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ON PROPERTIES OF THE GENERALIZED MAJORIZATION*

MARIJA DODIG! AND MARKO STOSICH

Abstract. In this paper, a complete solution of a problem involving generalized majorization of
partitions is given: for two pairs of partitions (d,a) and (c, b) necessary and sufficient conditions for
the existence of a partition g that is majorized by both pairs is determined. The obtained conditions
are explicit, the solution is constructive and it uses novel techniques and indices. Although the
problem is motivated by the applications in matrix pencil completions problems, all results are
purely combinatorial and they give a new perspective on comparison of partitions.

Key words. Partitions, Generalized majorization, Matrix completion.

AMS subject classifications. 05A17, 15A83.

1. Introduction. The concept of majorization of partitions turned out to be a
powerful tool in matrix and matrix pencils completion problems.

Let a := (a1,...,as) and w := (w1,...,ws) be two partitions, i.e., two finite
non-increasing sequences of integers. If

J J
Zwi < Zai, forall j=1,...,s,
i=1 i=1

and

s s
E w; = E Qg
1=1 =1

then we say that w is magorized by a, and write
w < a.

This, classical, majorization is well studied and there are many results concerning
its properties [3], 12} 13} [16]. It also appears in matrix completion problems, see e.g.,
[2, [T, 17, (18], in particular, to express conditions for matrix row completion problem
up to a square matrix.
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However, by using classical majorization one cannot compare more than two
partitions. For that reason in [4] the notion generalized majorization was introduced.
It deals with triples of partitions a, d and g, such that the length of g is equal to the
sum of the lengths of a and d. The generalized majorization is denoted by

g <’ (d,a).

In the case when d is a partition of length zero, the generalized majorization becomes
the classical majorization between partitions g and a.

This majorization was motivated by results in matrix completion problems in the
case of column or row completion of rectangular matrices. As to our knowledge, it
first appeared in [T}, [I5], and later on in [5 [8, [9]. In [9] some combinatorial properties
of the generalized majorization have been obtained, including the generalization of
the elementary operations for classical majorization.

The generalized majorization turns out to be a very convenient way of writing
the conditions of the results in completion problems involving both row and column
minimal indices.

In this paper, we give a complete solution to the following problem:

PROBLEM 1. Let a, b, ¢ and d be partitions such that the sum of the lengths of
a and d is equal to the sum of the lengths of b and c.

Find necessary and sufficient conditions for the existence of a partition g, such
that

Problem[]is a hard and challenging combinatorial task. The obtained conditions
involve novel indices and labels on the partitions ¢ and d introduced in Section[3 In
fact, Problem [I] was inspired by matrix and matrix pencils completion problems. Its
solution enables new approach to those problems, since it allows studying relations
between partitions made of column (or row) minimal indices of the pencils involved.
For instance, a solution of a particular case of Problem [Il when b = 0 was obtained
in [5 [8].

We expect more applications of this result. In particular, its impact on the general
rank distance problem [7], as well as to the general matrix pencils completion problem
[14] and its particular cases [6] [7, [I0] is crucial.
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1.1. Notation. For any sequence of integers satisfying ¢; > --- > ¢, by

Zci<a ¢; we mean the sum of all the integers ¢; that are less than or equal to a.

We put > sew ¢ = 0 whenever W is an empty set. Also, we assume that Z?:a ¢ =0

if @ > b. Finally, we assume ¢y = +00 and ¢;p41 = Cpy2 = -+ = —00.
Let « be an integer such that ¢; > « > ¢;11, for some j € {0,...,m}. Andlet c =
(c1,...,¢m). Then by cU {z} we mean the partition € = (c1,...,¢;,2,¢j41,. .., Cm).

Also, ¢\ {z} :=c.

2. Generalized majorization. Generalized majorization presents a general-
ization of the majorization in Hardy-Littlewood-Pélya sense [12]. It deals with three
partitions such that the length of one of them is equal to the sum of the lengths of
another two.

Let m and s be nonnegative integers, and let dy > -+ > dp, 91 = -+ > Gmts,
and a1 > --- > ag be integers.

Consider partitions

(21) a= (a17~"7a5)7
and
(23) g= (glv"'vngrS)'

DEFINITION 2.1. If

(24) dizgi+5, ’iil,...,m,
h hj—j J

(25) Zglfzdzgzazv ]:]—avsv
=1 =1 1=1

m-—+s

(2.6) dDgi=) di+) a,
i=1 i=1 i=1

where h; := min{i|d;_j41 < g;}, j = 1,...,s, then we say that g is majorized by d
and a. This type of majorization we call the generalized majorization, and we write

g <" (d,a).

As to our knowledge, this type of majorization was first considered in [I} [I5], and
later on under this name in [4, 5 [6] [8] [9].
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If m =0, i.e., if d is an empty partition, then the generalized majorization be-
tween g and (d, a), becomes a classical majorization between g and a.

We note that, if (Z6]) is satisfied, then (23) is equivalent to the following:

m+s m s
i=h;+1 i=hj—j+1 =741

Also, we note that from the definition of h;’s we have:
O0<hi<hy<---<hs<m+s+1,
and we set hg := 0 and hg41 :=m+ s+ 1.

There is an additional property given in [8, Lemma 4.2]:

LEMMA 2.2. Suppose that dy > -+ > dpm, g1 = -+ > Gmys and a1 > -+ > as
satisfy (24) and (277). Let w be such that h; < u < hjt1, for some j € {0,...,s}.
Then the following is also valid:

m-+s m S
dogiz ) dit ) an
1=u 1=u—7 1=75+1

Various combinatorial properties of the generalized majorization have been ob-
tained in [9]. In this paper, we are focusing on different properties and aspects of
generalized majorization.

2.1. Basic properties of the generalized majorization. In this subsection,
we show some properties of generalized majorization that enables simplifying par-
titions involved. More precisely, the results of the following lemmas will allow that
without loss of generality Problem[Ilcan be considered in the case when the partitions
c and d do not have the same elements.

LEMMA 2.3. Let a, d and g be partitions as giwen in (21)-(23). Let x be an
integer and let g’ := gU{z} and d’ :=d U {z}. Then

(2.8) g <’ (d,a)
if and only if

(2.9) g < (da).
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Proof. Let u = max{i|g; > x}. Then
(2.10) Ju > T > Guil-

Let [ = max{i|d; > x}. Then

(211) dy > x> dl+1.
Let g = (91,1 9misp1) and d’' = (di,...,d;, ;). From ZI0) and 2.II)) we have
g: g1> > gu> TZ Guy1 > 2 s,
d: d > > di> > diy1 > 2> dm,
ie.,
(2.12) Gusr1 = T, d;Jrl =z,
ggzgifla ZZU+2, d;:difla ZZl+2

Let h; := min{i|d;—j41 < gi}, j = 1,...,8 (ho := 0,hs1 := m+ s+ 1), and
R = min{ild;_;,, <gi},j=1,...,8 (hg:=0,hi; :==m+s+2).

Let o € {0, ..., s} be such that hoy < u < hay1, i.e., such that g5, > x> gn_ 1.
Then by the definition of h, and hy1, we have

(2.13) Qhy—a 2 Gha—1 = Gha > T 2 Ghoyr > Qhotr—a-
By (212), (213)) implies v <1+ «, and thus we have

(2.14) W,=h;, j<a,

(2.15) Wy =h;+1, j>a.

Now, suppose that (ZJ) is valid. From the definition of the generalized majoriza-

tion, we have that (28] is equivalent to (Z.4]), (23) and 2.6).

In order to prove ([29), we are left with proving

(2.16) di>gle,,  i=1,...,m+1,
h hj—j j

(2.17) SNgi=D di <> i,  j=1,...5
=1 =1 =1

m—+s+1 m+1 s

(2.18) Soogi=>di+> a
=1 =1 =1

Equation (ZI8) follows directly by (Z:6]) and by the definition of g’ and d’.
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Let us prove (ZI6). By (Z4) and (2II), we have x > d;y1 > gi+1+s- Hence, by
(Z10) we obtain

(2.19) u<l+s.
By (24), (219) and 2I2), for ¢ > [ + 2 we have
d; =di—1 2 Gi—1+s = g;+s'
For ¢« < u — s, we have
di =di > giys = iy s
Finally, foru —s+1<1¢ <[+ 1, we have
di > diy) =2 = gyp1 > Gigs
Hence, we have proved that (Z10)) is valid.

