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ON CONDITION NUMBERS FOR THE CANONICAL
GENERALIZED POLAR DECOMPOSITION OF REAL MATRICES*

ZE-JIA XIET, WEN LI¥, AND XIAO-QING JIN$

Abstract. Three different kinds of condition numbers: normwise, mixed and componentwise, are
discussed for the canonical generalized polar decomposition (CGPD) of real matrices. The technique
used herein is different from the ones in previous literatures of the polar decomposition. With
some modifications of the definition of the componentwise condition number, its application scope
is extended. Explicit expressions and computable upper bounds of these three condition numbers
for the CGPD are presented. Besides, some first order normwise and componentwise perturbation
bounds for the CGPD are also obtained. At last, some numerical examples are given to demonstrate
the theoretical results.
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1. Introduction. In this paper, we are interested in the discussion of pertur-
bation bounds and condition numbers for two factors of the canonical generalized
polar decomposition (CGPD) of real matrices. Higham et al. [I6] proposed the
CGPD which was a generalization of the (generalized) polar decomposition, weighted
generalized polar decomposition [31], and H-polar decomposition [, 5]. Therefore,
the CGPD has the same applications as those of these polar decompositions (see
[0, [14], 19]). Before we introduce the definition of the CGPD, we will introduce sev-
eral concepts, which can be found in [16].

The symbol I,, stands for the identity matrix of order n. AT and A* denote the
transpose and the conjugate transpose of matrix A, respectively. A scalar product
between two vectors x € K™ and y € K™ (K = C or R) in terms of a nonsingular
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matrix M € K™>*™ is defined by

xT My, for bilinear forms,
<X7 y>M = .
x*My, for sesquilinear forms.

Assume that K™ and K™ are equipped with scalar products (-,-)p and (-, -)n
induced by the nonsingular matrices M € K™*™ and N € K"*™, respectively. The
(M, N)-adjoint of a matrix A € K™*" is defined to be the unique matrix A*N ¢
K™*™ gatisfying the identity

(Ax,y)ar = (x, AFMNy) g
for all x € K" and all y € K™, and A*:V is defined by

N—YATM, for bilinear forms,

AXMN —
N—1A*M, for sesquilinear forms.

The nonsingular matrices M € K™*™ and N € K"*" form an orthosymmetric pair
if (i) for bilinear forms,
MT =M, NT =8N, B=+l,

or (ii) for sesquilinear forms,

M*=aM, N*=aN, «a€eC, |o=1.
A matrix W € K™*" is a partial (M, N)-isometry if
(1.1) WW*MNyy — w.
A matrix § € K®*" is said to be N-selfadjoint if

(1.2) S*N = N1STN = 8.

DEFINITION 1.1 ([I6]). Let the nonsingular matrices M € K™*™ and N € K"*"
form an orthosymmetric pair. A canonical generalized polar decomposition of A €
K™*" is a decomposition A = WS, where W € K™*™ is a partial (M, N)-isometry,
S € K®"*™ is an N-selfadjoint matrix whose nonzero eigenvalues are contained in the
open right half-plane, and range(W**-V) = range(9).

Higham et al. [I6] also provided the necessary and sufficient condition for the
existence and uniqueness of the CGPD, which is given below.
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THEOREM 1.2. Let the nonsingular matrices M € K™*™ and N € K"*™ form

K™*" has a unique canonical generalized polar

an orthosymmetric pair. Then A €
decomposition if and only if

(i) A*M:N A has no negative real eigenvalues;

(ii) if zero is an eigenvalue of A*XM:N A then it is semisimple; and

(iii) ker(A*MN A) = ker(A).
If K =R, then we have

(1.3) AXMN — N=IAT )

From Theorem [[2], it is easy to obtain the following theorem.

THEOREM 1.3. Let the nonsingular matrices M € R™*™ agnd N € R™ ™ form
an orthosymmetric pair. Then A € R™*™ has a unique canonical generalized polar
decomposition A = WS with S being nonsingular if and only if A¥MNA has no
nonpositive eigenvalues.

In the rest of this paper, we always assume that K = R and A*¥ A has no
nonpositive eigenvalues when we refer to the CGPD.

