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DERIVATIVES OF TENSOR POWERS AND THEIR NORMS*

RAJENDRA BHATIAT, PRIYANKA GROVER', AND TANVI JAINT

Abstract. The norm of the mth derivative of the map that takes an operator to its kth
antisymmetric tensor power is evaluated. The case m = 1 has been studied earlier by Bhatia and
Friedland [R. Bhatia and S. Friedland. Variation of Grassman powers and spectra. Linear Algebra
and its Applications, 40:1-18, 1981]. For this purpose a multilinear version of a theorem of Russo
and Dye is proved: it is shown that a positive m-linear map between C*-algebras attains its norm
at the m-tuple (I, I,...,I). Expressions for derivatives of the maps that take an operator to its kth
tensor power and kth symmetric tensor power are also obtained. The norms of these derivatives are
computed. Derivatives of the map taking a matrix to its permanent are also evaluated.
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1. Introduction. Let B(#) be the space of linear operators on an n dimensional
Hilbert space H. Let s1(A4) > s2(A) > -+ > s,(A) > 0 be the decreasingly ordered
singular values of an operator A. Let A*# be the kth antisymmetric tensor power of
H, 1 <k <n;and let A*: B(H) — B(A"H) be the map that takes an element A of
H to its kth antisymmetric tensor power A¥(A). Let D AF (A) be the derivative of
this map. This is a linear map from B(#) into B(AFH) and its norm is defined as

(1.1) ID A* (4)] = e ID A* (A)(X)]],

where || X || is the operator norm of X as a linear operator on H; i.e.,

1X1 = Sop, [ Xu].

An alternative expression for this is || X|| = s1(X). Finding || X|| involves solving a
maximisation problem, which is not easy.

Motivated by problems in perturbation theory of eigenvalues, Bhatia and Fried-
land [7] studied the problem of finding the norm (II]) and obtained a striking formula
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(1'2) HD/\ (A)H :pk—l(sl(A)v"'aSk(A))a
where pg_1(z1, ..., x) is the (k—1)th elementary symmetric polynomial in k variables
T1,...,Tk. Analogues of this formula for other kinds of tensor products have been

established; see [3], [6].

This paper is concerned with higher order derivatives of A¥ and of other multi-
linear operators and functions, and is related to some other recent work of two of the
authors. The famous Jacobi formula gives the derivative of the determinant function
on n X n matrices as

(1.3) D det(A)(X) = tr(adj(A)X),

where the symbol adj (A) stands for the transpose of the matrix whose (i, j)-entry
is (—1)"7 det A(i|j), called the adjugate (or the classical adjoint) of A. Analogous
formulas for higher order derivatives of det were obtained in [8]. Then the more
general problem of evaluating higher order derivatives of the map A¥ was studied in
[13]. For 1 <m < k, D™ AF (A) is a multilinear map

(1.4) D™ AR (A) i B(H) x -+ x B(H) — B(A*H).

m-fold

Its norm is defined as

(1.5) ID™ AF (A)]| = sup ID™ AR (A)(X1,..., X™)].
X1 ==X =1

In [I3], Jain obtained a formula for (I4) and used it to evaluate (LH). This last
result can be stated as:

THEOREM 1.1. With notations as above, we have
(1.6) D™ A* (A)]| = m! pr_m(51(A), ..., s1(A)),
where py_m 1is the (k — m)th elementary symmetric polynomial.

Recall that for 1 < r < k, the rth elementary symmetric polynomial is defined as

pr(fﬁla---,fﬂk): E Tiy Ty * -+ Ti,.-
1<iy <+ <ir<k

The first step in the Bhatia-Friedland proof of (I2)) is the observation that

ID A (A)] = ID A" (JADI,
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where |A| is the absolute value of A, defined as |A| = (A*A)'/2. This was exploited by
Sunder [I7], who obtained another proof of (2] by invoking a well-known theorem
from the theory of positive linear maps. A linear map ® from B(#) into B(K) is
said to be positive if ®(A) is a positive semidefinite operator whenever A is positive
semidefinite. A famous theorem of Russo and Dye [5], p. 42] says that if ® is a positive
linear map, then ||®| = ||®(I)||. The proof that we give for (I.6) uses a multilinear
version of the Russo-Dye Theorem that we prove in this paper. This is of independent
interest and is likely to be useful in other situations.

