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GRAPHS WITH SMALL SPECTRAL GAP*

ZORAN STANICt

Abstract. It is conjectured that connected graphs with given number of vertices and minimum
spectral gap (i.e., the difference between their two largest eigenvalues) are double kite graphs. The
conjecture is confirmed for connected graphs with at most 10 vertices, and, using variable neigh-
bourhood metaheuristic, there is evidence that it is true for graphs with at most 15 vertices. Several
spectral properties of double kite graphs are obtained, including the equations for their first two
eigenvalues. No counterexamples to the conjecture are obtained. Some numerical computations and
comparisons that indicate its correctness are also given. Next, 3 lower and 3 upper bounds on spec-
tral gap are derived, and some spectral and structural properties of the graphs that minimize the
spectral gap are given. At the end, it is shown that in connected graphs any double kite graph has
a unique spectrum.

Key words. Graph eigenvalues, Extremal values, Double kite graphs, Spectral inequalities,
Graphs with unique spectrum.
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1. Introduction. All graphs considered are simple and undirected. For a graph
G, n = n(G) and m = m(G) as usual denote its order (the number of vertices) and size
(the number of edges). If A = A(G) is the adjacency matrix of G, then the eigenvalues
of G, A1 = M(G) > Ay = Ma(G) > -+ > Ay = M(G), are just the eigenvalues of
A(G). The difference between the first two eigenvalues 6(G) = A (G) — A2(G) will
be called the spectral gap of G (it is also called the separator of G), while the first
eigenvalue is usually called the index of G, and if G is connected then A1 (G) > A2(G),
i.e., 6(G) > 0. Due to this property we shall assume that the graph considered is
connected. Eigenvectors that correspond to the first two eigenvalues will be denoted
by = (1,72,...,2,)T and y = (y1,%2,---,yn)T, respectively. Note that z can be
taken to be positive whenever G is connected. In addition, if 72 = 1 then z is called
the principal eigenvector of G.

For two graphs G; and G» we define G; U G5 to be their disjoint union, while
pG denotes disjoint union of p copies of G. The join G; VG, is a graph obtained
by joining every vertex of Gy with every vertex of G2. The line graph L(G) is a
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graph whose vertices are the edges of G with two vertices being adjacent whenever
the corresponding edges in G are incident with the same vertex. In this case, we say
that G is the root graph of L(G).

For other notions not defined in this paper, the reader is referred to [6, [7].

The spectral gap is mainly investigated for the class of (connected) regular graphs
since it is known that regular graphs with large spectral gap have high connectivity
properties which make them relevant in several branches of theoretical computer sci-
ences (see [7, pp. 392-394] and the references cited therein). Conversely, in this
paper, we consider graphs with small spectral gap. In the next section, we conjecture
that the minimum spectral gap is attained for the double kite graphs. The double
kite graph is obtained by taking an (I + 2)-vertex path P12 (I > 0), two copies of
a k-vertex complete graph Kj (k > 1), and by identifying one terminal vertex of
P42 with a vertex of one copy of K} and the other terminal vertex with a vertex of
the other copy of K} (see Fig. 1 in the next section). This graph will be denoted
by DK (k,l) and it has n = 2k + [ vertices and m = 2(];) + 1+ 1 edges. Note that
DK (1,1) and DK (2,1) are isomorphic to paths P12 and P4, respectively.

We indicate some similarities between the spectral gap and the algebraic connec-
tivity, which is defined as the second smallest eigenvalue of the Laplacian of a graph.
This invariant is very frequently investigated — see the survey [I] and the correspond-
ing references. It is known that for regular graphs the algebraic connectivity coincides
with the spectral gap, and connected regular graphs of degree 3 with minimum alge-
braic connectivity (and therefore, minimum spectral gap) are determined in [4]. It is
conjectured in [2] that the graphs with given order and size and minimum algebraic
connectivity are so-called path-complete graphs defined as follows: They consist of a
complete graph, a path, and one or several edges joining one endvertex of the path
with one or several vertices of the complete graph. It is proved in [I1] that for trees
with given order and diameter the algebraic connectivity is minimized for paths with
stars of (almost) equal size attached to both ends. Notice that the graphs conjectured
in [2] have obvious similarity to double kite graphs, while the resulting graphs of [I1]
with equal stars are in fact the root graphs of double kite graphs.