Now we are left with proving (ZI7). Since hy < u < hot1, @I0) for j < «,
becomes the same inequality as in ([2.5]), while for j > «, (ZI7) has the same additional
summand z added to the both sides of ([Z5]). Hence, (ZI7) follows by (Z3]).

Now suppose that (23] is valid.

In order to prove (Z8) we are left with proving (24)), (235]) and [26). Since (2Z3)
is valid, we have (2.10), (2I7) and (ZI8)). Hence, the definitions of g and d together

with (ZI8) give ([2.0).
By (Z.18), we have that x = d;, | > g;, ., and so
u<l+s.
Then, we have

fori>1+1: di =dj 1 > giy14s = Gits
fori<u-—s: di = dj > gi s = Gitss
foru—s<i<l: d;>d;>2>gus1 > Gits

which proves (2.4]).

Hence, we are left with proving ([23). Now, for j < a, from (2I4)) the inequality
23 is the same as the corresponding inequality in (ZI7)). For j > «, from (I3,
the inequality in (Z3) is the same as the corresponding inequality in (2I7) after
subtracting the same summand, z, from both sides. Hence, (Z8]) follows from (217,
which finishes our proof. O

LEMMA 2.4. Let a = (a1,...,as), d = (d1,...,dm), and & = (J1,-- -, Jm+s) e
partitions such that

di > Gits,
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m-+s m s
(220) E gi Z E dz—i- E a;, jzl,...,s,
i=h;+1 i=hj—j+1 i=j+1
m+s m s
i=1 i=1 i=1
where hj := min{i|d;—j41 < G}, j=1,...,s.

Let f €{2,...,m+ s}, and let g = (g1, .., Gm+s) be a partition such that
9i=Gi, = [,
i S gi7 1< f7
Jf-1>29129f-12>91— 1,

m-+s m s
(2.21) Sgi=ddi+d a
i=1 i=1 i=1
Then
m-+s m s
(222) Z gzZ Z dz—i- Z a;, jZO,...,S,
i=h;+1 i=h;—j+1 i=j+1

where hj := min{i|d;—j+1 < gi}, j=1,...,s, ho :=0.

Proof. From the definition of h; and i_zj we have i_zj <h;,j=1,...,5 Moreover,
let p € {0,...,s} be such that h, < f < h,y1. Then we have that h; = h;, j > p+1,
and so by (220), equation [222) is trivially satisfied for all j > p+ 1.

Since f—1< B,;_H, we have df_p_1 > gf—1 > g1. Thus, h; > f—p+j—1, for
every j =1,...,p.

We shall prove by induction on j that the condition ([222]) is satisfied for every
j=0,...,p, thus completing the proof of ([2.22)).

If j =0, (2Z22)) equals Z21).
Now, let 1 < j < p, and suppose that ([2:22) is satisfied for j — 1.

If gn; < aj, then by the induction hypothesis, we have

m—+s m—+s }lj m S hj_l
E 9i = E 9i — E 9i 2 E dﬂrg a; — E 9i — gn; =
i=hj+1 i=hj_1+1 i=h;_1+1 i=hj_1—j+2 i=j i=h;_1+1

m hj—j hy—1

(2.23) = Z dﬂri:aﬂr Z di — Z 9i +aj = Gh;-

i=hj—j+1 i=j+1 i=hj_1—j+2 i=hj_141
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By the definition of h;, we have that for all i < h;, g; < d;—;+1. Hence, by [2:23)
follows ([2:22)), as wanted.

So, in the rest of the proof of (222) we assume that gn, > aj. Then since
Gh; <g1 < gf—1 + ]-7 we have gf—1 +1> aj, i'e'a gf—1 > ;.

If h; < f, then by (220) and Lemma [2Z2] we have

m+s f—1 m+s f-1 m s
Z gi = Z%-ﬁ-Z%Z Zgi+zdi+zai:
i=h;+1 i=h;+1 i=f i=h;+1 i=f—p i=p+1
f-1 hj—j P m s
= Z gi+zdi_zai + Z dri—Zai
i=h;+1 i=f—p i=j+1 i=hj—j+1 i=j+1

Let us see that Zi:hlﬁl gi+ f;;ip d; 7Zf=j+1 a; > 0. Indeed, by the definition

of h; we have

f-1 hj—j p f-1 hj—1 P
Zgi+zdi_zai2 Zgi+ Z gi_zai
i=h;+1 i=f—p i=j11 i=h;+1 i=f—ptj—1 i=j+1
f-1 P
Z Z 9i — Z Qj,
i=f—pti =i+l

and since gy_1 > a;, the last expression is nonnegative, as wanted.

If hj > f, then Bp < f < hj +1< hp+1 = Bp—i—l- ThllS7 by (m) and LemmaIZZI,
we have

m-+s m-+s m S
oa= S az > 4r Y
i=hj;+1 i=hj;+1 i=h;+1-p 1=p+1
hj—j P m s
o USRS ¥ F3 U M) o
i=hj+1-p i=j+1 i=h;—j+1 i=j+1

Finally, since gn; > a;, from the definition of h;, we have

hj—j P hj—1 P
E d; — E a; > g 9i — g a; > 0,
i=hj+1—p i=j+1 i=h;—p+j i=j+1

as wanted. O
LEMMA 2.5. Let a, d and g be partitions as given in (21)-(23), such that

(2.24) g <'(d,a).



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 26, pp. 471-509, July 2013
On Properties of the Generalized Majorization 479
Let x be an integer such that there exists u € {1,...,m} with d,, = x, and there does

not exist 1 € {1,...,m + s} such that g, = x.

Then there exists a partition g = (g1, ..., Gmys), such that
g <’ (d,a),

and such that there exists I € {1,...,m+ s} with g, = x. Moreover, such a g’ can be
defined independently from d and a, i.e., it depends only on g and x.

Proof. First suppose that g1 > & > gmyts. Then there exists j € {1,...,m+s—1}
such that

9j > > gj+1-

If gj + gj+1 > 2w, then let g% = g; + gj41 —x and g}, = 2.
If gj + gj+1 < 2w, then let g =z and ¢}, , = g; + gj+1 — .
In both cases, we have g; > g% > gj.1 > gj+1. Also, for i # j,j + 1, we set

g = g;. Thus, we have that g’s are nonincreasing. We claim that for such defined

g/ = (glla e 7g;n+s) we have

(2.25) g <'(d,a).

By the definition of </, (Z20)) is equivalent to:

(2.26) di > gi.s, i1=1,...,m,
hiu hiufw w
(2.27) Zgg— ZdiSZai, w=1,...,s,
i=1 i=1 i=1
m+s

m s
(2.28) D gi=D dit) a
i=1 i=1 i=1

where h!, = min{i|d;—yw4+1 < gi}, w = 1,...,s. Since (Z24)) is valid, we have (24)),
@3) and (Z6]). Hence, the definition of g’ together with ([2.6]), gives ([228]).

For all i # j — s + 1, we have d; > gi1s > ;..

Since d;_s > g; > = dy, we haveu > j —s+1. So
djferl >d, =2 2> 93‘4.17

as well. Hence, we have proved (2:20).
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Let hy := min{i|di—wi1 < gi}, w =1,...,8 (hg :== 0, hsy1 :=m + s+ 1). Now
let a € {0,..., s} be such that

ha S] < ha-i—l-
First of all, we have j + 1 < hy41. Otherwise, we would have j +1 = hqy41, and

SO gj+1 = Ghayr > dj11-o- However, since j < hqq1, we have dj—o > g; > x, and so
u>j—a+ 1. Hence, dj_qy1 > dy = & > gj41, which is a contradiction.