The norm of a multilinear map ® from B(H)™ into B(K) is defined as

(1.7) @]l = sup [@(Xt, ..., X™)].

IXH=--=[lXm]=1
We say @ is positive if ®(X?!,..., X™) is a positive semidefinite operator whenever
X',...,X™ are positive semidefinite. We prove:

THEOREM 1.2. Let ® be a positive multilinear map. Then

(1.8) @l = [[®(,I,..., D).

The extensions of higher order analogues of Jacobi’s formula (I3) to derivatives of
the antisymmetric tensor powers A¥(A) in [I3] were obtained by Jain by following an
“upwards from the bottom” approach, thinking of A*¥(A) as an (Z) X (Z) matrix whose
entries are k X k minors of A. Grover [I1] followed a similar approach in obtaining an
expression for the derivatives of symmetric tensor powers V¥(A4), k > 1. Here we look
at these problems following a “downwards from the top” approach, thinking of AF(A)
and V¥(A) as the restrictions of the tensor power ®*(A) to invariant subspaces. This
has several advantages: the proofs become easier and more transparent, the formulas
are seen to be valid for infinite dimensional operators as well, the path to studying
the same problem for other symmetry classes of tensors becomes clearer.

For the most part, we concentrate on finite dimensional Hilbert spaces. Exten-
sions to infinite dimensional spaces are briefly indicated. In Section Bl we provide
the derivatives of the maps that take an operator to its kth tensor power, kth anti-
symmetric tensor power and kth symmetric tensor power and compute their norms.
Closely related to the determinant is the permanent function. In Section [l we give
expressions for derivatives of all orders for the permanent. These supplement the
results in [§]. Results of this section have been reported in a survey article [II]. We
provide the details here.

2. A Russo-Dye Theorem for multilinear maps. We first provide a proof
of Theorem [I.2], when H is finite dimensional. We imitate the proof for positive linear
maps given in [5, p. 41].
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Let UL, U?,...,U™ be unitary matrices and let
i
=Y X P, 1<i<m,
be their spectral resolutions. Here, )\3'» are the eigenvalues of U?, and P]? the cor-

responding eigenprojections. In particular, |)\;| =1, Pj are positive semidefinite,

and

T
doPj=I, 1<i<m,

Since ® is multilinear we have

<I>(U1,...,Um)
_ZZ Z)\jll)\i...)\;?;<I>(PJ11,PJ22,...,PJT:),
J1=172=1 Jm=1

and

T1
@ Z Z Z lel ) PJ22’ o PJTZL)

J1=1j2=1 Jm=1

Since @ is positive, the operators ® (PJI1 , P]22, e ,P]T”) are positive semidefinite.

Using these two relations, we see that

&(I,....1) dUL,..., U™
{@(Ul UMY <I>(I,...,I) ]

Q@ ®(P},...,P™).

J1? 7T Im

I o P

1=l gm=1 Jm

This is a sum of tensor products of positive semidefinite matrices, and is therefore,
positive semidefinite. It follows from Proposition 1.3.2 in [5] that

(2.1) |@Ut,....,.Uu™)| <|®,...,])|.

Now let X¢, 1 < i < m, be matrices with || X?|| = 1. Then there exist unitary matrices
U’ and V' such that X* = (U’ + V) (see [5, p. 42]).

By the multilinearity of &

1
B(XL,...,X™) = Q—mZ@(Wl,...,W’”),
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where the summation is over 2™ terms obtained by choosing each of the W to be
either U® or Vi 1 <i < m. It follows from (21 that

(X, X™)| < (... D]

Hence, ||®]| = ||®(1,...,I)||. This establishes Theorem when H is finite dimen-
sional.

This theorem is also valid when H and K are infinite dimensional Hilbert spaces.
It is likely to be useful, and we provide a proof for the infinite dimensional case.

Our proof invokes the well-known fact that if A and B are positive operators on

X
Y+ B ] is positive if and only if there exists a contraction
K such that X = A2 K B'/2. (See Theorem L1 in [I]. This is Proposition 1.3.2 in
[5] but the proofs given there are only for finite dimensional spaces.) To prove (L8]

we have to show that if X*,..., X™ are operators with || X?|| < 1, then

a Hilbert space, then [

(2.2) lo(x’,.... x™M)| < e(,.... D).

Consider first the case when
T

(2.3) XP=3 NP, 1<i<m,
j=1

where P} are mutually orthogonal projection operators with 4T11 P! =1, and |\}| = 1.