The paper is organized as follows. In Section 2, we derive the equations for
the first two eigenvalues of double kite graphs along with some spectral properties,
inequalities, and numerical data. In Section 3, we obtain 3 lower bounds on spectral
gap in terms of order and size, and another 3 upper bounds in terms of coordinates
of the corresponding principal eigenvector. We also give some structural and spectral
properties of graphs that minimize the spectral gap. In Section 4, we prove that in
connected graphs any double kite graph has a unique spectrum.
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2. Spectral gap of double kite graphs. We start with the following conjec-
ture.

CONJECTURE 2.1. Of all connected graphs with given mumber of vertices, the
spectral gap is minimized for some double kite graph.

REMARK 2.2. The conjecture is based on underlying results confirmed by use
of computer, some spectral properties of double kite graphs obtained in Propositions
23 and BX6] and numerical data given in Table 1.

We used the library of programs Nauty [I5] to generate the graphs and confirm
the conjecture for those with at most 10 vertices.

Seeking counterexamples we used the facilities of the AutoGraphiX system [12]
(an efficient tool based on a variable neighbourhood search metaheuristic for produc-
ing extremal graphs with given parameters). We applied several approaches to impose
the direction to possible solutions, but we did not found any counterexample with at
most 15 vertices.

In the sequel, we give the equations for the first two eigenvalues of double kite
graphs, determine certain spectral properties, and conclude the section with some
numerical data.

Using the eigenvalue interlacing [7, Theorem 0.10], we get that A2(DK (k,1)) is a
simple eigenvalue greater than k — 2; if [ > 0 then it is greater than kK — 1. We prove
a proposition.

PROPOSITION 2.3. DK(k,l) is a unique graph with minimum index within the
set of all connected n-vertex graphs (n > 2k) which contain (not necessarily induced)
subgraph equal to either 2Ky, or K1V2Ky_1.

Proof. If k < 2 the proof follows from the fact that within the set of all trees with
given number of vertices, the path has minimum index [7, p. 78].

If £ > 3 then any graph, say H, belonging to the described set contains a sub-
graph equal to either K1V2K}_1, or DK (k,l’) (I’ <1). In the first case since both
DK (k,l) and H have at least 2k vertices, using [7 Theorem 0.7] and the result
concerning the index of graphs with an internal path (cf. [I3]), we get A1 (H) >
A (K1V2Ky,_1) > Ai(D(k,1)). In the latter case, by the same argumentation, we get
M(H) > M(DK(k, ") > M (DK (k1)) with the equalities iff H = DK (k,1). O

PROPOSITION 2.4. If A\o(DK (k1)) > 2 then M (DK (k,1)) and A2(DK (k,1)) are
equal to 2 cosh(2t) where t is respectively equal to the unique positive root of

(2.1) 2(k — 2) cosht cosh((I +2)t) — cosh((l +5)t) =0
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k+1+3

2k-+1

Fig. 1: DK (k,l) with vertex labelling.

and
sinh((I — 1)t)

(2.2) (2 — k +2cosh(2t)) (2 cosh(2t) — Soh(( T D)

)—k-i-l:O.

Proof. Let n = 2k + 1, and v = (z1,22,...,7,)7 and y = (y1,%2,...,yn)’ be
the eigenvectors which correspond to Ay = A\ (DK (k,1)) and Ao = Mo (DK(k,1)),
respectively. Assume that the vertices are labelled as in Fig. 1, and the coordinates
x;,9y; correspond to vertex ¢ (i = 1,...,2k +1). We have

(23) )\111 :Zl'j and )\QyZ :Zy] (Z: 1,,2k+l)

i~ i~j

In what follows, we construct the eigenvectors x and y, i.e., we determine all of
their coordinates such that both equalities above hold. Using these equalities we get

(24) xTr; — )\11’i+1 + Tit2 = 0 and Yi — )\QyiJrl + Yi+2 = 0 (Z = k, ey k + [ — ].)

We have x > 0 (since it corresponds to the largest eigenvalue) and, by [6, Propo-
sition 5.3.1], there are exactly 2 connected subgraphs of DK (k,[) such that y is
positive in one and negative in the other. The symmetry of the graph considered and
the equalities ([23]) allow us to assume

T)] =T ="'+ =Th—1 = Thtl4+2 = Thti43 = '+ = T2kl

(2.5)
Y1 =Y2 =" =Yk—-1 = —Yk+i+2 = —Yk+I+3 = = = —Y2k+1,

and

l

(2.6) Tpti = Thpir1—s  and  Yeyi = —Yrtit1—i <Z =0,..., bJ) .

Since any eigenvector is determined up to a multiplying constant we can take
x1 = A1 and y; = Ay (it is clear that y; # 0). Substituting these values into (28] we
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get that if the equalities (Z3) hold for 1 < i< k—1and for k+1+2 <i <2k +1
then

(2.7) Tk = Thtl+1l = )\1()\1 —k+ 2) and Yk = —Ykti+1 = )\2()\2 —k+ 2),
must hold.