Now, if ho < j < j+1 < hgy1, then we haved;_o > g; > z, and sou > j—a+1.
Hence, dj—q+1 > > gj 4. So, in this case we have h; = h;, for alli =1,...,s, and

hy hy
Zgi :Zg;, l=1,...,s.
i=1 i=1

Hence, (227) follows from (23).

If ho =j < j+1 < hqt1, then again we have dj_, > g;—1 > g; > z, and so
u>j—a+l ie, dji_qr1 > x> 9}+1- So hl = h;, for i > a+ 1. Also, obviously
h} = h;, for i < a — 1. Since, for all [ # a we have

hy hy
D 9=2 g
i=1 i=1
for all such indices (227) follows from (2.1).
As for h,, we have ho < hi, < hiy, | = hat1.
If ], = hq, then

ho—a

h., he he Rl —a
D gi=> <> a< Z d; +Zaz— Z d; +Zaz
i=1 i=1 i=1

If hl, > hq, then
ho—a

h; h; ha h' —a h' —a
Sgi=Y 9= g+ Z gi < Zd+2al+ Z d; = Zd+2az
=1 =1 =1

i=hq+1 =hoa—a+1

The middle inequality follows from (Z35]) for j = o and the fact that hl, < hot1.
This ends the proof in the case g1 > = > gmts.

Since x = dy > dyy > gm+s, the only remaining case is

x > gi.
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In this case, let
g ==z,
and we define the rest of g/’s in the following way:

Let f :=max{v € {2,...,m+s}{(v—1)g,+x > Y ;_; g;}. Then we define g} = g;
for i > f, and we define g4 > --- > g} as the most homogeneous partition such that

Z[:Q g; = sz:l gi — .

Such defined gf > --- > g, satisfy (Z2§). Also, since d; > gits > gj,,
for all i = 1,...,m, we have ([226). So we are left with proving ([227). Since
dy > dy, = x = g} > g1, we have that hy > 2,

m-+s m

Z 9i > Z d; + Z a;
i=2 i=2 i=1

and

m—+s m s

Z g; > Zdi +Zai-
i=2 i=2 i=1

If we denote § = g\ {g1}, d = d\ {di} and & = g’ \ {g}}, then by applying
Lemma 24 for g, d, a and g, we obtain (Z.271), as wanted. O

2.2. Relaxation on partitions ¢ and d. Let m, n, k£ and s be nonnegative
integers such that

m+s=n+k.
Let
(229) a= (a17~"7a5)7
(2.30) b= (b1,...,bk),
(2.31) c=(c1,...,¢pn)
and
(2.32) d=(d1,...,dn)

be partitions of nonincreasing integers.
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Lemmas [2Z.3H2.5] enable to consider Problem [I]in the case when there do not exist
i€ {l,...,n}and j € {1,...,m} such that ¢; = d;. More precisely, we have the
following result:

PROPOSITION 2.6. Consider the partitions a, b, ¢ and d as given in (Z29)-

(Z32).
Let x be such that there exist w € {1,...,n} and v € {1,...,m} such that
Cow =dy = .

Let

d = (dla' . adu—ladu-i-l;' "7dm)a
and

I
¢ :=(C1,.  C—1,Cutly s Cn)-

Then there exists a partition & = (g1,- .., gm+s) sSuch that

(2.33) g <’ (d,a)
(2.34) g <’ (c,b)
if and only if there exists a partition g' = (94, ..., g 4s—1) such that
(2.35) g <'(d,a)
(2.36) g < (c,b).

Proof. Let there exists g which satisfies (Z33) and (234)). By Lemma 25| there
exists a partition g” = (g7,..., g, ) such that there exists [ € {1,...,m + s} with
g, = x, and such that

g’ <'(d,a)
" < (c,b).
Now, let g’ = g” \ {z}.
By Lemma 23] we have that (238]) and (230) are satisfied, as wanted.

Conversely, let g’ be such that (Z30) and ([2.30) are satisfied. Let g := g’ U {z}.
Then by Lemma 23] (233) and [234) are valid, as wanted. O

Thus, from now on without loss of generality, we shall consider Problem [ only
for partitions ¢ and d such that for all ¢ € {1,...,n} and j € {1,...,m}, we have
C; 7é dj.
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3. Sets S and A. Let a, b, c and d be partitions as given in (229)-(232).

Moreover, let ¢y > --- > ¢, and d; > --- > d,, be such that there do not exist
ie{l,...,n}and j € {1,...,m} such that ¢; = d;.

In this section, we shall define certain labels on the sequences cq,...,c, and
di,...,dn. We are going to define the set S of the indices of chosen integers among
c1 > - > ¢, and the set A as the indices of special ones among d; >+ > d,.

We note that the definition is similar to, but not the same as the one from Section
3.1. in [§]. It is given by recursion on (ci,...,c¢,) U (d1,...,dy), starting from the
smallest integer. More precisely:

Put S:=0, A :=0.

The definitions are given recursively, so first we take the smallest integer from
(c1y...,¢n,d1,...,dp). Then we have two possibilities (a) and (b), depending on
whether the chosen integer belongs to (dy,...,dy) or it belongs to (c1,...,¢p).

(a) If the observed integer is among (d, ..., dm), say d;, then let

(3.1) g =s—He < d;lie S+8{i >jli ¢ A} + 1.

If g >sorg; <0,weaddjto A, ie, A:=AU{j}.
If s > q; > 0, we check the following equation:

(3.2) Z c; < Z dl—l—d]—f— 26: a;.

ci < dj i>j 1=q;+1
icS i¢A

If d; satisfies (B.2]), then we add j to A, i.e., A:= AU {j}.
(b) If the observed integer is among (c1,...,¢,), say ¢;, then let

(3.3) gy =k —t{di <cjlic Ay +8{i>jli ¢ S} + 1.

If ¢; > k or ¢; <0, we add j to the set S, i.e., S:=SU{j}.

Ifk> qé- > 0, we check the following inequality:

k

d; <c¢j i>j i=q;+1
ieA i¢sS

If (B3] is satisfied, then we add j to the set S, i.e., S:=SU{j}.
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Now, we select the next smallest integer among (c1,...,¢n,d1, ..., dp), and
proceed.

In this way, we have defined the sets A and S. These sets will play an essential role
in the rest of the paper. Also, it is trivial to see that these definitions are symmetric,
i.e., one can be obtained from the another by simply exchanging A, d;, a; and ¢; with
S, ¢i, b; and ¢}, respectively, and vice-versa.

3.1. Some additional notation. We also introduce a couple of definitions in
order to simplify and clarify further notation.

Let h :=#S. We shall denote by ¢! > --- > ¢ the nonincreasing ordering of ¢;’s
such that ¢ € S. Also, for each ¢*, z = 1,..., h, we shall define

2, := max{i|d; > "}
and
my = max{ila; >},
ie.,
doy > >duprt, Gy > 65> Gt

h+1

We also set ¢ := ¢g, ¢ = Cnt1, 20 =0, 241 :=m, mp := 0 and mp41 := s.

Moreover, we define
(3.5) trpi=s—(h—x)+#{i ¢ Ald; <"}, x=0,...,h,
and tp41 == s+ 1.

Analogously, let A’ := §A. We shall denote by d' > ... > d"" the nonincreasing
ordering of d;’s such that : € A. Also, for each d*, x = 1,...,h’, we shall define

21 = max{i|c; > d"}
and

m., = max{i|b; > d*},
ie.,

Car > d® >y, by > d* > by y1.
We also set d® := do, d" ' := dp11, 2 := 0, 2y =1, my i=0and mj, = k.
Moreover, we define

(3.6) thi=k—(h —x)+t{i ¢ S|lc; <d*}, x=0,...,},
and tj, =k + 1.
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4. Properties of the sets S and A . In this section, we present some auxiliary
lemmas. Many of them are analogous to lemmas from Section 3.1 in [§]. However,
since the definition of the sets S and A (DY) are different from the analogous definition
given in [§], we have to re-state and re-prove all of the lemmas given in [g].

LEMMA 4.1. Let j € {1,...,m} and x € {0,...,h} be such that ¢* > d; > ¢**1,
and j € A. Then

(4.1) Ze+ 1,2, +2,...,5—1€A.