=
It can be seen that || X?|| < 1. (See [I6, p. 11].) Arguing as in the finite dimensional
case we see that the inequality ([Z2) holds in this case. Now if U?, 1 < i < m, are
unitary operators, then each U is a limit of a sequence of operators of the form (Z.3).
This shows that the inequality (Z2)) holds when X* are unitary. From here one can see
that the inequality continues to hold if each X? is a convex combination of unitary
operators. Finally, since the closed unit ball in B(H) is the closed convex hull of
unitary operators (see [I2, p. 75]) the inequality is valid when X¢ are any operators
with || X < 1.

3. Formulas for D™ @* (4), D™ A* (4), D™ V¥ (A) and their norms. Let H
be a Hilbert space and let ®*H be its k-fold tensor power HQH Q --- @ H. Let AFH
and VFH be the subspaces of @*#H consisting of antisymmetric tensors and symmetric
tensors, respectively. (See [4, Chap. I] for definitions, notations and basic facts.) If
dimH = n, then dim A*H = (Z) for 1 < k <n, and dim V*H = ("H;_l) for k > 1.
For k > n, the space AFH is taken to be zero. For every A in B(H), we denote by
®F A its k-fold tensor power A®@ A® ---® A. This is an operator on ®*H that leaves
invariant the subspaces A*H and VFH. The restriction of ®*A to these subspaces
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are denoted by AFA, the kth antisymmetric tensor power of A and VFA, the kth
symmetric tensor power of A, respectively. We wish to describe the mth derivatives
of the maps A +— ®@%A, Ars AFA, and A — VFA, from B(H) into B(®*H), B(A*H),
and B(VFH), respectively.

If f: X — Y is a map between normed spaces, then its mth derivative at a
point a (if it exists) is a map D™ f(a) from the m-fold product X x --- x X into Y.
1 m)

As a function of its m variables D™ f(a)(a?t, ..., 2™) is symmetric and linear in each

variable. One way of computing it is by using the relation

D™ f(a)(x!,...,z™)
am

Nl = —F
(8:1) oty -+ Oty

f(a—i—tlxl + - tpa™).

t1 ==ty =0

We refer the reader to Chapter X of [4] for basic facts about differential calculus on
matrix spaces. Given Al ... A* in B(H) we define their symmetrised tensor product
as
~ o~ ~ 1
1A% .- QAF = — o(1) 72 ... o(k)
(3.2) A'®A’® ®A_k!z;,4 ® AP @ @AW,
oESE

where Si is the set of all permutations on k& symbols. One can check that this
operator on ®@*# leaves invariant the subspaces A¥H and VFH. The restriction of the
symmetrised tensor product to AFH and V¥H will be denoted by

A" NA2 AN AP and AV v A%V . AR

respectively and called the symmetrised antisymmetric tensor product and the sym-
metrised symmetric tensor product of A', A%,..., A¥. The operator A' ANA2A--- A AF
acts on product vectors u; Aus A --- Aug as

(AYANAZ A ANARY(ug Aug A - Aug)

1
% Z (Aa(l)ul) A (A0(2)UQ) Ao A (Aa(k)uk).
T oSy

Similarly the operator AV A2V .-V AF acts on uy Vug V - --uy as
(AlvA2v...\/Ak)(ulVuQ\/...\/uk)
1
=4 Z (A7 W) v (A7 ug) v - v (A7),

’ g€Sk

Let f be the real function f(t) = t*. Then f0™(t) = k(k—1)...(k—m+1)tF—" =

(kf—in)! th=" for 1 < m < k, and f(m) (t) =0 for m > k. The following theorem is an
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operator analogue of this. With the above notations we have:

THEOREM 3.1. Let 1 < m < k. The mth derivatives of the maps ®F AF and VF
are given by the formulas

k!

(3.3) D™ @F (A)(X,...,X™) = T AR - RARXI®X%R---®X™,
.k—mcopies
|

(3.4) Dm/\’“(A)(Xl,...,Xm):ﬁA/\---/\A/\Xl/\XQ/\---/\Xm,
.k—mcopies

and
|

(3.5) Dm\/k(A)(Xl,...,Xm)ﬁA\/---\/A\/Xl\/XQ\/---\/Xm.

k—m copies

If m > k, then all the derivatives are zero.
Proof. By the formula (3.J]),

D™ @k (A)(X!,...,X™)
(3.6) S A+t X"+, X
: Bt O |y s o o

To evaluate this we expand the k-fold tensor product on the right hand side. The
resulting expansion is a polynomial in the variables t1, ..., ¢y,. The derivative in (30])
is evidently the coefficient of the term t1¢5 - - - ¢,, in this polynomial. One can check
that this is given by the expression ([3.3)).