Consider now the remaining coordinates. Solving the systems (Z4]) we get

i— —(i—k+1
T = a7y b+l bir; (=F+D and

yi = agry T p by MY =k k14 1),

Aj+/AT—a ) .
where 7; = % (j =1,2). Using 0) we get by = a;7™ and by = —aprb™,

which yields

k—1—-2)

i =ay (rf’”l + 7"1_(1_ and

2.8 . .
(2.8) i = as (rékarl _ r;(sz—l—2)> (i=k,....k+1+1),

In particular, putting ¢ = k, we get

zp=ay (11 + 7"l1+2) and  yi, = ag (ra — Tl2+2) ’

while [27]) gives another equalities for x and yi respectively, which together with
these above give

_)\1()\1—]?—1—2) d _)\2()\2—k+2)
al—M—lH an ag—ﬁ.
1 T T2 Ty

Substituting the expression of a1 into the first equality of (Z8]), and putting Ay =
2cosh(2t),t > 0 (i.e., r1 = e?), we get

ikl —(i—k—l-2
14el+2

(2.9) z; = 2¢ " cosh(2t)(2cosh(2t) —k+2) (i =k, ..., k+1+1).

In this way, we obtain the solutions of the first system of [24]). In fact, all the
solutions x; (k+ 1 < ¢ < k + 1) satisfy the first equality of (Z3). It remains to
find the appropriate values of xp and zjy;41. In this purpose, we apply (23] to
Mz = (k= 1)A1 + zk41, and we get that zy is determined by a positive root of

elt3

= (2(k — 2) cosht cosh((l + 2)t) — cosh((l + 5)t)) = 0.

Since % > 0, the root of the above equation is the root of (21I), and this
equation clearly has a positive real root (the left hand side is a function with a
different sign in 0 and k, for example). Moreover, this is the unique positive real
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root (since otherwise we would have two non-collinear eigenvectors corresponding to
a simple eigenvalue). The value of xpi;41 is obtained in the same way and it is
equal to xg. Therefore, we have just collected all coordinates of x corresponding to
A1 = 2cosh(2t), where ¢ is the unique positive root of (Z1]), i.e., we get the first
assertion of the theorem.

Substituting the expression of as into the second equality of (2.8), and using the
same substitutions Ay = 2 cosh(2t) (t > 0), ro = €% we get the solutions of the second

system of (2.4):

ikl _ = (i—k—1-2)

yi =2 o cosh(2t)(2 cosh(2t) — k + 2)

(i=k,....,k+14+1).

Considering the coordinates yj, and yx1;4+1 we get that the first one is determined
by the unique positive root of ([2:2)), while yxt;+1 = —yk, and the proof is complete. O

REMARK 2.5. Notice that both functions on the left hand side of the equations
@) and ([Z2) are even; since both eigenvalues, A\; and Aq, are equal to 2 cosh(2t)
(for the appropriate t), we get that the unique positive and the unique negative root
of both equations produce the same solution for the corresponding eigenvalue. Notice
also that the condition A2(D(k,1)) > 2 in Proposition 24 holds whenever k > 4 or
k=3, I > 2. In addition, statements of the same proposition hold even if any of the
first two eigenvalues is less than 2 with caveat that in this case, t is a complex root of
the corresponding equation. In this way, we allow the special case when the double
kite graph reduces to a path.

Using Proposition 2.4 we prove the following results.
PROPOSITION 2.6. 6(DK (k1)) > §(DK (k,l +1)).

Proof. First, if k < 3 then the inequality is easily proven by examination of the
corresponding eigenvalues of paths P, and P, ;.

If k > 3, then we have A\ (DK (k,1)) > M (DK (k,l + 1)) [13].
Next, let \p(DK(k,1)) = 2cosh(2t). Since sinh((I — 1)t)/sinh((l 4+ 1)t) is an

increasing function in I > 0 we get that

sinh(It)
t) = (2 —k+ 2cosh(2t 2cosh(2t) - ————— | —k+1
F6) = (2= ko 2eosh20) (2oosh(20) - 200
is negative in . Moreover, f increases in ¢t > f and lim;_, f (t) = oo, which yields that
[ is equal to zero in some point greater than £. Thus, Ao (DK (k,1)) < Xo(DK (k,141)).
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The above inequalities on A; and g give §(DK (k,1)) > §(DK (k,l +1)). O
PROPOSITION 2.7. If k > 2, then

