = 2 as the bad cases. We call y = ¢n and A\ = {n
the good cases.

The matrix polynomials B(z) = 2™Q(1/2) T Q4 () will serve us as test polyno-
mials for spectral factorization, while the matrix polynomials B(z) = 2"Q_(2)Q+(z)
will be employed as test polynomials for Wiener-Hopf factorization,

6.4. Matrix polynomials with random entries. We take matrix polynomials
R(z) = Ry+ Riz+---+ R, 2™ with matrices Ry, Ry, ..., R, whose entries are drawn
from the uniform distribution on [~1, 1], compute B(z) = 2™R(1/z) " R(z), and then
look for the spectral factorization B(z) = 2™Q+(1/2)"Q4(2) = F(2)U(z). As the
exact solution Q4 (z) is not known, we measure the Frobenius norm of the residual
error |[e(f®) ||z = [[E(F®)||2 = || B(2) — FO(2)U® (2)]|5 after the ith Newton step.

7. Numerical examples. The numerical results shown in this section were
obtained on a laptop using MATLAB with the machine precision 27°2 a 2.2204~16,
The norm || - || is always the ¢2 norm. The linear systems for the initial vector and
in the Newton iterations were solved by Gaussian elimination with column pivoting.
Thus, in contrast to [9], we did not take advantage of the structural properties of the
matrices involved, which would reduce the execution times drastically.

ExAMPLE 7.1. Gohberg, Goldberg, and Kaashoek [I5, pp. 612-616] considered

B(z):(ol %)+((1) (1))2+(_03 (1))22.
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and showed that a canonical right factorization is B(z) = Fi.(2)U.(z) with

)+((1) (1’)2 U*(z)z(?) ‘f)+(_03 (1’)2

Theorem with n = M =1 yields the initial polynomial

_1
2
0

O wi=

Fi(z) = (

-1 4 10
FON= POl 41, = 2 '
(2) iz o o) Lo1)"?

Although the error ||f(®) — f,|| = 0.5270 is quite large, we get after only 5 Newton
iterations the exact solution up to an error of [|[f(®) —f,|| = 1.2413-10~16. In the same
way, Newton delivers the canonical left factorization B(z) = U, (z)F,(z) with

U*(z)<12 (2)>+<03 ?)z, F*(z)<1 )Jr((l) (1)>z

ExXAMPLE 7.2. The matrix polynomial

so=(51)=(0 1)+ (0 1)+ (4 0)

has the canonical right factorization

SIS NI

but does not possess a canonical left factorization; see, e.g., [II, pp. 8-9]. The
matrices Ty (A) are indeed singular for all M > 1, so that Theorem cannot be
used to get an initial vector. However, Theorem is applicable. We take M =1
and obtain P/T(A)"T(A)P, = B By + By By = I, whence

FiY =T(B)PT(A)"1 = ByB] = ( (1) 8 )

Thus, the initial matrix polynomial F11} 4+ Iz is already the exact factor F(z).

EXAMPLE 7.3. Let B(z) be the matrix polynomial
2 =8 n 0 -5 ot 3 —16 o 7T =34 3
0 —4 -5 5 e -6 -8
16\ 4 [ -1 -5\ 0 6\ 4 0 4\ -
+(—10 12)Z+(—9 11)Z+(—6 6)Z+ 44 )7
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The polynomial det B(z) has six zeros inside and eight zeros outside the unit circle.
Thus, n = 3 and m = 4. The factorization B(z) = F.(2)U.(z) with

110\ 1/ 0 1 1/1 0, (1 0) 4
F*(Z)4<01)+4<2 3)Z+2<0 1>Z+<0 1>Z’
(8 —32 0 -4 0 —4\ , 0 —4)\ 4
U*(z)<016>+<4 4)z+<4 4)z+<4 4>z
+(_04 _44)24

is a canonical right factorization. The results of our Newton method are as follows.
We compute the initial data F®! using Theorem A with n = M = 3,

F By Bs B, Bi\ [ L
F=| FB | = B B By Bs B 0
F2[3] By By By Bs By Bs 0

The matrices F(£3},F1[3],F2[3] obtained in this way are

4

1 0.9856  0.0144 1/ —0.0147 0.9834 1 /09755 —0.0201
4\ —0.0287 1.0287 )’ —1.9668 2.9356 /)’ 2\ 0.0401 0.9153

Starting the Newton iteration with the vector £(9) resulting from stacking F(©) := FI?!
we observe the following errors.

i | o | v | 2 | 3 | 4 | 5
£ — £ ]0.0542 [ 2.9-107* [ 4.1-107° [ 6.1- 1076 [ 2.9- 10716 | 1.2 1071C

EXAMPLE 7.4. We take B(z) = 2™Q4(1/2)"Q(2) with Q4 (z) as in Subsec-
tion We so are in the case of spectral factorization with n = m. Our algorithm
delivers a factorization