We study three different kinds of condition numbers: normwise, mixed and com-
ponentwise, for the CGPD. The classical condition number is the normwise one, which
has a drawback that it ignores the structure of both input and output data. To be
more accurate, Gohberg and Koltracht [12] proposed another two different kinds of
condition numbers: mixed and componentwise. More about these two condition num-
bers can be found in [10, 111 12 29]. In this paper, we also modify the definition of
the componentwise condition number to extend its scope of application.

The perturbation analysis for the (generalized) polar decomposition has been
studied by many authors [I], 2, [3 8} [0} 20, 211 22} 23] 24} 25]. They mainly provided
the normwise perturbation bounds for the (subunitary) unitary and Hermite positive
semidefinite polar factors. Yang and Li [31] explored a weighted generalized polar
decomposition, but it is defined only with respect to positive definite scalar products,
which is a special case of the CGPD. Yang and Li [26, 0] also gave the normwise per-
turbation bounds for the weighted polar decomposition. Some authors |7}, [15] [18, 27]
gave the normwise condition number for the (generalized) polar decomposition. How-
ever, so far, no one has presented the perturbation bounds and condition numbers for
the CGPD. By this motivation, we discuss three different kinds of condition numbers:
normwise, mixed and componentwise, for the CGPD, and present their first order
normwise and componentwise perturbation bounds.

The rest of this paper is organized as follows. In Section 2, we introduce some
preliminaries. In Section 3, we discuss some first order normwise and componentwise
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perturbation bounds and condition numbers for two factors of the CGPD. Finally, we
give some numerical examples in Section 4 to demonstrate our theoretical results.

2. Preliminaries.

2.1. Vector and matrix norms. For a matrix A € R™*", the Frobenius norm
and the spectral norm of A are denoted by ||A||r and || A2, respectively. ||x||2 denotes
the Euclidean norm of a vector x € R™. The co-norm of a vector x € R™ and a matrix
A € R™*"™ are defined respectively by

n

xlloe = max |a;| and [|Allc = max > ag].
1<i<n 1<i<m 4 1
j=

The maximum norm of a matrix A € R™*" is defined by
[ Allmax = max |a;;].
i,J
One should note that the inequality

HAB”HIax < HAHmaXHB”maX

does not necessarily hold for all matrices A, B with appropriate sizes. This is different
from the spectral norm, the Frobenius norm, and the co-norm.

For the Kronecker product of A € R™*™ and B € RP*4, we have [17],

(2.1) [A® Blloe = [|Allc||Blloc and [|A® Bllz = [|All2[|Bl|2-

2.2. Three different kinds of condition numbers. The normwise condition
number measures the size of both input perturbations and output errors by using some
norms. However, it ignores the structure of both input and output data with respect
to scaling or sparsity. To be more accurate, two different kinds of condition numbers:
mixed and componentwise, are proposed. The mixed condition number measures the
errors in the output normwise and the input perturbations componentwise, and the
componentwise one measures both the errors in the output and the perturbation in
the input componentwise.

To define these three different kinds of condition numbers, we first introduce some
preliminaries. For a matrix X € R™*™ | X| denotes the m-by-n matrix whose (4, j)-
entry is just the absolute value of the (i, j)-entry of X, and vec(X) denotes the vector
as follows:

T
VGC(X) = ($171, ey Im 1, X125 03 T2 0oy Tlmy e e - ,xmm)
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For a number ¢ € R, we define
' ¢!, ifc#0,
([A—
1, if c=0.

We use the mark “I” here just for distinguishing from “{”, whose value at zero is
zero. For any two vectors a,b € R™, we define the vector a/b as

(2.2) % = diag*(b)a,

where diag(b) and diagi(b) are n-by-n diagonal matrices with diagonal entries be-
ing equal to by, bo,...,b, and bz'lt, b%, ..., b}, respectively. It is obvious that a/b has

»vn

(%)i = bfaz-.

Moreover, we can define the componentwise distance between a and b by

components

(2.3) d(a,b) = | =+

1<i<n

a—b
HOO — max {|b§||ai sz-|}.

That is, we consider the relative distance at nonzero components, while the absolute
distance at zero components. It is obvious that d(a,b) = 0 if and only if a = b.