1
2

§(DK (k,0)) = (2 — k=D +3)+ /5 + k(k — 2)) :

Proof. For k = 2 we get the result by direct computation. Using the equalities
o MitAT—4 , .
2cosh(2t) = \j and " = =—5-2— (j = 1,2), and putting [ = 0, we get the rational
expressions of (ZI)) and [22). Solving them we get

(2.10) M(DK(k,0)) =1(\/5+k(k—2)+k—1) and
' X2(DK(k,0)) = 4(/(k—1)(k+3) + k — 3),

and the proof follows. O

Using the last two propositions we can obtain families of double kite graphs with
very small spectral gap. Numerical computation given below confirms this estimation.
Before that we compare the spectral gaps of a path P, (as we pointed out, a special
case of double kite graph) and a cycle C,,.

PROPOSITION 2.8. §(P,) < 0(C,,), for any n > 3.

Proof. Considering the first two eigenvalues of both graphs we get

m 2w 2w
(2.11) o(P,) =2 (cos mur i feurs 1) and §(C,) =2 (1 — cos 7) ,

and so

s 2m 2m
—o0(P,)=21- — =
0(Cr) —6(Py) ( COSn+1+COSn+1 cosn>>0

: s 2m 27
(since 1 > cos i1 and cos 55 > cos 3F). 0

Using the equations (ZI) and (Z2) we determine in the family of double kite
graphs with at most 20 vertices those with minimum spectral gap. For n < 6 the
resulting graph is P,. For 7 < n < 9, this is DK (3,l). For 10 < n < 15 we get
DK (4,1), and for 16 < n < 20 we get DK (5,1).

Note that, by Proposition .6, the extension of an internal path of any double
kite graph (with preserving the complete subgraphs unchanged) necessarily produces
the graph with smaller spectral gap. On the other hand, if two double kite graphs
of different orders both minimize the spectral gap, then the larger one does not nec-
essarily contain the longer internal path. For example, this occurs for minimizers of
order 9 and 10.
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TABLE 2.1

Spectral gap of some graphs.

n C, P, DK("%5*,4) DK(“5%,6) DK(4,n—38)
10 0.3820 0.2365 0.0644 0.2365 0.0640
20  0.0979 0.0665 0.0001 7.2.10° 2.7-10°9
50  0.0158 0.0114 3.7-1077 1.1-107° 1.7-1071°

100  0.0039 0.0029 1.5-1078 1.1-10711 *

200  0.0010 0.0007 2.3-10710 7.1-10714 *

500  0.0002 0.0001 2.1-10712 * *

1000 3.9-107° 3.0-107° 4.5.-10713 * *

Finally, using Proposition 24 and equations (ZI1]), we determine spectral gaps
of some graphs with large order. The results are summarized in Table 1. The asterisk
stands for a value less than 1071¢ (very commonly used numerical precision). We
note that the unique positive roots of the equations given in Proposition 2.4] are
easily determined for any n (by numerical computation). On the other hand, the
consideration of the characteristic polynomial of DK (k,1) (its explicit form is given
in Lemma, of Section 4) for the same purpose is more complicated: First it often
has many positive roots, and second its two largest roots are almost equal for large n
(compare Table 1), and so the rounding in numerical computation can cause possible
confusions.

A graph with fixed order and minimum spectral gap may or may not have the
double kite structure (some future research will show), but in any case the results of
this section can be considered as a contribution to the subject of graphs with small
spectral gap.

3. Bounds on spectral gap and properties of minimizers. We derive 2
lower bounds on spectral gap of arbitrary connected graph just in terms of its order
and size, and another lower bound when the corresponding graph is bipartite. We
also give 3 upper bounds in terms of coordinates of its principal eigenvector. All
bounds are obtained by combining known bounds on A; and As. In the second part
of this section, we give some properties of graph that minimizes the spectral gap in
the family of graphs with given order.

PROPOSITION 3.1. Let G be a connected graph on n (n > 2) wvertices and m
edges, then

(3.1) I(G) > 5
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and

(3.2) 5(G)>4m—n (n+2)(n—2)

1.
= o +

Proof. We use A\ (G) > 22 [18], and A\2(G) < /m™=2 [5] to get

5(G):)\1(G)—>\2(G)>27mf -2 _2m—/mn(n-2)

n n

The inequality ([B3.2)) is obtained in the similar way by using the same lower bound on

M(G) and Ao(G) < Y2022 gy 0

Comparing the bounds obtained we get that (8:2) is better than (B when m >
n(n2—4\/(n+2)(n—2))
4(n—2)
then the equality in (3:2) is not attained (compare the corresponding references).

