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REFINEMENTS OF THE OPERATOR
JENSEN-MERCER INEQUALITY*

MOHSEN KIANt AND MOHAMMAD SAL MOSLEHIAN#

Abstract. A Hermite-Hadamard—Mercer type inequality is presented and then generalized to
Hilbert space operators. It is shown that f (M +m — 37 | ;A4;) < f(M) + f(m) — >0 1 f(z:)As,
where f is a convex function on an interval [m, M] containing 0, z; € [m,M], i =1,...,n, and A;
are positive operators acting on a finite dimensional Hilbert space whose sum is equal to the identity
operator. A Jensen—Mercer operator type inequality for separately operator convex functions is also
presented.
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1. Introduction. The well-known Jensen inequality for the convex functions
states that if f is a convex function on an interval [m, M], then

(1.1) f Z)\ﬂi SZAif(fﬂz‘)
im1 =1

for all z; € [m, M] and all \; € [0,1] (i =1,...,n) with >_;" | A\; = 1. The Hermite-
Hadamard inequality asserts that if f is a convex function on [m, M], then

M
f<m+M>< 1 f(z)dzgf(m);f(M).

2 “M-m
For more information, see [5] [15] and references therein. Mercer [12] established a
variant of the Jensen inequality (L)) as follows.

m

THEOREM 1.1. If f is a convex function on [m, M], then

n

(1.2) FIMA+Am=> X | < f(M)+ f(m) =Y Xif(x:)

=1 i=1

*Received by the editors on December 2, 2012. Accepted for publication on October 6, 2013.
Handling Editor: Harm Bart.

TDepartment of Mathematics, Faculty of Basic Sciences, University of Bojnord, PO Box 1339,
Bojnord 94531, Iran; Tusi Mathematical Research Group (TMRG), PO Box 1113, Mashhad 91775,
Iran (kian@member.ams.org, kian@Qub.ac.ir).

fDepartment of Pure Mathematics, Center of Excellence in Analysis on Algebraic Struc-
tures (CEAAS), Ferdowsi University of Mashhad, PO Box 1159, Mashhad 91775, Iran
(moslehian@um.ac.ir, moslehian@member.ams.org).

742



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 26, pp. 742-753, October 2013

Operator Jensen—Mercer inequality 743

for all x; € [m, M] and X\; € [0,1] (i=1,....n) with Y . X\ =1

Inequality ([2)) is known as the Jensen—Mercer inequality. Recently, inequality
(T2) has been generalized; see [I, 2] [16].

Let B(52) be the algebra of all bounded linear operators on a Hilbert space
and I denote the identity operator. An operator A is positive (denoted by A > 0) if
(Az,z) > 0 for all vectors x € . If, in addition, A is invertible, then it is strictly
positive (denoted by A > 0). By A > B we mean that A — B is positive, while A > B
means that A — B is strictly positive. An operator C is an isometry if C*C =1, a
contraction if C*C < I and an expansive operator if C*C > I. A linear map ® on
B(5) is positive if ®(A) > 0 for each A > 0 and is strictly positive if ®(A) > 0 for
each A > 0. A positive linear map ® is strictly positive if and only if ®(I) > 0 [g].

A continuous function f defined on an interval J is said to be operator convex if
FOA+ (1 =NB) <A(A) + (1L -Nf(B)
for all A € [0,1] and all self-adjoint operators A, B with spectra in J.

Hansen and Pedersen (see [0, Theorem 1.9]) presented an operator version of the
Jensen inequality for an operator convex function by establishing that if f is operator
convex on J, then

(1.3) F(C*AC) < C* f(A)C

for any self-adjoint operator A with spectrum in J and any isometry C. Several
versions of the Jensen operator inequality can be found in [6] §]. Among them, we
are interested in the following generalization of (L3):

/ <Z q)i(Ai)> < Zq)i(f(Ai))a

in which the operators A; (i = 1,...,n) are self-adjoint with spectra in J and
®4,...,®, are positive linear maps on B(#’) with Y. | ®;(I) = I [14]. Recently, J.
Miéi¢, Z. Pavié and J. Pecari¢ [I3] obtained a Jensen inequality for operators without
the assumption of operator convexity.