Let A, B € R™*". We define A/B as an entrywise division with entries

A
(§> = bjai,
ij

and the componentwise distance of A and B as

A-B
d(A,B) = HTHmax = n}%x{|bfj||aij — bij|}.
For a vector a = (ay,az,...,a,)" € RP, we define
Qa) = {k | ar =0, 1 <k <p} and [a| = (], |az], ..., [ap])""

Given € > 0, we denote
B°(a,e) = {x € R? | |z; — ai| <e¢la;|, 1 =1:p}.

It is obvious that if z € B°(a, &), then Q(a) C Q(x) and x = diag(a)diagt(a)x. We
also denote

Bla,e) = {x e R” | |x — a2 < ¢ella2}.
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Now we introduce the definitions of three different kinds of condition numbers. The
first one is the usual condition number given by Rice [28]. The last two definitions
are given by Gohberg and Koltracht [12].

DEFINITION 2.1. Let F': RP — R? be a continuous mapping defined on an open
set Dp C RP, and a € Dp, a # 0, such that F(a) # 0.

(1) The normwise condition number of F' at a is defined by

k(F,a) = lim su [F(x) = F(a)ll2/[[F(a)ll2
(e =1y o x—alb/lal

(ii) The mixed condition number of F' at a is defined by

F - F 1
m(F,a) = lim sup 1 (x) (@)ll )
e=0  xa HF(a)HOO d(X7 a)
x€EB°(a,e)

(iii) The componentwise condition number of F' at a is defined by

F,a) =li
A=l Tk
x€B°(a,e)

REMARK 2.2. (i) It is noted that Definition [Z] (iii) is the same as the one given
n [12] when F(a) = (fi(a),..., fy(a)) has no zero components. Since the distance
d we defined is always finite, which is different from ¢ defined in [I2], the hypothesis
that F'(a) has no zero components in [I2] can be removed.

(ii) From Definition 2] we can see that the mixed and componentwise condition
numbers demand that the zero components of a are not perturbed, while the norm-
wise one does not have this requirement. Actually, the demand that zero components
should not be perturbed is the case when x; = fl(a;) is the representation of a; in
a computer arithmetic, which has the property |z; — a;| < u|a;|, where u is the unit
roundoff (see [13, Theorem 2.2]). Note that if x € B°(a,¢), then x € B(a,¢). Obvi-
ously, this is not true in the opposite direction. Therefore, the problem of computing
F at a could be ill conditioned with respect to perturbations in point a satisfying
x € B(a,e) while being well conditioned with respect to perturbations satisfying
x € B°(a,e).

The following lemma, which gives the explicit expressions for these three condition
numbers, can be found in [I0, Lemma 2]. Since the definition of the componentwise
condition number is modified correspondingly, we give a new proof for it.
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LEMMA 2.3. With the same assumptions as in Definition 21, and supposing that
F is Fréchet differentiable at a, we have

_ 1@l
ey 0= @,

(2.5) m(F,a) = [F(@)diag@)lleo _ IF@)][aflloc

17 ()]0 1 F(a)]|oo
(2.6) o(F,a) = ||diag" (F (@) F' (a)diag(a) | = H% ’

where F'(a) is the Fréchet derivative of F at a.

Proof. Here we only prove ([2.6), (24)) and (Z3) can be proved similarly. By
Definition 2] 22) and (Z3]), we have

c¢(Fya) = lim sup

e=0  x+4a d(X,a)
x€B(a,e)
o1 _
iy sup 0 (FEIFG) — Pl
=0 y+a |diag*(a)(x — a)||so
x€B°(a,e)

Denote D, = diag(a), Di = diag*(a) and Diﬂa = diag(F(a)). Since x € B°(a,¢),
we know that Q(a) C Q(x) and x = DaD}x. Let y = Dix and b = D}a. Then
x = D,y, a= Dyb, and x # a if and only if y # b. By the Chain Rule of the Fréchet

derivative, we have

DY F(x)— DL F
c(F,a):lim sup H Fa (X) Fa (a)”OO

e=0  xa | Dix — Dial|o
x€B°(a,e)

i _ i
— lim  sup ||DFaF(DaY) DFaF(Dab)”OO

=0 yab ly —blloo
yEB®(b,e)

= HD%aFI(Dab)DaHoo = ||D§?aFl(a)DaHoo-
Hence, by considering the proof of Lemma 2 in [10] and ([22)), we obtain