. Also, if n is even or G is not a regular nor semiregular bipartite

PROPOSITION 3.2. Let G be a connected bipartite graph on n vertices and m
edges, then

(33) 5(G) > 8m—n\/n(n+4).

4n

Proof. We have (compare [16])

| %] if n =0(mod4) or n =1 (mod4)

X (G) < :
2(G) < { [|2](]2] +1), if n=2(mod4) or n = 3 (mod4),
and therefore, we have A\2(G) < (/% (% + 1), for any n > 1. Next, we get 0(G) =
M(G) = Xa(G) > 22—\ 3 (3 +1) = T
For bipartite graphs, (B3] gives better estimation than ([B.2]) for any n > 7.

PROPOSITION 3.3. Let G be a connected graph with distinct vertices u,v,t, and w,
and let Ty, Ty, Tt, and ., be the corresponding coordinates of its principal eigenvector.

(i) Let G’ be the graph obtained from G by replacing edges uv, tw with non-edges
vw, tu. If (x¢ — xy)(@y, — Tw) <0 and A\ (G) < M (G'), then

(xt — xv)Q + (Iu — Iw)Q
(Tt — 20)(Tw — Tu)

5(G) <
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(ii) Let G' be the graph obtained from G by replacing edge uv with non-edge tw.
If x4y — Ty < 0 and M (G) < M (G'), then

2 2 2 2
Ty, +xy +xp + 1y,

2(xyxy — T4Top)

3(G) <

(iii) Let G' be the graph obtained from G by replacing edge uv with non-edge uw.
If ¢y — 2y <0 and A (G) < M (G'), then

222 + (zy — 24)?
224, (Ty — Tay)

i(G) <

Proof. All three statements are contrapositives of the corresponding parts of
Propositions 6.4.2, 6.4.5, and 6.4.7 from [§]. O

We illustrate the previous theorem in an example.

EXAMPLE. Let G be a connected semiregular bipartite graph with ny (resp., ns)
vertices in the first (resp., second) colour class, and let us assume that ny > nz. Then,
the first ny of coordinates of its principal eigenvector are equal to 1/4/2n1, while the
remaining coordinates are equal to 1/4/2ns. If we consider the graph G’ obtained in
the way described in Proposition (iii) where u, w belong to the first colour class,
and v belongs to the second then, in general case, the inequality A\ (G) < A1(G’) may
or may not hold, but if it does hold then we have

(S(G) < ny — 24/n1ng + 3ns
- 2 ning —2ny

which can be good estimation in some cases.

From now on, H,, will denote a graph with minimum spectral gap in the family
of connected graphs with n vertices. Since the minimizers of order at most 10 are
determined by computer search, we also assume that n > 10.

PROPOSITION 3.4. H,, has less than niv(ntf)(n_m edges.

Proof. Assume that H,, has at least niw edges. Substituting this ex-
pression for m into [B.2]) we get
4D o ()

4m—n+/(n+2)(n—2) 1
2n

2n

6(H,) > +1> +1=1

> §(DK (3,4)) > 6(DK(3,n — 6)),

where the last two inequalities follow from Table 1, and Proposition 2.6l respectively.
A contradiction. O

. . . . n(1+ n(n+4))
PROPOSITION 3.5. If H,, is bipartite then it has less than ————5——= edges.
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n(1+ n(n+4))

Proof. Assume that H, has at least S

expression for m into (B3] we get

5(H,) > et -

edges. Substituting this

> 0(DK(3,4)) > 6(DK(3,n — 6)).
A contradiction. O
We give a spectral characteristic of H,,.
PROPOSITION 3.6. If H,, is not a tree then \o(Hy,) is simple eigenvalue.

Proof. Assume that Ao(H,) = A3(H,). Let uv be an edge which belongs to at
least one cycle of H,, (since H, is not a tree such an edge must exist). Consider
the graph H, — u + u’ obtained from H, by removal of vertex u and addition of
vertex v’ which is not adjacent to v, but it is adjacent to all remaining neighbours
of u. Clearly, the graph obtained is connected and has n vertices; in other words,
H, — u-+ ' is obtained by deletion of edge uv and then, by [7, Theorem 0.7], we get
)\1(Hn) >\ (Hn —u—+ u').

On the other hand, by eigenvalue interlacing, we have Ay (H,, —u) = A2 (H,,) (since
A2(H,) = A3(H,)), and then \o(H,, —u+u') > Ao(Hy,).