Regarding the possible operator extensions of ([L2)), there are some interesting
works.

Let f be a continuous convex function on [m, M|, Ay, ..., A, be self-adjoint opera-
tors with spectra in [m, M] and @1, ..., ®, be positive linear maps with ", ®;(I) =
I. The following operator version of the Mercer inequality (L2]) was proved in [10]:

(1.4) f <M+m Z@(&)) < flm)+ f(M) - Zq)z(f(Az))

i=1
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Furthermore, some refinements, applications and reformulations of inequality (4]
for some other types of functions have been obtained in [3] [7, @, [11].

The function f : [m, M] x [m/, M'] — R is separately operator convex if the
functions g¢ and h, defined by g;(s) = f(t, s) = hs(t) are operator convex, respectively,
on [m', M'] and [m, M] for each t € [m, M] and s € [m/, M’].

In Section 2, we present a Hermite-Hadamard—Mercer type inequality and then
generalize it for Hilbert space operators. In Section 3, we obtain another variant of
inequality (4). Also we give a Jensen—Mercer operator type inequality for separately
operator convex functions.

2. Hermite—-Hadamard—Mercer type inequalities. In this section, we
present a Hermite-Hadamard type inequality using the Mercer inequality (L2) and
then give its operator extension.

THEOREM 2.1. Let f be a convex function on [m, M]. Then

p(rem =T ) < s+ fom) - [ e 0= o

(2.1) < fon)+ fm) - £ (52).

and

(22) f(M+m-TY) < yim/xyf(Merft)dtSf(M)Jrf(m)f7f(x);f(y)

for all x,y € [m, M].
Proof. Tt follows from the Jensen—Mercer inequality that

fa) + f(b)
2

a+b

(23) (a4 m=252) < 100+ sm) -
for each a,b € [m, M]. Let t € [0,1] and z,y € [m, M]. Replacing a and b respectively
by tz + (1 — t)y and (1 — t)z + ty in (Z3)), we obtain

flz+ (A —t)y)+ f((A—t)z +ty)

) < F(M) + f(m) - : -

24) f <M+m x;y
By integrating both sides of [2.4]), we get
T+
£+ = T5Y) < 500 + 1(m)

(2.5) - % /0 (f(te + (1 —=t)y) + f((L —t)x + ty))dt.
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Due to
(2.6) /ftx—i— (1 —t)y)dt = /f 1—t)x + ty)d /f
— X

inequality (23] gives rise to the first inequality of (2. The second inequality of
@) follows directly from the Hermite-Hadamard inequality.

Next we prove inequality (Z2]). The Hermite-Hadamard inequality implies that

/Of(M—l—m—(tx—i—(l—t)y))dt:/O FEOM +m—2) + (1 — £)(M +m — y))dt

M+m—-—x+M+m-—y
=1 ( . )

2.7) f(M—f—m—x;y).
On the other hand, the Mercer inequality gives

2.8)  f(M+m—(tz+ (1 —-t)y) < f(M)+ f(m) = ({tf(z)+ 1 =1)f(y))

Integrating both sides of ([Z8) we get

/0 SO +m — (tx+ (1 — )t < F(M) + f(m) - / (b (x) + (1 — 1) ()t

(2.9) — F(M) + f(m) — M

Inequality (Z2) now follows immediately from inequalities (Z.6), 27) and 29]). O

The following operator version of inequality ([Z2]) holds true.