Proof. If x = h, then g; > s. Moreover, by the definition of ¢;’s we have that
Qzpt1 > -0+ > qj—1 > q; > s, thus proving (T)).

If + < h, then d; > c". Suppose on the contrary to @I) that among {z, +
1,...,j — 1} there are indices that are not from A. Denote by u the largest of them.
Then since ¢; = ¢, (by the definition), we have that s > ¢; = ¢, > 0, and thus d;

satisfies [B.2)), i.e.,
h s
Z ¢ < dj + Z d; + Z a;,

i=x+1 P> i=q;+1
igA
while d,, does not satisfy ([3.2]), and so we have
h s
SEETIRED SR St
i=x+1 P> i=q;+1
igA

Last two equations together give that d; > d,, which is a contradiction. This proves
(@1, as wanted. O

Now, as a corollary of Lemma [£T] we have:
LEMMA 4.2. Let ¢® >d; > ¢! and let j ¢ A. Then j+1,..., 2,41 € A.

Denote by w, the number of d;’s such that i ¢ A and such that ¢* > d; > ¢* 1.
Then from the definition of z, and w,, by Lemmas 1] and [.2] we have

(4.2) doy > " > depi1 >deyi2> 0 > doy i —wy S gy —wpt1 > o > day, > T

Zr+1

€A ZA

In particular, we have

togr =ty — Wy + 1.
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Completely analogously, we obtain the following dual results:

LEMMA 4.3. Let j € {1,...,n} and x € {0,...,h'} be such that d* > c¢; > d**1,
and j € S. Then

2+ 1,20 4+2,...,7—1€8.

LEMMA 4.4. Let d* > ¢; > d**', and let j ¢ S. Then j+1,...,2,,, ¢ S.

Denote by w!, the number of ¢;’s such that i ¢ S and such that d® > ¢; > d®T.
Then from the definition of 2/, and w!,, by Lemmas 3] and £.4], we have

(43) Cz, > d¥ > Czt 41 > Cal 42 > ... 2> Cz;+17w; > CZ;+17,LU/$+1 > ... >2cy L > dx+1.

z+

es ¢S

The proofs of the following two lemmas follow directly by the definitions of z;, 2!

77
t; and t:

LEMMA 4.5. Let j € S. Leti € {1,...,h} be such that c; = ¢' and let x €
{0,..., W'} be such that d® > c; > d*T'. Then

zitti=j+ 1.

LEMMA 4.6. Let j € A. Let i € {1,...,h'} be such that d; = d* and let
z €40,...,h} be such that ¢® > d; > ¢**1. Then

2L+t =G+t

LEMMA 4.7. Let x € {1,...,h}, and let my > t,. Let

ZutmMy h s
(a9 SIS SERED S St
i=zy+ty i=u P> 2y i=mq+1
i¢A
for all uw > x such that m, > t,.
Here (€44, -5 €z,4+m, ) are defined as the smallest m,, —t,+1 elements among

(al,...,amu,dl,...,dzu).

Let dj € (€zy4tyy---+€2utm, ). Then j & A.
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Proof. The proof goes by induction on x. Let = h. Then my, > s(= t;). Hence,
as > c. By ([@4) for u = h, we have that

< min(d,, , as) = €z, 45 < &,
which is a contradiction. Hence, the condition m, > t, implies that x < h. Thus, let

x < h and suppose that our claim is valid for all ¢ > x, for which m; > t;.

If mgz =15, then e, 4, = d; and j = 2. Thus s > ¢; = m, > 0. Moreover, by
(@4), d; satisfies

h
dj:dzx §Zci7 Z dif Z Qs

1> ]
i¢A
ie, by B2) j ¢ A, as wanted.

Now, consider the case m, > t,. First we shall prove that then my,11 > t,41.
Suppose on the contrary that myz41 < tz41. Then tp, < my < mgi1 < tpga, ie.,

(4.5) te +2 <tyi1.

However, by the definition of ¢, t,4+1 and w, we have that t, =t 1+w,—1 > t,11—1.
Thus, ([@3) is impossible.

Moreover, we shall prove that m, > t, implies z, = 2,411 — w,, i.e., that all d;’s
such that ¢® > d; > ¢**1, satisfy i ¢ A.

In order to prove this, suppose on the contrary that z, < 2,41 — w,. Then,
Zgy1 — Wy € A and d,,, —w, < ¢® (see [@2)). By the induction hypothesis, we

. . ) .
have that d. ., is not among (e.,, 4+ €y dmays ), 1€, all e’s for i =

z419 "
Zz41 + tog1, ..., Zogy1 + Mgy1 are less than or equal to d., ., —,. This implies that
among (€., +t,s1»---»>C€zui1+mars)> there are at most w, d;’s, and at least m,41 —
togr + 1 —wy = Mmeq1 — by ai’s. Thus ag, 41 is among (€2, 41,010+ -5 €20p14mass)

and 50 a¢,+1 < d,,, —w, < c®. This means that m, < t;, which contradicts mg > ;.
Hence, 2z, = 2441 —wy, and so z, +t, +1 = 2441 + tot1-
Now we have that d; is among (€., 4,41, -, €z,4m,) OF dj IS €, 44,

If d; is among (€., 41,41, - - - €2,+m, ), then since z, + 1ty + 1 = 2541 + tyy1, dj is
among (€, +t,41s- - -1 €zpp1+masq)- Hence, by the induction hypothesis we have that
Jjé¢A.
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If d; is e, 1¢,, then (@A) gives

Zzt+mag Zgt+my h s
(46) dj + Z €; — Z €; S ZC’L - Z dz — Z Qj.
=2y +ty+1 =2yt i=x P> zg i=mg+1
ig A
The sequence (€.,1t,+41;---,€z,4+m,) consists of dji1,...,d., and ag;11,...,am,
Hence,

By the induction hypothesis j +1,..., 2, ¢ A. Thus, (£8) gives
h .
(48) dj § ZCZ - Z dz - Z Qj.

Last implies that ¢; > 0, which together with 7)), (£8) and 32, gives that j ¢ A,
as wanted. 0

Completely analogously, we have the dual result:

LEMMA 4.8. Lety € {1,..., '}, and let mj > t,. Let

z,+m, h k
w SITED ST SRS oS
i=z! +t!, i=u P>z i=m},+1
ig¢s
for allu >y such that m}, > t.,. Here, (eIZ{HrtL’ .. ,e'Z&er&) are defined as the smallest
my, — 1, + 1 elements among (by,... by, c1,...,Cor ).
Let c; € (e'Z;H,y, . ,e’Z;er;). Then j ¢ S.
LEMMA 4.9. For every x =0,...,h — 1, we have 2441 + tps1 > 24 + g

Proof. From the definition of w, we have w, < 2,411 — 2, and so

Zz+1+t93+1 = Zz+1 +tm+1—wm > Zm+tz+1 > Zz+t93,
as wanted. 0
Analogously, we have:

LEMMA 4.10. For every x =0,...,h —1, we have 2,y + 1t > 2z, + 1.
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From (£2) and the definitions of ¢;’s and ¢;’s (see (B1) and (33))), we have the
following result:

LEMMA 4.11. Let x € {0,...,h}. Then

ool =Qept2 =" = Qzppy—w, = to + 1,

and

QZZ+17wx+j:t93*j+]-a j:17~-~;wm~
In particular, if wy > 0 (i.e., if tz41 < tz), then for everyi such thatty 1 < i <ty
there exists j & A such that ¢® > d; > ™™ and q; = i.

From (£3) and the definitions of ¢}’s and t}’s (see (B.3) and (3.6])), we have the
following result:

LEMMA 4.12. Let x € {0,...,h'}. Then,

! ! _ ! T
g1 = Qg2 = = o gy, =l T L

and
q;lz+1_wlz+]:t;7j+1; j:].,,w;
In particular, if w), > 0 (i.e., ift, | <)), then for everyi such thatt),  ; <i <t}
there exists j ¢ S such that d* > ¢; > d**' and ¢ = i.

LEMMA 4.13. Let x = 0,...,h. Suppose that the condition ([{.4)) is valid for all
u=x+1,...,h such that m, > t,. Then

ty > 0.