Collecting the above inequalities we get 6(H,) > §(H, —u +u'). A contradic-
tion. O

4. An additional result. We say that two non-isomorphic graphs are cospec-
tral if they are sharing the same spectrum. We give the following result.

PROPOSITION 4.1. There is no connected graph that is cospectral to DK (k,1) (k >
1, 1 >0).

In order to prove the above proposition we need the following results, and the
subsequent lemmas. From now on, H will stand for a putative connected graph
cospectral to DK (k,1). It is then known that (see [10]):

1. H has 2k + [ vertices,

2. H has 2(12“) + [+ 1 edges,

3. the number of triangles of H is equal to the number of triangles of DK (k, ),
Le., t(H) = t(DK (k1)) = 2(%).

Recall that a maximal clique of a graph is its complete subgraph that cannot be
extended by a vertex to a larger complete subgraph. Since DK (k,!) is a line graph
of a tree its least eigenvalue is greater than —2, and the same must hold for the least
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eigenvalue of H. If so, then H belongs to one of the following classes of graphs (see
[9, Theorem 2.3.20]):

1. L1 ={L(T), T is a tree},

2. Lo ={L(U), U is an odd unicyclic graph},

3. L3 — the graphs obtained by taking L(T'), and 2 additional disjoint vertices
along with all edges joining these vertices with each vertex of some maximal
clique of L(T),

4. £ — the exceptional graphs whose least eigenvalue is greater than —2 (there
are 20 such graphs on 6 vertices, 110 on 7 vertices, and 443 on 8 vertices;
they can be found in [9, Table A2]).

LEMMA 4.2. There is no connected graph H that is cospectral to DK (k,1) when-
ever one of the following holds:

(i) k<2orl=0,
(i) H €&,
(i) H contains K11 as an induced subgraph,
(iv) H contains a subgraph equal to either 2Ky, or K1V2Kj_1,
(v) H contains 2K1VKj_1 as an induced subgraph.

Proof. (i) If k < 2 the result follows from the fact that any path is determined by
its spectrum [I0]. Next, DK (k,0) is a line graph with exactly two positive eigenvalues,
and all such line graphs are determined in [3]. By inspecting their spectra, we get the
result.

(ii) Since there is no double kite graphs on 6 vertices with k¥ > 3, | > 1, H
must have 7 or 8 vertices, and if so then there are exactly 2 double kite graphs to be
compared: DK (3,1), and DK (3,2). Inspecting the spectra of possible candidates for
H we get that none of them coincide with spectrum of any of these 2 graphs.

(iii) If H contains Kjy1 as an induced subgraph, we have A\ (H) > k. On the
other hand, A\; (DK (k1)) < M(DK(k,0)) < k (cf. (2I0)), which yields A\ (H) #
M (DK (k, 1)), and the proof follows.

(iv) The proof follows directly from Proposition

(v) The eigenvector (k — 1,k — 1, A1, A\1,..., A1) corresponds to the eigenvalue
A1 = M(2K1VEKg_1), and then, from (Z3), we get A\; = % (\/k2 +4k —44+k — 2).
Using Proposition 226 and (ZI0), we get that

M (DK (k,1)) < M (DK (k,0)) = 3 (\/k(k ) +h+k— 1)
<L (VK +4k—4+k—2) = M (2K1 VK1)
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holds for any k > 3, [ > 1, and the proof is complete. O
We need another spectral property of DK (k,1).
LEMMA 4.3. A3(DK(k,1)) < 2.

Proof. Since DK (k,0) belongs to the family of line graphs with exactly 2 pos-
itive eigenvalues, we can assume that [ > 1. By eigenvalue interlacing we get that
A3(DK (k,1)) < max{\1(P;), M (Kx—1)}, and therefore we can also assume that k > 4.

Using the formula for the characteristic polynomial of a graph obtained by in-
serting an edge between arbitrary vertices of two graphs [7, Theorem 2.12], and the
formula for the characteristic polynomial of an [-vertex path Pp, (tl/ 2 4 2) =
(U2 1y

t—1
acteristic polynomial of DK (k,1):

(see, for example, [I7]), we can easily get the explicit form of the char-
Ppren (B +171%) =

(1+ l—jg)% (=24 k4 (=2 4+ k)i — 2634 — (=1 + (=2 4+ k)(VI+1))?)

1

(—1+ ) (L + Vit + )itz

By eigenvalue interlacing, we have A3(DK (k1)) < k — 2. Computing the limit
point lim;_,q PDK(kyl)(tl/Q + t_1/2), we get Ppgy(2) #0 (for k>4, 1> 1), ie,
As(DE (k, 1)) £ 2.