Next we prove [B4) using (33)). The proof for ([BH]) is similar. The chain rule of
differentiation for a composite function g o f says that

D(g o f)(a)(x) = Dg(f(a))(Df(a)(x)).
If L is a linear map, then its derivative is equal to L, and in this case
D(L o f)(a)(z) = L(Df(a)(x)).
Repeating this argument one sees that if f is m times differentiable, then

(3.7) D™ (Lo f)(a)(z!,...,2™) = L(D™ f(a)(z!, ..., 2™)).

Now let Qi : A*H — ®FH be the inclusion map. Then Q5 - @FH — AFH is the
projection given by

. 1
Qrr1®--®a) = 7 Z Eolo(1) @+ & To(k),
’ g€ESE
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where £, = +1, depending on whether ¢ is an even or an odd permutation. Define
Qr : B(®@*H) — B(AFH) by

Qr(T) = Q;TQx.

Also AF : B(H) — B(AFH) factors through @* : B(H) — B(®FH) via Q). as

A A =Qr(®*A) V Ac B(H).
Since Q. is linear, by (B7) we have
(3.8) D™ AF (A) = Qr o D™ ®F (A).
Using this we obtain the expression (3.4)).

From ([B3), we see that
DF @F (A) (XY, ..., XF) = k! X1©X2%®---©XF.

This expression does not involve A. Hence D™ ®F (A) = 0 if m > k. Similarly
D™ AR (A) =0 and D™ VK (A) =0if m > k. O

REMARK 3.2. By putting k£ = n in (34), we get

n!

Dmdet(A)(Xl,...,Xm):m AN NAANXTAXZA AX™,
' n—m copies
This can also be written as
|
D™ det(A)(X1,..., X™) = ﬁA(A,...,A,XI,...,Xm),

where A(A4,..., A, X!, ..., X™) denotes the mixed discriminant of the matrices A4, .. .,
A, X1t ... X™. This is the same as Theorem 1 in [g].

From these formulas we obtain the values of the norms of these derivatives. We
separate the cases of |[D™ @ (A)|| and ||D™ V¥ (A)||. The evaluation of these norms
is independent of Theorem [[L2, whereas we make essential use of this theorem in
calculating [|[D™ AF (A).

THEOREM 3.3. For 1 <m <k, we have

(39) D™ &4 ()] = Gy A
and

k!
(3.10) D7 VF (A)] = A

(k—m)!
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Proof. To compute the norm |D™ ®@* (A)|, we first see that by definition of the
symmetrised tensor product (3:2) and by the triangle inequality we get

g~ 1
148 - BASX'®X?® - BX™| < YNy Wey ®@g. ..oy ®|,
k—m copies T o€Sy

where k —m of the Y’s are equal to A and the rest are X', X2,..., X™. Each of the

terms in the summation is equal to || A|*=™||X1||[|X2||---||X™|. By the definition
of the norm of a multilinear map (7)) we obtain
k!
D™ k Al < — |4 k—m'
D" &* ()] < G4
Also note that
A A A K!
D™ @F (4) (———)H = —— A
H A 1Al 1A]l (k —m)!
This shows that
D™ k A ! A k—m
> .
D" 6" ()] > G4

Hence we obtain (39). This argument works equally well in infinite dimensions.
Let Ry : VFH — ®@*H be the inclusion map. Define Ry, : B(®*H) — B(VF¥H) by
Ri(T) = R;TRy.

Then ||Rg| < 1. Arguments similar to those in the proof of Theorem B lead to an
expression similar to [B8):

D™ VF (A) = Ry o D™ @F (A).
It follows that

(3.11) ID™ VE (A)] < | Rell[D™ ©* (4)] < ﬁmw-m.