Proof. The proof goes by induction on .
For x = h, we have t;, = s > 0.
Now, let z < h. By the induction hypothesis we have that ;41 > 0.

By the definition of t;’s we have
ty =tp+1 — 1+ wy.

Hence, if tz4+1 > 0 or w, > 0, we directly obtain t, > 0, as wanted. So, the
only remaining case is if t,41 = 0 and w, = 0 (and hence, t, = —1). The set
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{€zp41r-+1€oui1+mays ) has Mgy + 1 elements, and since it consists of d;’s and
a;’s strictly greater than ¢®!, there must be at least one d; among them (since
x—+1
Umgyy > T >y, 41). Thend., € {ez 1, - €eiitmars }- S0, by Lemma 7]

we have that 2,11 ¢ A. By the definition of A this gives that ¢.,,, > 0. Let v > 0 be
such that ¢*= ! > d, ., > ¢*~*. Then by the definition of ¢;’s and ¢;’s we have that
G2y, = tz —v, and thus t; > v > 0. Last contradicts our assumption that ¢, = —1. 0

Analogously, we obtain the dual result:

LEMMA 4.14. Lety =0,...,h'. Suppose that the condition {{.9) is valid for all
u=y+1,...,h" such that m), > t!. Then

/
t,>0.

LEMMA 4.15. For every j such that tg < j < s, there exists i € {1,...,h}, such
that t; = j.

Proof. Suppose that for some j with tg < j <'s, there are no ¢ € {1,...,h}, such
that ¢; = j. Then from ¢, <t;+ 1, fori=0,...,h —1, we have that ¢; < j implies
tiy1 < j, forevery i =0,...,h — 1. Since ¢ty < j, this would imply that ¢, < j, which
is a contradiction since t, = s. O

Analogously, we have the dual result:

LEMMA 4.16. For every j such that t) < j <k, there exists i € {1,...,h'}, such
that ) = j.

LEMMA 4.17. [8, Lemma 4.9] Let uy > -+ > ug and vy > --- > vy be integers.

If
tilug > v;} >4, forall j=1,...,k,

then

k k
Z w; > Z v; + k.
=1 =1

LEMMA 4.18. For everyi=0,...,h — 1, we have t; < s, while t, = s.

Proof. By the definition of ¢, we directly obtain that ¢, = s. Now, suppose that
there exists ¢ € {0,...,h — 1} such that ¢; > s. Let y := max{i|t; > s}. Note that

(4.10) thor=s5—1.
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Indeed, by the definition ¢,y = s—1+wy_1. However, if wy,_1 > 0, then "1 > d,, ,
with z, ¢ A, and ¢,, = s. Hence, by [32) we would have ¢ > d,,, which is
impossible. Thus ([{@I0) is satisfied.

Soy < h—1. Thus, t;, > s > t,41 and so wy > 2. By Lemma [TT] there exists
f ¢ A such that ¢¥ > dy > ¢! and g5 = s. Hence, dy does not satisfy B3.2), i.e.,

(4.11) Yo > d

We note that the number of summands on both sides of [@II)) is equal.

For every j =y+1,...,h, we have t; < s = ¢y. From the definitions of ¢;’s (3.1))
and t;’s (BH), we obtain #{i ¢ Ali > f,d; >} =#{i ¢ A|f <i <z} > j—uy,
j=y+1,..., h. This together with Lemma 17 contradicts (@IT]). Thus, ¢; < s, for
alli =0,...,h — 1, as wanted. O

And analogously, we have the dual result:

LEMMA 4.19. For everyi=0,...,h' — 1, we have t}, < k, while t}, = k.

5. Main result. Consider partitions a, b, ¢ and d as given in (2:29)-(232).
In this section, we give a complete and explicit solution to Problem [l

As it was proven in Subsection 2.2] it is enough to resolve the Problem [l in the
case when partitions ¢ and d do not have same elements.

Thus we assume that ¢ and d are such that there are no i € {1,...,n} and no
j €{1,...,m} such that ¢; = d;. For such a, b, ¢ and d we define the sets S and A,
together with labels t., t;, ¢ and d as in Section [3

The solution of Problem [is given in the following theorem:

THEOREM 5.1. Let m, n, k and s be nonnegative integers such that m—+s = n-+k.
Let a, b, ¢ and d be partitions as given in (229)- (2.33).

Then there exists a partition & = (g1, ..., Gm+s), such that

(5.1) g <’ (d,a)
(5.2) g =<' (c,b)

if and only if the following conditions are valid:

n k m s
i=1 i=1 i=1 i=1
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h s
(i%) g ct > g d; + E a;, =0,...,h,
i=x+1 d; < c® 1=ty +1
i ¢ A
n k
1=y+1 ¢ < dY 1=ty +1
i ¢S

5.1. Auxiliary results. In this section, we give four crucial lemmas for the
proof of the necessity part of Theorem [5.11

LEMMA 5.2. Let a, b, ¢ and d be partitions as given in (2.29)-(2.32). Let g be
a partition such that

(5.3) g <’ (d,a).

Let dj, j € {1,...,m} be such that j € A.
Let x € {0,...,h} be such that

¢ >d; >t

Suppose that

(54) Ci > Gzi+ts» >+ ]-7
h s
(5.5) Yoz > dit+ Y a, for y>uz,
i=y+1 d; < cY i=ty,+1
i¢A

and that for all d; < c*1, i € A, the following holds

(5.6) di > give,, where w is such that c¢* > d; > ¢t

(57) dj Z ngrtg:'

Proof. The proof is split into two parts depending on the value of z.
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Let z = h. By (B3)), we have that t; = s, hence (5.1 follows from (B.3).
Let z < h. Since ¢* > d; > ¢l and j € A, we have that w, < 2,411 — Ze.
Let hy :=min{é|d;—y41 < gi}, u=1,...,8 (hg :=0, hsy1 :=m+s+1).

If hi,41 > 2g41 +tsy1, then forall ¢ < 2z + 41 — 1z = 2p41 —wz + 1, we have
d; > git+t,, as wanted. Thus it is sufficient to prove that h: 11 > 2441 +tz41-

Suppose on the contrary that hy,+1 < zz41 + tz41 — 1, and let v be such that
hy < zg41 +tz41 — 1 < hygr. Then u > t, + 1. From (E3) by Lemma [Z2] we have
that the following is valid:

m—+s m s
53 SRETID SR Pt
1 =Zg41+tei1 i=Zg41+ter1—u i=u+1

Moreover, since ¢, —w, =t + 1 and since (8.3)) is valid, by Lemmas {13 and {18
we have s > ¢.,,,—w, > 0. Hence 2,41 —w, € A implies that 3.2) is valid for
d

Zot1—wgy 1€

h s
(5.9) Y < > di+dapyy—w, + oo a
i=xz+1 0> Zet1 — We i:qzx+1,wx+1
ig A

By (&4) and (&.6]), we have

m-+s h m
0 ST SREED SIS S
i=2p41+tat1 i=x+1 1=2z4+1+1 1> Zgpg1
igA
Inequalities (59) and (EI0) together give
m-—+s m S
=2z t1+te g1 1=2z 11— Wy i=t,+2

Since w, =t; —ty41 + 1 and u > ¢, + 1, () and (BII) together give

Zogt1—tettzp1—2

(5.12) > d; < zu: a;.

i=2gt1t+tet1—u i=t,+2

Note that the number of the summands on both sides of (5.12) is equal. We shall
prove that the smallest summand on the left hand side, d., ¢, +t,.,—2, is larger
than or equal to the largest summand on the right hand side, at, 42, of (B12), thus
obtaining the contradiction.
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Equation (5.3), together with (5.5) for y = x, gives d.,,, —w, > a¢, 41, which
finishes our proof. O

Now we can state the dual result:

LEMMA 5.3. Let a, b, ¢ and d be partitions as given in (2.29)-(2.32). Let g be
a partition such that

g <" (c,b).
Let ¢j, j € {1,...,n} be such that j € S.

Lety € {0,..., '} be such that

d¥ > cj > derl.