B(z)=(Fo+ -+ Fp 2™ P+ I2™)(Up + -+ + U127+ Upn2™),

and from what was said in Section 2 we know that the coefficients of the matrix
polynomial Q4 (z) = Qf + -+ + Q;,z™ are given by QF = Q¢F,;_,; (1 <j < n) or,
alternatively, by Q7 = Qy Ui (0 < k < n) where Qq is the positive definite matrix
satisfying Uy = QoQj-

We tested our algorithm in the good and bad cases mentioned in Subsection
The initial vector f(©) was determined with M = m according to Theorem by
stacking FI"™ as in ([@2). Tables 1 and 2 show the errors ||f) — f,||, the spectral
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[ 4 4 8 8 16 16
m 100 600 25 150 5 40
mil? 1600 9600 1600 9600 1280 10240
i=0 7.6 18.5 6.1 15.0 4.2 11.8
i=1 2.3 5.6 2.4 5.9 1.9 5.2
i=2 0.26 0.64 0.78 1.9 0.78 2.2
i= 8.7-107% 0.0021 0.11 0.27 0.26 0.70
i=4190-107% | 2.1-1077 0.0020 0.0047 0.039 0.11
i= 1.0-107 | 16-107'4 | 3.3-1077 | 7.7-1077 | 84-10~* 0.0023
i=6 [23-107%|55-10" | 6.5-1074 | 1.6-10"1 | 3.3-10"7 | 85-10"
i= 5.0-107'%|37.107% 3.0-107° | 3.1-107" | 1.2-107'3 | 2.9-10713
i=8 [26-1071%]22-107%® [ 51-107'° | 6.0-10" | 1.6-107° | 7.5-10"1°
i=91{19-107%®123-107%|94-1071%21-107%|4.2-107% | 1.3-1071°
i=10]19-10"1%{23-1071%|94-10"6|1.7-10"15 | 29.107'7 | 1.3-10°1°
K10 2.7-108 | 4.8-10' | 1.6-107 | 1.9-10° | 5.4.10° 9.2-108
T 0.879 s 36.3 s 0.333 s 16.6 s 0.123 s 13.2s
Table 1: Spectral factorization in the good case.
[ 4 4 8 8 16 16
m 100 600 25 150 5 40
ml? 1600 9600 1600 9600 1280 10240
i= 4.1 9.7 3.3 7.4 2.8 5.8
i=2 0.50 1.2 0.51 1.1 0.56 0.90
i=4 0.10 0.27 0.06 1.2 0.07 0.16
i=6 0.02 0.07 0.0076 0.04 0.0081 0.03
i=38 0.0035 0.016 7.6-1074 0.0094 0.0013 0.0036
i=101] 1.8-10~* 0.0035 1.7-1074 0.0016 1.5-107%4 | 2.5-10~*
i=12]191-10% | 71-107* | 1.1-107® | 1.0-107% | 1.4-1076 | 4.2-107°
i=14]23-1007 | 9.2-107° | 2.3-1078 | 4.0-107% [ 4.3-10"*| 6.7-10°6
i=16]13-10""2| 1.0-107% | 24-107 | 56-1077 | 6.0-107'*| 7.5-1077
i=18118-10"12|34.-1078% |24-10713| 22-10°8 | 4.7-107*| 5.2.-1079
i=20]12-1072(1.7-10719(29-10%|9.7-10712 | 49-107*4 | 1.6 - 10712
K20 1.6 - 107 3.5-10Y 5.4-100 1.2-10 7.7-10° 4.7-108
T 0.879 s 36.3 s 0.333 s 16.6 s 0.123 s 13.2's

Table 2: Spectral factorization in the bad case.
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condition number x19, Koo of the Jacobi matrices e/ (f(19)), e/ (f(2?)), and the average
execution time 7 for one Newton step. The errors ||f(?) — f,|| for 4 = 10 in Table 1
and ¢ = 20 in Table 2 remain stationary when continuing the Newton iteration.

EXAMPLE 7.5. We choose Q4 (z) and QQ_(z) as in Subsections and [6:2] with
m > n and consider B(z) = 2"Q_(2)Q+(z). Table 3 shows the results for m = n in
the good case. For £ = 4 and ¢ = 8, we determined the initial vector using Theorem [5.2]
with M = n. For ¢ = 16, this choice of M produced an initial vector for which the
Newton iteration diverged. We enforced convergence by taking M = 2n in this case.
We also tried our hands for m = n in the bad case, but encountered problems with
getting an initial vector which makes the Newton iteration converge. For example,
in the case £ = 4, we reached convergence of the Newton iteration only after running
the computation of the initial vector with M ~ n?/2, and despite this effort we still
had [|f® — f,|| > 1 for each n. Having recourse to the method of Theorem 53] did
also not remedy the problem.