Let us now consider the case when H is an n dimensional space. The polar
decomposition theorem tells us that

A=U |4],
where U is unitary and |A| = (A*A)'/? is positive semidefinite. Since UU* = I, we
have
VEA+ 8 X+ 6o X2 4 £, X™)
=VF (U(A| + U X + U X2+ - + 1, U X™))
= (VFU) V¥ (JA]| + iU X + U X2+ - £, U X))
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So from (3] we obtain
D™ vk (A) (XY, ..., X™) = (VFU) D™ VE (AU X, U X™).
Now V*U is unitary and the norm is unitarily invariant. So we have
D™ VE (A)(XY, ..., X™)|| = |D™ VF JANU*XY, ... U X™)].

The condition || X7|| = 1 is equivalent to |[U*X7|| = 1 for 1 < j < m. So we have
proved that

(3.12) D™ V* ()] = D™ VE (JAD].

Now assume A is positive semidefinite and let u be an eigenvector corresponding
to its maximal eigenvalue ||A||. Consider the vector w = wV uV ---V u in VFH. If
T=Y'vY?2Vv...vVY¥*is an operator in which k — m of the Y’s are equal to A and
the rest of them are equal to I, then Tw = || A[|*~™w. It then follows from (3.5 that

k! )
AN,

(D™ VE (AT, T))w = (k—m)!

This shows that

m k! —-m
ID™ VE (A)] > lAfEm.

(k—m)!

We have already noted the reverse inequality in BI1)). So we have (BI0) in the case
when A is positive semidefinite. The relation [BI2) then shows that (3I0) is valid
for all A.

We now indicate the modifications needed in this proof to handle the infinite
dimensional case. In this case A has a mazimal polar representation A = U|A| in
which U is either an isometry (U*U = I) or a coisometry (UU* = I) ([12, p. 75]).
When H is finite dimensional these two conditions are equivalent and U is unitary.
Our argument using the polar decomposition for proving ([B.I2) can be modified. A
very similar idea is used in [I7] and we refer the reader to that paper for details.

To prove ([BI0) in the infinite dimensional case we may, therefore, again assume
that A is a positive operator. If A has pure point spectrum, then the arguments given
for the finite dimensional case serve equally well here. In particular, (BI0) is valid
for compact operators. Every positive operator is a limit of a sequence of positive
operators with pure point spectrum. Using this fact one can see that (BI0) is valid
for all operators. O

Note that for the above proof no use of Theorem [I.21has been made. The formula
([LB) for [D™A*(A)| is more interesting, and to prove it we do need to invoke Theorem
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To compute ||[D™ A* (A)|| we first note that the symmetrised antisymmetric
product of positive semidefinite operators is positive semidefinite. It follows from
(B4) that if A is positive semidefinite, then the map D™ A* (A) from B(H)™ into
B(AFH) is a positive multilinear map. So, we have from Theorem 2]
(3.13) D™ A (A)]| = D™ A" (AL, ..., D).
Arguments similar to the ones used in the proof of Theorem show that
(3.14) D™ A" (A)]| = D™ A" (JAI-
So we assume A to be positive semidefinite. By ([B.13]), we have
D™ A" (A)]| = D™ A® (A)(L,.... D)
‘ =

Oty --- Oty
By the spectral theorem there exists a unitary W such that A = W DW™, where D is
the diagonal matrix whose diagonal entries are a3 > -+ > ay, (> 0), the eigenvalues
of A. The matrix AFIW is again unitary, and our norm is unitarily invariant. So in
the right hand side of the equation above we can replace A by D. Now

AN A+8T+ - +t,])

t1=-=tm=0

ND+t I+ +tpd)

is a diagonal matrix of order ( Z ) Its norm is equal to its top diagonal entry,
which is

o
Oty - - Oty

t1=- =ty =0

k
[T+t 4+ tm).
j=1

A calculation shows that this is equal to
m! pr—m (Q1,..., k).

This establishes (L0 in the case when A is positive semidefinite. The general case
follows from (BI4). Theorem [[.J] can be modified for infinite dimensional operators.
The statement of this theorem involves the sequence s1(A) > s3(A4) > ---. If we
stretch the definitions and interpret a point of the essential spectrum of |A| as an
eigenvalue of infinite multiplicity, then Theorem [I.1] is valid for infinite dimensional
operators too. The proof is similar to the proof for symmetric tensor powers.