Suppose that

dizgz;th;a i2y+17

h k
S dix Y at S b for wzy

i=a+1 i < d° i=t],+1
i¢s

and that for all c; < d¥*t, i € S, the following holds

¢i > giyt,,  where w is such that  d* >¢; > dvtl,

Then
Cj 2 gj+t),-

LEMMA 5.4. Let a, b, ¢ and d be partitions as given in (2.29)-(2.32). Let g be
a partition such that

(5.13) g <’ (d,a).

Let x € {0,...,h — 1}. Suppose that

(5.14) &> Guit, i>xH1,
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h s
(5.15) E c > E d; + E a;, for y>ax+1,
i=y+1 d; < c? i=ty+1
i A

and that for all d; < c*t1, i € A, the following holds

(5.16) di > git+t,, where w is such that ¢¥ > d; > vt
Then
h s
(517) S Y dr Y an
i=x+1 d; < c® i=ty+1
i¢ A

Proof. The proof is split into two parts. First let suppose that h = x + 1. Then

(EI1) becomes

(5.18) " > as.

Let hy := min{i|d;—yt1 < gi}, u=1,...,8 (ho := 0, hsy1 :=m+s+1). Let
j €40,...,s} be such that

hy <zp+th=zn+s< hjp.

Then (5.I3)) together with Lemma [22] gives

m+s m S
(5.19) Z gi = Z d; + Z a;.
i=zp+s i=zp+s—j i=j+1

Also, (B14) and (5I6) give

m m-+s
(5.20) N A= > g
i=zp+1 i=zp+s

Inequalities (B.19) and (B.20) give
m S
(5.21) D di= D dit Y a

i=zp+1 i=zp+s—j 1=j+1
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If j = s, equation (5.21)) becomes ¢ > d., , which is impossible by the definition
of z,. Thus, we have j < s and then ([.2I]) becomes

zp+s—j—1 S
N ST o
i=zp+1 1=j+1
The last implies
zp+s—j—1 s
(s =) ="+ Z di > Z ai > (s — j)as,
zp+1 i=j+1

i.e., we obtain (5.I]), as wanted.
Now suppose that z + 1 < h.

If w, > 0, then by the definition of z;11, w, and by Lemmas 1] and 2] we have
that 2,41 —w, +1 ¢ A. Hence, d.,,, —w,+1 does not satisfy ([3.2), i.e., we have

h s
(522) Z Ci Z dZZJrl,warl + Z dz + Z Qj.
i=z+1 P> zp41 — we + 1 1=qzy q —wgp+1+1
i ¢ A

Moreover, we have

Azpiy—wot1 + E d; = E d;,
P> 2p41 — We + 1 1> 2y
i ¢ A i¢ A

and

q,zx+17ww+1 = ta:~

Hence, (5:22) implies (.17, as wanted.

Thus, we are left with the case w, = 0. Then

tor1 =tp +1

> a- %
’L'>Zx+1 > 2y
i¢A igA

We shall consider two subcases. Let mg41 < t;41. Then

r+1 _
c > Amgyq+1 > Qtpyq = Q41
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Last, together with (B10) for y = z + 1, gives (517), as wanted.

Now, let myi1 > ty41. Since (BI3) is valid, by Lemma [Z2] we have that for
u € {0,...,s} such that hy < zz41 + tey1 < hyy1, we have

m+s m s
(5.23) Z gi = Z d; + Z a;.
1 =zZp41+tei1 i=Zg41+ter1—u i=u+1

Now, by (514), (&I6) and (&23), follow

h m-—+s m s
i=x+1 P> Zpt1 1=Zg41+tet1 i=Zgt1+tet1—u i=u+1
i €A
Let (€241 4tusrs- -5 €z0p14may,) e the smallest mg 1 —t,41 41 elements among
(ah ceey a/mx+17d1’ o 5dZm+1)'

Now we shall consider the possible values of u. We have three cases:

If u < tp41 < Mmyq1, then (24) gives

h s Zz41ttzy1—u—1 Mg t1
SEOND SRS SEP D SEPESS SRS S
i=x+1 P> Zpt1 i=mgy1+1 i=zpy1+1 1=u+1
i¢A

In this case, we have that

+1
Aoy+1 Z e Z amx+1—tm+1+u+1 Z cee > amm_H Z Cm

Hence, (5:25) implies

h s Zo41t+Mat1
(526) E ¢ — E dz - E a; Z E €.
i=z+1 P> Zpt1 i=myy1+1 i=2g41+tos1
i ¢ A

If u>mgyy1 > tyy1, then (B24) gives

h s Zz41 u
(527) E ¢ — E dl - E a; Z E dl — E a;.
1=x+1 P> Zg41 i=mgpy1+1 1=Zgr1+Hter1—u 1=mgy1+1

i¢A
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In this case, we have that
1
dzx+1+tx+17u Z e 2 d21-+1 > Cer 2 amw+1+1 2 et 2 Ay -
Hence, (5:27) implies (B.20)).

Finally, if myq1 > u > t,41, then (524) becomes

h s Zz41 My 41
E ¢ — E d; — E a; > E d; + E a;.
t=z+1 P> zpq1 i=mgy1+1 i=Zg+1tte41—u i=u+1
i¢A

Last, by the definition of €., 1¢,.1,---,€z, 4 4m.y, also implies (B.20).
Thus, we have proved that in all the cases (5.26) is valid.

From (526) and (BI5), by Lemma 7 we have that for all ¢ such that d; €

(€zuprdtosrs s --v1€zyi14masy), We have that i ¢ A,
Denote by E = (€., 4typ1s---»>€zps14+maurr)- Lhe rest of the proof is split into
two cases.

Case 1. There are no d;’s in E. Then

E= (atm+17 SRR amm+1) = (a’tm-i-la (RN a’mx+1)'
Then (5.20]) gives
h s M1
E ¢’ — E d; — E a; > E a;,
i=z+1 i > Zpi1 i=mgpy1+1 i=t,+1
i¢A

i.e., we have that (&.I7) is valid, as wanted.

Case 2. Thereisi € {1,..., 2,41} such that d; € E. By the definition of z,1 and
by the definition of E, this implies that d.,,, € E. Thus, by Lemma 7, 2,41 ¢ A.
Since w, = 0, we have d > ¢®. Let v > 0 be such that ¢*= "1 > d > 'Y,

Zo+41 Zx+4+1

Then

>4 >V > > 0 >

Zr41 -

Last, together with the fact that z,11 ¢ A, by B.2)), gives

h s
(528) Ut Y dxd Y dit Y a
i=z+1 P> Zpi1 i=ty—v+1

i¢A
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Moreover, since

E d; = E d;,
P> 2zl 1> 2y

i¢A i¢ A

and since d,, > ¢*", equation (5.28) implies

h S te
(5.29) Z c — Z d; — Z a; > Z a; — ATV T
1=x+1 P> za 1=t,+1 i=ty—v+1

i¢ A

However, since d,,, € E, the number of a;’s in E is at most mz41 — tz41, and so

at,., ¢ E. Hence, as,,, is bigger than or equal to all the elements from E, i.e.,
Ayl = Gpyyy > doyyy > ™77, Hence, (B.29) implies (B.17), as wanted. O

Analogously, we obtain the dual result:

LEMMA 5.5. Let a, b, ¢ and d be partitions as given in (2.29)-(2.32). Let g be
a partition such that

g <’ (c,b).

Let z € {0,...,h' —1}.
Suppose that

dizgz;th;a iZ$+17

' k
Zdiz Z ¢ + Z b;, for y>xz+1,

i=y+1 i < dY i=t)+1
igs

and that for all ¢; < d**1, i € S, the following holds

¢i > giyt,,  where w is such that  d* >c¢; > dvtl,

Then

h k
Sz Y ar o
i=z+1 i < d* i=t,+1
i ¢S
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6. Proof of the main result. In this section, we give a proof of Theorem B.11

6.1. Necessity. Suppose that there exists a partition g such that (1)) and (&.2])
are valid. Then, by the definition of the generalized majorization, we have that (7) is
valid. So we are left with proving the necessity of the conditions (i7) and (4i7).