We are going to prove that Pp,, ,, is positive at any point t1/2 447172 of (2,k—2].

Its sign depends only on (=2 + k + (=2 + k)Vt — )23+ — (=1 + (=2 + k) (Vt + t))Q,
and this factor can be rewritten in

(t”T2 (43 (=24 E)(t+ \/E)))2 —(~14 (—2+ k) (VE+ 1),

which is positive for the corresponding values of ¢ iff
ft)=t= (—t% +(=2+k)(t+ ﬁ)) —(~1+ (=2+ k) (Vt+1))
is positive. Since k — 2 > v/t, putting k — 2 = v/t into above expression we get
6+1

FO) >t —t2 —t+1,

and the right hand side is positive at any ¢ > 1 (since [ > 1), implying that f(¢) > 0
for any ¢ satisfying t'/2 +¢71/2 ¢ (2,k — 2].

Collecting the above results we get that there are no roots of Ppg(r) (k >4, 1 >
1) in [2, k — 2], which yields A3(DK (k,1)) < 2. O
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Recall that a graph is said to be cyclic if it contains at least one cycle.

LEMMA 4.4. If a connected graph H contains a set of vertices whose removal gives
rise to a disconnected graph containing at least 3 cyclic components then DK (k,1) is
not cospectral to H.

Proof. Assume to the contrary, then since the index of any cyclic graph is at least
2, we get A\3(H) > A3(DK(k,1)). O

The previous lemma gives very restrictive structural properties of H. For exam-
ple, if H € £ then it contains at most two maximal cliques of order greater than 4.
And if so, then these cliques have at most one common vertex, H does not contain any
maximal clique of order 4, the maximal cliques of order 3 are mutually disjoint and
each of them has exactly one common vertex with exactly one of two larger cliques.
These and similar properties of H € Lo U L3 will be used in the next proof.

Proof of Proposition [{.1  Assume to the contrary. Then, by Lemma (ii),
Hell, Li

Let H € £1 U Ly. If X is the vertex set of the corresponding root graph then
counting the number of vertices, edges, and triangles of H, we get:

n(H) = %Zdeg(u) =2k+1

(4.1) m(H) = é?dei(v)> = 2@) 41
HH) = (dei(v)) +i= 2<§>,

veX

where deg(v) is the degree of the corresponding vertex and ¢ = 0, unless H = L(U)
and U contains a triangle when ¢ = 1.

Let a; denote the number of vertices in X having degree j. By Lemma (iii)
and (iv), we have a; = 0 for j > k, and a, < 1. Using the result of Lemma [£4] we
get Z?:g) a; <2, a4 <2, and if ag = 2 then Z?:S a; <1.

Let k > 7. Weget t(H) < (g)—l—(kgl)—i—ag—i—i, and (by Lemmald) az+1i < 2k—1.

Thus t(H) < (g) + (kgl) +2k-1< 2(];) A contradiction.

It remains to consider the case k € {3,4,5,6}.
If k =6, we get t(H) < t(DK(6,1)) whenever a5 + ag < 2. So we have t(H) =

G)+(G) +ag+i= 2@), giving az + ¢ = 10. Computing m(H) and n(H) for
ag = a5 = 1,a4 = 0, we get a; = 31 — 3i. On the other hand, counting the number
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of terminal vertices in the root graph of H for these parameters we get a; = 19 (if
H =L(T)) or a; =17 (if H = L(U)). A contradiction.

If k = 5, from the system ([@I)) we get t(H) = 10a5 + 4a4 + a3 + i = 20 and
15a5+8as+3as—a; = 22. Clearly, t(H) < 20 unless a5 = 1, and then ay = 1 or ay = 2
must hold. In the first case we get a3 =6 —14,a; = 19—3¢,and a3 =2—14,a7 = 15— 3:¢
in the second, but in both cases a; does not match the exact number of terminal
vertices in the root graph.

If £ = 4, in the similar way, we get a; = 10 — 3¢, while the number of terminal
vertices in T (resp., U) with as = 1 is 8 (resp., 6).

Finally, if £ = 3 then H must contain exactly 2 triangles, but then it is not
cospectral to DK (3,1) by Proposition [Z3

Let H € L3. Instead of (LIl we have the following equations:

n(H) = %Zdeg(v)JrQ =2k +1
veX
(4.2) m(H)= (deg;”)) +2d = 2(];) 41
veX
t(H) :7;( (degg(v)) +i+ 2(3): 2(2)

where d denotes the order of the maximal clique related to 2 additional vertices (see
definition of £3). By Lemma 2] (v), we get d < k — 2. Let X again denote the set of
vertices of T', and let a;’s be the same as above (along with the inequalities obtained).