[F"(a)||al
[F(a)]

Y
oo

1D F(8) Dal e = \

which proves ([2.6]). O

REMARK 2.4. It is obvious that ([26)) is a generalization of

' ()| ]

e(w) = LT

|/ ()]
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which is the relative condition number for computing the scalar real function y =
f(z) € R (see [13]). And if f(z) = 0, we then usually consider the absolute con-
dition number |f’(z)| as its sensitivity for computing f(z). From (Z0]), we see
that if F'(a) = 0, then c¢(F,a) = |||F'(a)||al||co, Wwhich measures the absolute er-
ror in the output for a given relative perturbation in the input. But if we de-
fine c(F,a) = ||diag’ (F(a))F’(a)diag(a)| -, where diag'(F(a)) denotes the Moore-
Penrose inverse of diag(F'(a)), then it will be less informative when F(a) has zero
components.

3. Perturbation analysis for the CGPD. For the CGPD of A = WS, we
define two mappings as follows:

s : vec(A) — vec(S),
ow = vec(A) — vec(W).

It is noted that S and W are unique, hence pg and py are well-defined.

3.1. Perturbation bounds for the factor S and W. Let A = A + AA €
R™*™ bhe a perturbed matrix of A. Suppose A = WS and

(3.1) A+ AA= (W + AW)(S + AS)

are the CGPDs of A and A, respectively. Since A*¥M:N A = §? (see [16, Lemma 3.7)),
we have

(3.2) NYA+AA)TM(A+AA) = (S + AS)(S + AS).
Omitting the second-order terms, (.2 can be turned into

(3.3) NTATMAA+ NTTAATMA =~ SAS + ASS.
Using the vec operation, we have

(I, @ N"PAT M) + (AT MT @ N~H]vec(AA)

(3.4) -
~(I, ® S+ S* ® I,)vec(AS),
where
(3.5) I=> > E;®E];erm>mn
i=1j=1

is a permutation matrix and each F;; € R™*™ has “1” in the (4, j)th entry and all
other entries are zero.
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Since all the eigenvalues of S lie in the open right half-plane, we know that
0¢ XTI, ®S+ST®I,). Then I, ® S+ ST ® I, is nonsingular. Hence, it follows

from (B4) that
(3.6) vec(AS) ~ Kg'Kannvec(AA),
where

KS:In®S+ST®In7
Kaun = (I, @ NTTATM) + (AT M" @ N~HIL

(3.7)
Omitting the second-order term of (B.]) gives

(3.8) AA~=WAS + AWS.

Since S is nonsingular, (88) can be changed into

(3.9) AW ~ AAS™!1 —WASS~!

Taking the vec operation in both sides of (3.9 yields

(3.10) vec(AW) ~ (87T @ I,,)vec(AA) — (ST @ W)vec(AS).
Substituting [B.6]) into [B.I0)), we obtain

(3.11) vec(AW) ~ [(S™T @ I,,,) — (S™T @ W)Kg'Kann]vec(AA).

From the definitions of ¢g, w and the Fréchet derivative, and combining ([B.6]) and
BId), we can easily obtain the following theorem.

THEOREM 3.1. Let the nonsingular matrices M € R™*™ qnd N € R™ "™ form an
orthosymmetric pair. Suppose that A*¥M:N A has no nonpositive real eigenvalues, then
A =WS is a uniqgue CGPD of A € R™*"™ with S being nonsingular. Furthermore,
the Fréchet derivatives of s and pw at a = vec(A) are given respectively by

(3.12) os(a) = Kg'Kamn,
and
(3.13) ow@) =T, - (S ToW)Ks ' Kamn,

where Ks and Kapnn are defined by (3.210).

Taking the Euclidean norm and the absolute value on ([8.6]) and [B.IT) respectively,
we can easily get the normwise and componentwise perturbation bounds for the factors
S and W.
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THEOREM 3.2. With the same assumptions as in Theorem B, suppose that
(A+ AAY*MN(A + AA) has no nonpositive real eigenvalues. We have

(3.14) [AS|lF < |Kg ' Kamn |2l AAllF,

(3.15) [AW[r S (577 @ L) = (87T @ W)K5 ' Kann ||| AA|

and

(3.16) vec(|AS]) S |K 1KAMN|VeC(|AA|)

(3.17) vec(|AW]) S [(S™T @ In) — (S™7 @ W)Kg' K ann | vec(|AAJ),

where Kg and Kann are defined by B.71).