In fact, we shall prove even more, that apart from (i¢) and (ii4), the following

also hold

(61) c’ 2 Gzptta x:]-a"'aha
(62) dY Zgz;+t;7 Yy = 1,...,h/.

The proof goes by induction on x = 0,...,h and y = 0,...,h’. We prove that
the conditions (i7), (i#i), (61) and (G2) are satisfied for all the elements from the set
X = {c;]i € S}U{d;]j € A}

More precisely, denote and order the elements from the set X in the following
way: f1 > -+ > fpen. Then we shall prove that for every o € {1,...,h + h'} the
following is valid: if f, = ¢ for some i = 1,...,h, then (ii) and (6.1 are satisfied
for x =i, and if f, = d&’ for some j = 1,...,h/, then (iii) and [E2)) are satisfied for
y=7J

Before proceeding we note that by Lemma 5] the condition (6] is equivalent
to the following:

Forally=1,...,h" and for all ¢; < d¥, ¢ € S the following is valid

¢i > giyt,, Where d" >c¢; > avTt,
Also, by Lemma (6] the condition (6.2) is equivalent to the following:
For all x =1,...,h and for all d; < ¢*, i € A the following is valid

di > giyt,, where ¥ >d; > vt

The proof goes by the induction on w € {1,...,h + h'}, starting from h + h'.

As the base of induction, consider fj 1. Suppose that fj 5 = ¢*. Then we need
to prove the necessity of (i) and (61 for = h. However, by the definition of ¢;, and
by Lemma [£J] condition (i) is trivially satisfied. Moreover, (G.1)) for z = h becomes

(63) Ch 2 gz;ﬂrs-

Let j € {0,...,n} be such that ¢ = ¢;. Hence, by Lemma [F (since ¢, = s and
> cj), @3) is equal to ¢ > gi+t,,» which follows by Lemma [5.3] as wanted.
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If frin = d", then we are left with proving the necessity of (iii) and (6.2) for
y = /. By the definition of ¢}, and by Lemmald3, condition (ii7) is trivially satisfied.
Also, completely analogously as in the proof of (61]) for = h, by Lemmald6] we have
that (62) for y = b’ becomes d > Gj+t,- Last follows by Lemma [£.2] as wanted.

Now, we pass to the induction step. Let w € {1,...,h+h" —1}. We are left with
proving that if the conditions are satisfied for all f; with j € {w+1,...,h+h'}, then
they will be satisfied for f,,, as well. This is equivalent to the following:

If f, = ', for some i = 1,...,h, and if the conditions (ii) and (6.I)) are valid for
all z =i+ 1,...,h, and the conditions (ii7) and ([6.2) are valid for all y such that
d¥ < ¢, then we are left with proving that the conditions (ii) and (6.1 are also valid
for x = 1.

In order to prove (i7), it is enough to apply the result of Lemma 54l As for (6.1]),
let u € {0,...,h'} be such that

d* > ¢ > dutt,

Then by the induction hypothesis, we have that (6.2)) and (ii¢) are satisfied for all
y=wu+1,...,h, and that (G.1)) is satisfied for all j € S such that ¢; < d“*1. So, by
applying Lemma [5.5] we have that the condition (iii) is satisfied for y = u as well.
Hence, we can now apply Lemma [53] and obtain (6]) for 2 = ¢, as wanted.

Analogously as above, by the symmetry of the sets S and A and by applying
Lemmas 5.2, 54 and 5.5, we obtain that if f,, = d*, for some i = 1,..., ', and if the
conditions (7i7) and ([6.2)) are valid for ally =i+ 1, ..., h, and the conditions (i7) and
(6] are valid for all z such that ¢® < d’, then the conditions (iii) and ([6.2)) are valid
for y = i, as wanted.

Finally we are left with proving that the condition (i) is satisfied for = 0, and
that (ii7) is satisfied for y = 0. The first follows by Lemma [54] for x = 0, while the
second follows by Lemma for z = 0.

This ends the proof of the necessity of the conditions (), (i) and (iii). O

6.2. Sufficiency. Let us suppose that the conditions (i), (i7) and (iii) are sat-
isfied.

We need to define a certain partition g such that (5.I) and (5.2) are valid.

We shall do this in two steps. First we are going to define a partition g =
(g1, .-, dm+s) that satisfies

(64) di2§i+s; i=1,...,m,
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(65) ciz‘g’i-‘rkn i=1,...,n,
m—+s m s
i=hj+1 i=hj—j+1 i=j+1

where l_z]- = min{i|di—j11 < G;},

n+k n k
(6.7) = > o+ > b, j=1...k
i=h/+1 i=h’—j+1 i=j+1

where b = min{ilc;_j;1 < gi}, and

m—+s m s

i=1 i=1 i=1

Then we shall define the wanted partition g, by decreasing the elements of g
so that we obtain the correct sum, while preserving the remaining properties of the
generalized majorization.

From the definition of ¢y and ¢, we have tg = t;, = m + s — h — h’. By Lemma
T3l to > 0, and we define
g; '=max(di,a1,¢1)+1, j=1,...,%.
The remaining h+h' of g;’s, i.e., Jtg+1, - - - » Gm—+s, we define as a nonincreasing ordering

of all ¢;’s with ¢ € S and of all d;’s with j € A.

We can write this explicitly in the following way, by using the definitions of z;, t;
and the property (£2) on the placement of d;’s with j € A:
(69) gj = max(dl,al,cl)—l—l, jzl,...,to,
(6.10) Gj=dj_y,, 2+t <j<ziy1+tit1, for somei=0,...,h,
(6.11) Goyt, :=¢', i=1,...,h
Recall that by Lemma [£9 the sequence z; +t;, 1 = 0, ..., h, is strictly increasing, and
thus (@I0) and (EI7) are well-defined.

Dually, we can also write the explicit formula for g;’s by exchanging the roles of
¢i’s and d;’s:

gj ::max(dlaalacl)+]—a j:17""t6)

(6.12) 9j = Cj_t, zi+1; < j <z +t; ., forsomei=0,... 1,
(6.13) Gorgy :i=d', i=1,...,h.

Recall that by Lemma EI0 the sequence z] + ¢}, i = 0,..., k', is strictly increasing,
and thus ([@I2) and (EI3) are well-defined.
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Proof of (6-7]). By Lemma I8, we have that ¢ty < s, and so g;’s involved in (6.4))
are the ones defined by (G.I0) and (GII). From the definition, all such g,’s satisfy

(6.14) gj <dj—y,, where i issuch that z; +¢; < j < zip1 + tita.
Finally, since t; < s (Lemma [I8]), for all i = 0,. .., h, [6I4) implies (64]), as wanted.

Proof of (6.4). Equation (6.1 follows analogously as (6.4), by duality and by
Lemma [£.19

Proof of (6.6l). From the definitions of g1 > - -+ > G4k, we have that

>
Il

(6.15)

] ja j:]-a"-at07
(6.16) z

wtte, J=to+1,...,s,

>
Il

J
where u := min{i € {1,...,h}|t; = j} (note that u is well-defined by Lemma [.TH]).

Indeed, ([G.I7) follows from the definition (63). As for (G.I6), first note that h;, for
some j € {to+1,...,s} is always equal to z; +¢;, for some i € {1,...,h}. Otherwise,
let i € {0,...,h} be such that z; + ¢; < i_zj < 2i+1 + ti+1. Then by (GI0), we have
9, = dp,_,, and from the definition of h;, we have dp,—j+1 < Gp, = dj,_¢,, which
implies j < t;, and so ¢ > 1. But then, from @II), Gz, 1+, = ¢ > duy1 > doy4t:—j415
and so i_zj <z +t;.