THEOREM 2.2. If f is convex on [m, M], then

210) [ SO+ m— (9(4) + (1~ @B < 1) + fom) — LA LIED,
(2.11) f <m+M— w) < f(M / FB(A) + (1 — £)B(B))dt

for all self-adjoint operators A, B with spectra in [m, M| and a unital positive linear
map ®. Furthermore, if f is operator convez, then

w) < /lf(M—i—m— (t2(A) + (1 - t)®(B)))dt
O(f(A)) + 2(f(B))
2

f(M+m—

(2.12) < J(M) + f(m) —
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Proof. First note that since f is continuous, the vector valued integrals such as
I0) exist for all self-adjoint operators A and B with spectra in [m, M]. We have

/1 fM+m—(t2(A)+ (1 -t)®(B)))dt
0

< [ ) + pm) = 19(7(4) — (1= BB
( by the Jensen—Mercer operator inequality (L))

O(f(A) + (f(B
1) + sy - PIADEAUB)
which is the desired inequality (ZI0). Moreover, using the Jensen—Mercer operator
inequality, we get

/ <m+M w>
=f (m 4o - 2A) + - 1)2(B)) J2r (1-H(4) + t(I)(B)))
< f(m) + f(M) — f(t@(A) + (1 - 1)2(B)) ;rf(a — )B(4) +10(B))

Integrating from both sides of the later inequality leads us to (ZTIT)). If f is operator
convex, then

®(A) + ®(B)
(en- H220)
_ <(M +m—t®(A) — (1—)®(B)) + (M +m — t&(B) — (1 — t)<I>(A)))
2
(213) < % [F(M +m —t®(A) — (1 — t)®(B)) + f(M +m — t&(B) — (1 — t)B(A))].

Integrating from both sides of inequality (Z13)) we get the first inequality of ([ZI2]).
The second one is clear. O

ExampLE 2.3. If f: J — R is a convex function, then the inequality
A+B ! A B
f( : >§/ f(tA+(1ft)B)dt§w
0

may not hold in general [I5]. To see this, consider the convex function f(t) = t*
which appears in some counter-examples, starting with a work of M.-D. Choi [4], and
Hermitian matrices

110 00 1
A=l12 0], B=|o0o01
00 2 111

Nevertheless, inequalities (ZI0) and ([2I1]) are valid for all m, M € J provided that
the spectra of A and B are contained in [m, M].
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3. A variant of the Jensen—Mercer inequality for operators. We use an
idea from [I7] to obtain one of our main results.

THEOREM 3.1. Let A; (i = 1,...,n) be positive operators acting on a finite
dimensional Hilbert space S with > | A; = I. If f is convex on an interval [m, M]
containing 0, then

n

(3.1) <M+m sz ) M)+ fm) = 3 flwi) A

i=1

for all zy,...,z, € [m, M].

Proof. Clearly, the spectrum of M +m— Y7, x;A; is contained in [m, M]. With-
out loss of generality we may assume that f(0) = 0 (if f(0) # 0 we may consider
the convex function g(z) = f(x) — f(0) instead of f). There is a Hilbert space $
containing J# and a family of mutually orthogonal projections P; (i =1,...,n) on
$ such that > | P, = Iy and A; = PP,P|y for each i = 1,...,n, where P is the
projection from $ onto J# [I7]. Therefore,

<M+m Zzz ) <M+m ZxZPPbe)

=1

—f<M+m P(sz >P|ﬁf (I—P)O(I—P)Iﬂ>

i=1

< f(M) + f(m) — Pf <Z xiPi) Pl

I =P)f(O)I = P)lr
(by Jensen—Mercer operator inequality (L) with
®1(A) = PAP and ®5(A) = (1 — P)A(1 — P))

< f(M)+ f(m) - P <Zf(xi)1%) Pl

(by f(0) =0 and the spectral theorem)

=f(M)+f(m)—Zf($i)Ai- O

COROLLARY 3.2. Let f andx; (i=1,...,n) be as in Theorem[31] and f(0) =
If " Ay < I, then inequality (3) remains true.

Proof. Put B=1-3"", A;. Then B+ " | A; = I. Hence,

<M+m Zx ) <M+m Zx ZOB)
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< FM)+ f(m) = 3 flaa)Ai = OB (by BI))
< M)+ f(m) = 3 f (i) As (by f(0) =0). O

The following particular case of (3] is of special interest.