4. Formulas for D per(A). The permanent of A = (a;;) € M(n), written as
per A, is defined by

per A = Z A15(1)A20(2) " * " Ano(n)-
€Sy
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Since the definitions of per and det are similar, it is natural to expect a formula for
D per(A) similar to the Jacobi formula (I3]). Applying the special case m = 1 of (B
to the per function, we see that D per(A)(X) is the coefficient of ¢ in the polynomial
per(A+tX). For 1 < j <mn, let A(j; X) be the matrix obtained from A by replacing
the j** column of A by the j** column of X and keeping the rest of the columns
unchanged. Since per is a linear function in each of the columns, we get

(4.1) Dper(A)(X) = ZperA(j;X).

To give a formula analogous to the Jacobi formula, we define the permanental adjoint
of A as the n x n matrix whose (4, j)-entry is per A(i|j), where A(i|j) denotes the
(n —1) x (n — 1) submatrix obtained from A by deleting its ith row and jth column
(see [T4, p. 237]). Note that the adjugate of A, adj A, is defined as the transpose of
the matrix whose (i,j)-entry is (—1)*™7 det A(i|j), whereas in the definition of padj,
the transpose is not taken. This is just a matter of convention. The expression (41
can be rewritten as follows.

THEOREM 4.1. For each X € M(n),
(4.2) D per (A)(X) = tr(padj(A)' X).

Our next aim is to obtain higher order derivatives of the permanent function. The
expressions obtained are analogous to the ones for the det function given in [8]. Ap-
plying (3.I) to the per function, we see that D" per A(X*,..., X™) is the coefficient
of t1 - -t,, in the expansion of per(A + t; X! + -+ + ¢, X™). To write an explicit
expression for this, we require some notations.

Let Qmmn = {1, s0m)] t1,--yim €N, 1 <4y < -+ < iy, < n}. For m >
Ny, Qmn = @ by convention. Let Gup = {(i1,.-yim)| 1,-.im € N1 < 43 <
- <im < n}. Note that for m <n, Qun, is a subset of G,,,. For
T = 1y dm) € Qm,n, we denote by A(J; X1,..., X™), the matrix obtained from
A by replacing the jf,h column of A by the j;h column of X? for 1 < p < m, and
keeping the rest of the columns unchanged. Expanding per(A +¢; X! + -+ 4+, X™)
by using the fact that per is a linear function in each of the columns, we obtain an
expression for D™ per A(X!,..., X™) as follows. This is a generalisation of (EI]).

THEOREM 4.2. For 1 <m <n,

(4.3) D™per(A)(X',..., X" =Y > perAT; XMW X7 xotm)
0ESm TE€EQm,n
In particular,

D™ per (A)(X,...,X) =m! Z per A(J; X,..., X).
jeQm,,n
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The Laplace expansion theorem for permanents [I5, p. 16] says that for any
1 <m < n,and for any Z € Qm n,

(4.4) per A = Z per A[Z|J]per A(Z|T),
TEQm.n

where A[Z|J] denotes the m x m submatrix obtained from A by picking rows Z and
columns J and A(Z|J) denotes the (n —m) X (n — m) submatrix obtained from A
by deleting rows Z and columns J. In particular, for any 7,1 < i < n,

per A = Z a;; per A(i|7).
j=1

Using this, equation ([@J) can be rewritten as
n n
(4.5) Dper (A)(X) = ZZ x5 per A(il7).

We obtain a generalisation of this expression for higher order derivatives. Let Y}
denote the jth column of the matrix Y. Let o be a permutation on m symbols, then

by Y[?], we mean the matrix in which Y[ = [U(I])) for 1 < p < m and Y[d =0if

¢ does not occur in J. By using the Laplace expansion (£4) for each term in the
summation of ([@3), we obtain the following expression for D™ per (A)(X?!,..., X™).

THEOREM 4.3. For1 <m <n,

D" per (A)(X',...,X™) = > > perA(Z|J)per Y% [Z|J].

O'ESm, IajEQm,,n

In particular,
D™ per (A)(X,...,X)=m! Z per A(Z|J) per X[Z|J].
Z,J€Qm,n
Note that
D" per (A)(X,...,X)=n! per X,
and

D™ per (A)(X*',..., X™) =0 for all m > n.