[ 4 4 8 8 16 16
n 100 600 25 150 5 40
nl? 1600 9600 1600 9600 1280 10240
i=0 8.8 21.7 17.6 44.0 9.8 26.3
i=1 0.39 0.94 5.1 12.9 8.5 13.8
i=2 0.0035 0.0083 0.65 14 2.0 3.4
i=31]51-1007 | 1.2-10°6 0.059 0.15 0.32 0.93
i=4124-100"|57-107*| 4.0-107* | 9.1-10~¢ 0.017 0.038
i=5|45-100%14-107" | 36-107° | 7.5-107° | 5.7-107° | 7.2-107°
i=6 [13-1071%(38-10"*®|1.7-1071% | 54-10715 | 1.5-1072 | 5.2-10~10
i=7 167-10716|14-10"%®|76-10"16 | 1.7-10715 | 1.3-107% | 4.8-10"1°
i=8 |6.7-1076]14-10715|73-10"16|1.7-10715|3.7-10716 | 1.4-10"15
i= 6.7-10716|1.4.10"® | 73-10716 | 1.7-107 | 1.1-10716 | 1.4.10"1°
i=1016.7-10"6]14-107% | 73-1076 | 1.7-107% | 1.1-10716 | 1.3-1071°
K10 2.7-10% | 35-10' | 1.3-107 | 1.8-10 | 1.9.10° 8.4-108
T 0.862 s 36.2 s 0.326 s 16.6 s 0.117 s 1355

Table 3: Wiener-Hopf factorization in the good case with m = n.

In Table 4, we see the results for m = 2n. Due to the similarity of the results
in the good and bad cases, we confined ourselves to the selection made in Table 4.
In both cases, the stationary phase is reached after 6 iterations. The initial vector
was computed using Theorem with n = M. Conspicuously, for £ = 4 in the
bad case, the initial vector is extremely close to the exact solution, so that Newton
iteration does not yield any improvement. With the exception of ¢/ = 16, n = 5, we
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experienced this astonishing accuracy of the initial vector also in other examples we

have examined.

good good bad bad good good
! 4 4 4 16 16 16
n 100 600 600 5 5 40
nt? 1600 9600 9600 1280 1280 10240
i= 0.80 1.9 7.0-1071® 0.14 0.12 0.20
i=1 0.079 0.19 3.3-10712 0.028 0.013 0.011
i= 0.0021 0.0050 |4.2-107'3 | 0.0028 7.5-1074 0.0011
i=3|15-107% | 3.7-107% |6.6-107*| 1.5-107* | 1.3-107% | 2.8-10°¢
i=4(20-100|80-107" | 58-107*| 6.2-1077 | 1.3-107'2 | 3.7-107 12
i=5119-107%|17-107"|1.3-10713 | 1.0-10"* | 1.7-107® | 5.8-10"1°
i=6 [10-1071%(28-10"®]9.6-10"14 | 6.4-1071° | 4.7-10"6 | 1.3-10"1°
i=71(10-100"® ] 15-1075 | 1.5-107 | 47-1075 | 1.1-10716 | 1.3-1071
i=8 [1.0-107 | 1.5-107" [ 86-107 | 7.7-10"" | 1.1-1076 | 1.3-10"1°
i= 1.0-107%{15-107% | 7.8-107 | 7.7-107° | 1.1-1076 | 1.3.10715
i=10]1.0-10"%|15-1071%|93-10-™ | 1.1-107 | 1.1-10716 | 1.3-10°1°
K10 3.6-10% | 4.7-10'" | 2.6-10° 2.4-10* 2.2-10° 1.0 - 107
T 1.35s 53.9 s 53.2's 0.162 s 0.160 s 15.2 s

Table 4: Wiener-Hopf factorization with m = 2n.

ExaMpPLE 7.6. For each pair ¢, m, we consider 100 samples constructed as de-
scribed in Subsection The results are in Table 5. In each sample we performed
20 Newton steps and computed & = ||e(f(2?))||5. We let £,,ax denote by the maximum
of these 100 numbers, 7y the average time for the determination of the initial vector,
and 199 the average time for the entirety of all 20 Newton steps. We also divided the
100 numbers ¢ into classes: the kth class consists of the € with 107% < & < 10~ (1),
and c¢(k) stands for the cardinality of the kth class. Finally, the initial vector was
determined using Theorem with M = m.

In the examples with m#¢? < 10000, we observed that typically in 80 of 100 samples
the residual error ||e(f(?))||, remains nearly stationary after 10 to 13 iterations. There
was actually no sample where we needed more than 17 iterations. In the two examples
with m¢? = 10000, the number of iterations needed to enter a stationary state is only
slightly higher. For instance, in 85 of 100 samples we reached stationary behavior
after 13 to 16 iterations. In both cases, we didn’t need more than 19 iterations.
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l 5 5 10 10 15 15
m 100 400 25 100 20 40
me? 2500 10000 2500 10000 4500 9000
c(14) 0 0 10 0 0 0
c(13) 100 0 90 79 100 100
c(12) 0 100 0 21 0 0
Emax | 49-107213.9.1072|16-1072 [ 1.4-10712|22-10" | 5510713
70 0.0502 s 0.8196 s 0.0044 s 0.0803 s 0.0039 s 0.0189 s
20 30.0 s 590 s 13.8 s 330 s 36.5 s 202.5 s

Table 5: Spectral factorization of randomly chosen matrix polynomials.
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