Thus, for every j € {to+1,...,s}, h; is of the form 2; +1;, for some i € {1,...,h}.
Finally, we claim that h; = z, + t,, where u is the minimal index i € {1,...,h} such
that ¢; = j. First of all, we have g, 4+, = c* > d,, 41 = d. 4t,—j+1. Moreover, for all
o < zy + ty, we have that go < do—j4+1. Indeed, as shown in the previous paragraph
it is enough to prove this fact for a of the form z; + ¢;, and since a < 2, + t,,, we are
left with proving g.,1¢s < dz54t5—j+1, for B < u. From the definition of u and since

tiy1 <t;+1, forallie{0,...,h—1}, we have that tg < j, for all 8 < u. Therefore
Grgtts = P < d.y < dzpity—j+1, for all B < u, as wanted.

Hence, we have hj = z, + t,,, where u = min{i € {1,...,h}|t; = j}, as wanted.

Now, the proof of (6.6 is split into two cases, depending on the value of hj,
j=1,...,s.

Case j =1,...,tp: Then h; = j, and the condition (6.6) becomes

m—+s

m s
i=1

i=j+1 i=j+1
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The condition (4¢) for = 0 gives

Zc >Zd+ Z a;,

Z%A 1=to+1

ie.,

Zc +Zdﬂ>2d + Z a;.

i=to+1
Hence, we obtain
m-—+s
> gz>Zd Y
1=to+1 1=to+1

Since g, > a1, last gives (6.17), as wanted.

Case j=to+1,...,s: Thenf_zj:zu—i—tu:zu—i—j, where u € {1,...

minimal index such that ¢, = j. To prove (6.4]), we are going to prove

m-+s

Z gi = Z d; + Z a;, forall xz=1,...,h

1=z +te+1 1=zx+1 i=ty+1

By the definition of g;’s, we have that

m-+s m h
DIED ST MRS o
1=zZg+ts+1 1=zz+1 P>z 1=x+1

i¢gA
Thus, we are left with proving
h s
x> Y At Y w=1.h
i=x+1 d; < c® i=ty+1
i¢A

Last is exactly the condition (i7), which finishes the proof.

,h} is the

Proof of (67). Equation (6.7) follows analogously as (6.6) by the symmetry of
the sets S and A, i.e., by duality between ¢;’s and d;’s, and by the condition (i%).

Proof of (68). Again, from the condition (i7) for z = 0 and the definition of g;’s,

we have:

m-—+s

(6.18) > ngd + Z a;.

i=tg+1 i=tg+1
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Equation (GI8), together with gy, > a1, gives

m+s m s
SNog=ddi+Y ai
i=1 i=1 i=1

as wanted.

Now, our aim is to decrease some of the g;’s in order to define g;’s which will
satisfy

(619) dz 2gi+s, iil,...,m,

(6.20) ¢ > Givk, 1=1,....n,
m-—+s m S

(6.21) Yoog= > di+ Y an, j=1,...,s
i=hj+1 i=h;—j+1 1=j+1

where h; = min{i|d;—j11 < gi},

n+k n k
(6.22) Soog= D e+ Y b, i=1,...k
i=hl+1 i=hf—j+1 =j+1

where h; = min{ilc;—j41 < g}, and

m—+s

i=1 i=1 i=1

We shall do this in the following way: start from g; and decrease it till go. If the
sum is OK, stop. If not proceed by decreasing g; and gs till gs. And so on until we
have decreased g;’s such that (6.23) is valid.

More precisely, let Q := St g — (O ai + 00, di) > 0 and let f o=
min{| 23:1 g;—ig; > Q}. Then we are going to define g;, i = 1,...,m+ s, such that

m-—+s

m S
D gi=) di+) a
i=1 i=1 i=1

gi = gi, forall i>f,

gf-1>9;i>gf forall ¢=1,...,f—-1,
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and

91291291 — L

In other words, we decrease the smallest possible number of g;’s, such that the
sum is correct, and such that g1 > g2 > ... > gr_1 becomes the most homogeneous
partition of g; + g2 + -+ + gr—1 — Q. Such defined g1 > - -+ > g, satisty ([E23).

Since g; > gi, i = 1,...,m + s, from (G4]) and (61), we have that ([GI9) and
([€20) are valid. So we are left with proving ([@.2I)) and (6.22]).

Proof of (621]). Follows directly by applying Lemma 24 for g, d, a, f and g.

Proof of (623). Follows by Lemma 24 for g, c, b, f and g.

Now, conditions ([6.19), (G21]) and [€23) give (5.1]), while conditions (620), ([€22)
and ([6.23) give (5.2). This finishes our proof. [

7. Some corollaries. In course of the proof of Theorem .1l we have in fact
obtained a solution for the analogous slightly relaxed problem. Namely, we can define
a weak generalized majorization:

DEFINITION 7.1. Let a = (a1,...,as), d = (d1,...,dm) and g = (g1,- -+, Gm+s)
be nonincreasing partitions. We write

g <" (d,a)

if the following three conditions are satisfied:

dizgiJrsa 1=1,...,m,
m+s m s
oogi— D di= Y o, j=1...5
i=hj+1 i=hj—j+1 i=j+1
m+s m s
=1 =1 =1
where h; = min{i|d;—;41 < ¢}, i=1,...,s.

Then by repeating the same proof as for Theorem B, we have:
THEOREM 7.2. Let a, b, ¢ and d be partitions as given in (2.29)-(2.32).
There exists a partition § = (g1, ..., gm+s), such that

g <" (d,a)
g <" (c,b)
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if and only if the following conditions are valid:

h >
(i) Z ¢t > Z d; + 26: a;, ©=0,...,h,

i=x+1 d; < c® i=ty+1
i ¢ A
h’ k
(ZZ) E d’LZ E c; + E bi, y:(),...,h’.
i=y+1 c; < d¥ 1=t +1
i ¢S

Recall that by the result obtained in Subsection [Z2] in Theorem we are only
considering partitions ¢ and d such that for alli =1,...,n, and for all j =1,...,m,
we have ¢; # d;.

7.1. Nonnegative partitions. In this subsection, we are considering Problem
[ in a case when the involved partitions consist only of nonnegative integers. In
this case, some improvements can be made in Theorem (Il Also, this restriction is
particularly important in the applications in the matrix and matrix pencils completion
problems.

Let ¢ = (¢1,...,¢n) and d = (dy, ..., dn) be partitions such that ¢; > -+ > ¢, >
Ce41 = =¢c, =0and dy > -+ >dy > dgy1 = -+ = dp, = 0. Then we can
determine the number of nonzero elements of partitions g and g obtained as in the
sufficiency part of the proof of Theorem [5.1] (Section [6.2)).

Namely, let g = (g1, - - ., Gm+s), Where g1 > -+ > g5 > Ggy1 =+ = Gm+s = 0 be
defined as in (G39)—(GII). Then,
(7.1) m+s—g=max(n—c,m—d).

Indeed, if both ¢;’s and d;’s contain zeros (i.e., if ¢ < n and d < m), then
by Proposition [Z.6] we can “erase” the same number of zeros from both of them. So,
without loss of generality, we can assume that only one of the partitions ¢ or d contains
zeros, say d. Then from the definition of the set A, all j =d+1,...,m satisfy j € A
(since for all of them ¢; = s+ 1). Since {g;}/*+% ; = {cili € S}U{d;|j € A}, we have
that m +s — g = m — d, as wanted. We get the analogous result in the case when
only partition ¢ contains zeros. Altogether, we have proved (7)), as wanted.

Equation (7)) gives
g =min(c+ k,d + s).

Now, from the definition of g = (g1,...,gm+s) With g1 > -+ > g4 > gg41 =
“++ = gm+s = 0, we have that either ¢ = g, or we have that g = --- = g4 = 1,
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in which case g < g. In the latter case we have g = S g, = 7" di + 527 a;
=3" a+ Zle b;, and thus we obtain:

PROPOSITION 7.3. Let ¢ = (¢1,...,¢n) and d = (dy,...,d) be nonnegative
partitions with ¢; > -+ > ¢cc > Ceq1 = - =¢cp, =0 and dy > -+ > dg > dg41 =
oo =dy =0. Let g = (g1,..-,9m+s) be partition defined in the sufficiency part of
Theorem [51] in Section[G2 Then g1 > -+ > gg > ggt1 = - - = Gm+s = 0 with

g:min(c—l—k,d-l-s,idi‘f'zs:ai)-

=1 i=1
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