We now describe a generalisation of (£2)) for higher order derivatives of the per
function. Given an orthonormal basis {e1,ea,...,e,} of an n dimensional Hibert
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space H, the set {m(a)"'/2 e, : @ € Gy} is an orthonormal basis of V™H. (See
[, p. 17] for details.) Let P, be the canonical projection of V™H onto the subspace
{€a : @ € Qum n}. Then there is a permutation of the above orthonormal basis of V™H

é g ] and the matrix Ty, defined by T, = (per A[a|B]), g0, .-

is the upper left corner of V"™ A, that is,

in which P, = {

T, 0
P, (V"A) P, = m
ara=| G 0]
1
1
Let U be the () x (") unitary matrix given by U = - . Fora,f e
1
Qn—m,n, the (o, B)-entry of U*T,,U is per A(a|B). Let U be the (n+$71) X (n+$71)
matrix given by U = { g ? } . Let V™ A denote the matrix U* (v™A)' U. Then
~m U*Ttu O
Po (7 A)Pm:[ h O}

In particular for m =n — 1,

~n—1 [ (padjA4)t O
P (V A)Pnl{ 57 ol

Identifying an m X n matrix X with (2::12) X (277:12) matrix {

} , equation

O O
([A2) can be rewritten as

Dper (A)(X) = tr (Pn_1 (\7”_114) Pn_1> X.
Its generalisation for higher order derivatives is given as follows.
THEOREM 4.4. For 1 <m <n,
D™ per (A) (X!, ..., X™)
(4.6) = mltr [(Paon (V'7A) Pacn) (P (X1V oV X))
In particular,

on—m

D™ per (A)(X,...,X) =m! tr [(Pn_m(v A)Pn_m> (P (va)Pm)]
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To see a proof of Theorem [£.4], we first describe the notion of mized permanent of
m x m matrices T, ..., T™. (This was first introduced by Bapat in [2].) It is denoted
by Ay(T1, ..., T™), and is defined as

1 loa o(m
AT, . T™) = — 3 per {T[l](l),.. o]

T m]
" 0ESm

When all 79 = T, then A,(T,...,T) = per T. Observe that for Z,J € Qu n,
3 per Y [Z17] = ml Ay(XMI|T], ..., X" (T]T).
oESm

Using this, Theorem can be rewritten as follows:

(4.7) D™ per (A) (X', ..., X™)
—ml S per AZIT) AY(X LT, XTIT)).
I,9€Qm.n

Next we note that for Z, 7 € Gy, the (Z, J)-entry of X1 V.- v X™ is

(4.8) (m(T)m(7)) 2 A (XM I T, - .., X [I|T)).

In particular, if Z, J € Qm n, then the (Z, J)-entry of X' V.-V X™ is
A, (XMZ|T)s ..., X™Z|T)). The (J,I)-entry of Py_p(V"" ™ A)P,_,, is per A(Z|J).
The expression (L8) can now be easily seen as a reformulation of (7).

5. Remarks.

(1) An alternative proof of Theorem can be given using (BH). We know
that D™ per(A)(X1,..., X™) is the (o, a)-entry of D™ V™ A(X?, ..., X™) for
a=(1,...,n), which by H) and @J) is mf—ijp(Xl,...,Xm,A,...,A).
This is the same as

1 T(1 T(n
m Z per [Y[l]( ),...,Y[n]( ) ,
TESH

where k —m of the Y’s are equal to A and the rest are X', X2,..., X™. For
any given J € Qm,n and o € Sy, there are (n—m)! terms in this summation
which are equal to per A(7; X°M, X X))  This gives Theorem
4.2l

(2) An upper bound for norms of the derivatives of the permanent function can
be obtained by using (3.I0). By using the fact that D™ per(A)(X1,..., X™)
is one of the entries of the matrix D™ V™ A(X!, ... X™), we obtain

(5.1) D™ per(4)] < A1
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While we have equality in [BI0), we may have strict inequality here. For
example, let A = [ 0 ] Then A is a positive semidefinite matrix. So

Dper(A) is a positive linear functional. By the Russo-Dye Theorem, we have
ID per(4)]| = [Dper(A) (1),

which is equal to 1, by ([£3]). But the right hand side of (&) is equal to 2.

(3) In this paper, we have limited ourselves to tensor powers, symmetric tensor
powers and antisymmetric tensor powers. There are other symmetry classes of
tensors, and the corresponding problems for these classes have been studied
by Carvalho and Freitas in [9] and [10]. Norms of first derivatives of the
operators induced on the symmetry classes of tensors had been computed
earlier by Bhatia and Da Silva [6]. The work in [I0] extends this to higher
order derivatives.
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