COROLLARY 3.3. Let A; (i = 1,...,n) be positive operators acting on a finite
dimensional Hilbert space A with - | A; = I. If f is convex on the interval [m, M]
containing —1 and 1, then

k n k n
f<M+m+ZAz‘— > Az‘) < M)+ f(m) = F(=1)D_ A= f(1) Y A

i=k+1 i=1 i=k+1

REMARK 3.4. It should be mentioned that (3II) implies a weaker version of
the Jensen—Mercer operator inequality. Assume that X; (i = 1,...,n) are self-
adjoint operators on a finite dimensional Hilbert space .7 with spectra in [m, M] and
w; € [0,1] with >, w; = 1. Let X; = Z§=1 XNijP;j (i =1,...,n) be the spectral
decomposition of X; so that \;; € [m, M]. It follows from Y ., Z?Zl w; P;j = I that

n n k
f(M—l—m—ZwiXi):f M—i—m—ZZwi)\ijPij
=1

i=1 j=1
n k

< f(M)+f(m)—ZZf(>\ij)wiPij (by B10)

n

= F(M)+ f(m) = > wif [ D NPy

i=1 =1

zf(M)—i—f(m)—Zwif(Xi).

Let f be an operator convex function with f(0) < 0. It follows from the Jensen
operator inequality (I3) that

(32) C*f(A)C < f(CTAC)
for any invertible expansive operator C' and any self-adjoint operator A.

THEOREM 3.5. Let m < M and let ® be a positive linear map on B(I) with
0< ®()< I. Let

m' =min{m(®([)x,z); |z|=1} and M’ =max{M(®(I)x,z); |z|= 1}.
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If f : J = R is an operator convex function with f(0) <0 and [m, MU[m/,M'] C J,
then

f((m+ M)Q(I) — ©(A)) < f(m) + f(M) — (f(A))
for any self-adjoint operator A with spectrum contained in [m, M].
Proof. Define the positive linear map ¥ on B(#) by
U(X)=o(I) 20(X)(I)"%, (X €B(#)).
Then W is unital, and it follows from (I4) that
flm+ M —¥(A) < f(m) + f(M) - ¥(f(A))

for each self-adjoint operator A with spectrum in [m, M]. Therefore,

N

Flm+M = &(1) "2 S(A)R(1)72) < f(m) + F(M) — ()72 (f(A)@(1) 2.
Hence,
F@I)7 ((m+ M)®(I) — D(A) (D) ?)
(3.3) < (1) ((f(m) + F(M))@(T) — B(f(A)(I) 7.
On the other hand, ®(I )_% is an expansive operator. Using ([32]) we obtain

D)2 (f((m+ M)B(I) — B(A)S(I)™
(3.4) < F(@(I) 7% ((m+ M)®(I) — B(A)) (1)~

(SIS

).
Now, the result follows from inequalities (3.3) and ([34). O

COROLLARY 3.6. Let f and S be as in Theorem [ Let ®; (i=1,...,n) be
positive linear maps on B() with 0 < ®(I) =" ®;(I) < I. Then

n

f ((m +M)®(I) = (I)i(Ai)> < f(m) + f(M) =D~ i(f(A))

i=1
for all self-adjoint operators A; with spectra in [m, M].

Proof. Assume that A;,..., A, are self-adjoint operators on ¢ with spectra in
[m, M] and ®1,...,®, are positive linear maps on B(#) with 0 < 7" | ®;(I) < I.
For A,B € B(J) assume that A @ B is the operator defined on B(J# & ) by
( 13 g ) Now apply Theorem to the self-adjoint operator A on the Hilbert
space @ --- B I defined by A = A; & --- ® A, and the positive linear map P
defined on B(# @& --- & ) by P(A) = D1(A1) D -+ B D, (4,). O
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The next theorem yields a Jensen—Mercer operator type inequality for separately
operator convex functions.