3.2. Condition numbers for the factor S. By Lemma 2.3 and Theorem [31]
we get the expressions of the condition numbers for the factor S.

THEOREM 3.3. With the same assumptions as in Theorem Bl we have

1K s " Kann 2]l Al e

Y S P
(3.19) ms(A) = s Iﬁ?ﬁiévs'ﬁffmu'mv
. st = [

where Kg and Kayn are defined by (3710).

In Theorem B3] we see that the expressions of these three condition numbers
contain many Kronecker products and the vec-permutation matrix II, which require
large computer storage and high computational complexity when the size of the given
matrix is large. It may be expensive to compute them. For reducing the computer
storage and the computational complexity, we give some upper bounds for these three
condition numbers.

COROLLARY 3.4. With the same assumptions as in Theorem [3.1], we have

15 2l Allp (1N~ ATM |2 + | M AJl2[ N~ l2)

3.21 Ks ) 7
o “ EE
Kﬁl@OQN_l ATMA max
625 ey < LT Dl 2N LA M Al
[T
(323)  es(A) < |diag! (vec(SNEG" | 12N AT IMIA]

where Kg is defined by (B1).
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Proof. By 21I), we have

1K Kamnll2 < |1 Kg 2l (1o @ NTTATM) + (ATMT @ N™HII||2
<IEG l2(11n @ NTPATM |12 + [|IATMT @ N71J2)
= 1K 2(INT AT M2 + [|MA]2[N7HJ2),

which, combining (BI]), leads to B2I). As for (322, it can be obtained from (319)
and

1K anrw |vec(|A])loo
=l1(In @ NTTATM) + (A" M™ @ N™H|vec(|A])
<|(Tn @ INTHIA[T M vec(|Al) + (AT [MTT @ [N vee(| A"l
=|[vec(INTH|AT[MIIA]) + vec(INTH A" MIIA]) ]l
(3.24) =[12INTHIAIT M|l max-

Also, according to (2:2) and (B24)), we have
cs(4) = | diag! (vee(|S)| K5 Kannlvee(A])
< |[diag! (vee($) K5|| Il anrIvee(| Al
(o)

<]

diag! (vee(S)) 5| 12181 AIT|A Al
which implies that [B23]) holds. O

3.3. Condition numbers for the factor W. By Lemma and Theorem
B we get the expressions of the condition numbers for the factor W.

THEOREM 3.5. With the same assumptions as in Theorem B, we have

[(S~" ® In) — KswKamn|2l|Allr

529 ) = LG :

ST ®In) — KswKaun|vec(|A|)| oo
(3.26) o (4) = I : ) iy [vee(4D e
(3.27) ew (A) = H (S~ ® I,) _Via;{{//ﬁAMvaeC(lAD HOO 7
where
(3.28) Ksw = (ST oW)Kg',

and Ks and Kaypn are defined by (B71).
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The following corollary gives computable upper bounds for these three condition

numbers.

COROLLARY 3.6. With the same assumptions as in Theorem [B.1l, we have

(3.29)
o (A) < 1S~ 121l All 7 [1+HWHzHKs_l||2(HN‘1ATM||2+IIMA||2||N‘1||2)]7
IWlle
(3.30)
wl(A) < AIS™ llmax + HKSWHOO||2|N_1||A|T|M||A|Hmax,
W[ max
(3.31)

AllS1! . _
ew() < |FAE o e tveetv ) s | _ 12 AT AL Al

where Ks and Kgw are defined by B1) and (328), respectively.
The proof of this corollary is similar to the one of Corollary B4

REMARK 3.7. Let o7 > -+ > o0,-1 > 0, be n nonzero singular values of
A € R™*" with full column rank, and x(A) = o1/0, be the generalized condition
number of A. In [7], the authors gave the absolute normwise condition numbers for
the polar decomposition (a special CGPD where M = I, and N = I,) of a full
column rank real matrix A. Their results are showed in Table 1.