Considering the third equation of (L2) we get t(H) < t(DK(k,l)) unless (a)
ar = ar—1 = 1,d € {1,2,3}, (b) ar = 0,k < 5, or (¢) ap = 1,d = k — 2. In case
(a) we get t(H) < t(DK(k,1)) unless d = 1,k < 6,or d =2,k < 7,0ord =3,k <09.
These particular cases and the case (b) are resolved by solving system ([£2) in a;
and comparing the value obtained with the exact value of a;. Similarly, in case
(c), solving the system we get ag = k — 2,a1 = 3k — 2, but considering T' we get
ap =k+ (k—3)+ (k—2) =3k —5. A contradiction. O

REMARK 4.5. If some double kite graph has nonunique spectral gap then, ac-
cording to Proposition [£]] it is not cospectral to other connected graph with equal
gap. In other words, if some double kite graph minimizes the spectral gap then it is
the unique minimizer or there is another minimizer but with different spectrum.

A graph is determined by its spectrum if it is a unique graph having this spectrum.
To show whether a double kite graph is determined by its spectrum, it remains to check
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whether it is cospectral to some disconnected graph or not, but this consideration is

beyond the subject of this paper.

Acknowledgment. The author thanks the anonymous referee for providing

constructive comments and help in improving the contents of this paper.

[1]
2]

3]

[4]

[6]
7]

(8]

[9]

(10]
(11]
(12]
(13]
[14]
(15]
[16]
(17]

(18]

REFERENCES

N.M.M. de Abreu. Old and new results on algebraic connectivity of graphs. Linear Algebra
Appl., 423:53-73, 2007.

S. Belhaiza, NN\M.M. de Abreu, P. Hansen, and C.S. Oliveira. Variable neighborhood search
for extremal graphs XI. Bounds on algebraic connectivity. In: D. Avis, A. Hertz, and O.
Marcotte (editors), Graph Theory and Combinatorial Optimization. Springer, 1-16, 2005.

B. Borovéanin. Line graphs with exactly two positive eigenvalues . Publ. Inst. Math. (Beograd)
(N.S.), 72:39-47, 2002.

C. Brand, B. Guiduli, and W. Imrich. Characterization of trivalent graphs with minimal
eigenvalue gap. Croat. Chem. Acta, 80:193-201, 2007.

R.C. Brigham and R.D. Dutton. Bounds on graph spectra. J. Combin. Theory Ser. B,
37:228-234, 1984.

A.E. Brouwer and W.H. Haemers. Spectra of Graphs. Springer, 2012.

D. Cvetkovié¢, M. Doob, and H. Sachs. Spectra of Graphs: Theory and Application, third edition.
Johann Ambrosius Barth Verlag, Heidelberg-Leipzig, 1995.

D. Cvetkovié, P. Rowlinson, and S. Simié. Figenspaces of Graphs. Cambridge University Press,
Cambridge, 1997.

D. Cvetkovi¢, P. Rowlinson, and S. Simié. Spectral Generalizations of Line Graphs: On Line
Graphs with Least Eigenvalue —2. London Math. Soc., Lecture Notes Series, 314, Cambridge
University Press, 2004.

E.R. van Dam and W.H. Haemers. Which graphs are determined by their spectrum? Linear
Algebra Appl., 373:241-272, 2003.

S. Fallat and S. Kirkland. Extremizing algebraic connectivity subject to graph theoretic con-
straints. Electron. J. Linear Algebra, 3:48-71, 1998.

P. Hansen and G. Caporossi. AutoGraphiX: An automated system for finding conjectures in
graph theory. FElectron. Notes Discrete Math., 5:158-161, 2000.

A.J. Hoffman and J.H. Smith. On spectral radii of topologically equivalent graphs. Recent
Advances in Graph Theory, Academia Praha, 273-281, 1975.

Y. Hong. Bound of eigenvalues of a graph. Acta Math. Appl. Sinica, 432(4):165-168, 1988.

B.D. McKay. The nauty page, http://cs.anu.edu.au/~bdm/nauty/.

D.L. Powers. Graph partitioning by eigenvectors. Linear Algebra Appl., 101:121-133, 1988.

Z. Stani¢. On determination of caterpillars with four terminal vertices by their Laplacian
spectrum. Linear Algebra Appl., 431:2035—-2048, 2009.

A. Yu, M. Lu, and F. Tian. On the spectral radius of graphs. Linear Algebra Appl., 387:41-49,
2004.