THEOREM 3.7. Let f : [m, M] x [m/, M'] — R be a separately operator convex
function. Let ®;,¥;, (1 <i<r1<j<k) be positive linear maps on B() with
S ®i(I) =1=3" W;(I). Then

i=1

T k
FAM+m=> @A), M +m/ = W;(B))

i=1 j=1
/ / / / - M +m/
Sf(mvm)‘f'f(va)‘f'f(Mvm)+f(M7M)—2f< ‘I)i(Ai)aT>
i—1
M k T k
—2f %,Z%(Bﬁ + D @A), Y T,(By)
j=1 i=1 j=1

for all self-adjoint operators A; with spectra in [m, M| and B; with spectra in [m’, M'].

Proof. Since f is separately convex, we have

(3'5) f(m+M—t75)Sf(m75)+f(M75)_f(ta3)a
and
(3.6) &, M +m' —s) < f(t,m")+ f(t, M) — f(t,5)

for all t € [m, M] and s € [m/, M’']. Adding inequalities .5) and (3.6) we obtain

Flt:5) < 5 L7 (mos) + FOM ) + (6, m') + (2, M)
(3.7) —ft,M' +m' —s) — f(m+ M —t,s)],

for all t € [m, M] and s € [m/, M’]. Using functional calculus for inequality (B7) we
get

T k
f <M—|— m—Y ®i(A), M +m' - Z%(%))

i=1 j=1

k k
< % {f <m,M’+m’—ij(Bj)> +f <M,M’+m/—2\pj(3j)>

j=1 j=1

+f <M+m - iqn(m),m’> +f <M+ m— ZT:@-(Ai),M/>

i=1 i=1

(3.8) f<M+qu>i(Ai),Z\1/j(Bj)> f<2@i(Ai),Mf+m/Z\pj(sj)ﬂ.

i=1 j=1 j=1
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Since f is separately convex, the functions gs and h; defined by gs(t) = f(t, s) = ht(s)
are convex on [m, M] and [m’, M'] respectively. It follows from (4] that

k
(3.9) f(m,M’+m’Z‘Ifj(Bj) < f(m,m')+ f(m. M) pr

j=1

k k
(3.10) f (M, M m! = Wi(B;) | < f(M,m/)+ fF(M,M') = W;(f( ),

Jj=1 J=1

<

i=1

(3.11) f<M+m—zT:cI>i(Ai),m’>§f( m') + f(M,m) Z‘I’z (A;,m"))

<

(3.12) f <M+mi:¢i(Ai),M’> < flm, M) + f(M, M) Z@Z F(Ai, M)).

=1 i=1

Summing inequalities ([3.9), B.10), (B:11I) and B.12) we obtain
f(mM'—I—m—Z‘II )—l—f(MM’—i—m—Z\Il )

j=1 j=1

+f <M+m—zr:(1)i(14i),m/> +f (M—f—m—iq)l(Az),M/)

i=1 i=1

2[f< m') + f(m, M') + f(M,m") + f(M, M")]

IN

_Z\y )+ f(M, B;)) Zcb (Ay, M') + f(As,m"))

| /\

)+ f(m, M)+ f(M,m ) + f(M, M")] (by the convexity)

{z ) e (5 (0255 )|

[f(m
< 2 [f(m,m)+ f(m, M)+ f(M,m") + f(M, M')) (by the operator convexity)

(3.13) -2 {f(m‘LM S (B >+f<2c1> MIJ”")].

Jj=1

Also, since f is separately operator convex, we have

%f(Mer—ZT:@ i),y _U;(B )+ f(z_:@ ')7;‘1%(31‘))

i=1 j=1
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k
(3.14) > f M+m72‘1’3

j=1

and

k
Ztl) M'—f—m—Z‘Il B) | += f Zfb 4:),) W;(B;)

j=1

(3.15) > ZCD M/+m

Combining inequalities (38), (I3), BI4) and BIH), one can easily conclude the
desired result. O
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