Table 1. Absolute normwise condition numbers.

m=n 2/(Un+an—1)
Factor W
m>n 1/o,
1/
Factor S | m>n ﬁ%

While the ones we give in (BI8) and (28] are the relative normwise condition
numbers, we change them into the absolute ones as follows:

(3.32) KES(A) = | Kg' Kamn|2,
(3.33) KE(A) = |(STT @ I) — KswKamn||2,
where Kg, Kayn and Kgy are defined by (81) and ([B:28]), respectively. We can see

that the explicit expressions of normwise condition numbers in Table 1 are obviously
different from [B32)) and B33)) (where M = I,,, and N = I,,). Actually, no matter
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by the implicit definition of the absolute normwise condition number or numerical
computation, we can find that their values are the same as (832) and (333]). For
example, for the factor W, the implicit definition of its absolute normwise condition
number, given in [7], is

: AW F
k(A W) =1lim sup ——.
I =8 <. Taal s

It is obvious that

: [[vec(AW) |l bs
K(A, W) = lim su =k’ (A).
(A= Ivec(Aaze IIVec(AA)[ 5 W)

4. Numerical examples. In this section, we consider the following examples
to demonstrate our theoretical results.

EXAMPLE 4.1. We use the example given in [2T, Remark 5] to show that some-
times the mixed and componentwise condition numbers may be more accurate than
the normwise one. Let M = I3, N = I and

1 0
A= 0 0.000008
0 0

Then the CGPD (also the polar decomposition) of A is as follows:
1 0
1 0
w=lo 1], s= { ] ,
0 0 0  0.000008
and the values of their condition numbers are showed in Table 2.

Table 2. Values of three condition numbers.

rw (A) mw(A) | ew(A) | rs(A) | ms(4) | cs(A)
8.8388¢ + 004 0 0 |14142| 1 1

From Table 2, we see that the normwise condition number of W is large, while the
mixed and componentwise ones of W are both zero. Now let A suffer from a small
perturbation (the zero entries are not perturbed), and we obtain

N 1.000002 0
A= 0 0.000007
0 0
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The CGPD of A is as follows:

1
= 1.000002 0
W= 8 L, 5= 0 0.000007]

Next let A suffer from another small perturbation (some zero entries are perturbed),
and we obtain

1 0
A= {0 0.000008
0 0.000006
The CGPD of A is as follows:
1 0
_ - N 0
W=1|0 o8], S[ ]
0 06 0  0.00001

The former perturbation example confirms that the mixed and componentwise con-
dition numbers of W are zero, and the later one verifies that the normwise condition
number of W is large. Actually, from Remark 2.2, we see that if the zero entries of
input data are not perturbed, then the mixed and componentwise condition numbers
would be more accurate than the normwise one.

108 Py p— 10° Py p—
102/\,\/\/\/__,\/\ 10,
102 102 /\.—\/\/'\/_—\/\
107 F " ~emn o8 #m e o . 10" po~=- 2. NP TN LI ik 7
5 10 15 20 5 10 15 20
runs runs
10° == =My (A) —m P 10° - = =My(A) ——mPP
107 107
102 \/\/W 102 /\_\/\/-\/__w\
O R P 10" b2~ oS ama e TS
5 10 15 20 5 10 15 20
runs runs
10° - = =CyA) — 16° - = =CA) —
106 . 106 /\/—/\/\’\/\/
104._¢ Meeeem ,—--N"\*-~~~ RISE 104_,\___,"~_\\’_—-~~~ P
5 10 15 20 5 10 15 20
runs runs

Fic. 4.1. Condition numbers and their upper bounds.

EXAMPLE 4.2. Assume M € R!®X18 and N € R!?2X12) which are given by
MATLAB function randn (20 runs), both are nonsingular symmetric matrices. It is
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obvious that M and N form an orthosymmetric pair. Suppose A € R'®*12 is given
by function randn (20 runs) such that A*™:N 4 has no nonpositive real eigenvalues.
Denote the upper bounds for condition numbers sy (A4), mw (4), ew(A), ks(A4),

mg(A) and cg(A) by kP, mybP", P, kP, mFPT and ¢ ", respectively.

Figure[ @I shows the condition numbers and their upper bounds. Unfortunately, these
upper bounds seem to be not sharp enough.

Acknowledgment. The authors would like to thank the referee for his/her kind
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