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THE LEAST EIGENVALUE OF THE SIGNLESS
LAPLACITAN OF NON-BIPARTITE UNICYCLIC GRAPHS
WITH K PENDANT VERTICES*

RUIFANG LIUT, HAIXIA WAN? JINJIANG YUAN}, AND HUICAI JIAS

Abstract. Let U(n, k) be the set of non-bipartite unicyclic graphs with n vertices and k pendant
vertices, where n > 4. In this paper, the unique graph with the minimal least eigenvalue of the signless
Laplacian among all graphs in U(n, k) is determined. Furthermore, it is proved that the minimal
least eigenvalue of the signless Laplacian is an increasing function in k. Let U, denote the set of
non-bipartite unicyclic graphs on n vertices. As an application of the above results, the unique graph
with the minimal least eigenvalue of the signless Laplacian among all graphs in U, is characterized,
which has recently been proved by Cardoso, Cvetkovié, Rowlinson, and Simié.
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1. Introduction. All graphs considered are simple, undirected, and connected.
The vertex set and edge set of the graph G are denoted by V(G) and E(G), respec-
tively. The distance between vertices u and v of a graph G is denoted by dg(u,v).
The degree of a vertex v, written by dg(v) or d(v), is the number of edges incident
with v. A pendant vertex is a vertex of degree 1. The set of the neighbors of a vertex
v is denoted by Ng(v) or N(v). The girth g(G) of a graph G is the length of the
shortest cycle in G, with the girth of an acyclic graph being infinite. Denote by C,,
and P, the cycle and the path, respectively, on n vertices.

The adjacency matriz of G is defined to be the matrix A(G) = (a;;), where a;; =1
if v; is adjacent to v;, and a;; = 0 otherwise. The degree matrix of G is denoted
by D(G) = diag(dg(v1),dg(v2),...,dg(v,)). The matrix Q(G) = D(G) + A(G) is
called the signless Laplacian or the Q—matriz of G. Note that Q(G) is nonnegative,
symmetric and positive semidefinite, so its eigenvalues are real and can be arranged
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in non-increasing order as follows:
0(G) 2 ¢2(G) = -+ 2 qu(G) 2 0,

where ¢1(G) is the signless Laplacian spectral radius of graph G, and the least eigen-
value ¢,(G), denoted by ¢(G) or ¢ for short, is called the least eigenvalue of the
signless Laplacian or the least Q-eigenvalue of G. Tt is well known [3] that ¢(G) =0
of a connected graph G if and only if G is bipartite.

Recently, the signless Laplacian matrix of G has received much attention. As
pointed out by Haemers and Spence [7], sometimes the matrix @ is more informative
about G than the adjacency matrix A or the Laplacian matrix L(G) = D — A.
Computer investigations of graphs with up to 11 vertices [4] suggest that the spectrum
of D + A performs better than the spectrum of A or D — A in distinguishing non-
isomorphic graphs.

There has been a lot of work on the signless Laplacian spectral radius of a graph
in recent years, however relatively few results on the least eigenvalue of the signless
Laplacian ¢(G) have appeared in the literature. In [§], Li and Wang proposed the
following problem concerning the least eigenvalue of the signless Laplacian:

Given a set of graphs G, find a lower bound for the least eigenvalue of the signless
Laplacian and characterize the graphs in which the minimal least eigenvalue of the
signless Laplacian is attained.

The above problem is actually one of the signless Laplacian version of the classical
Brualdi-Solheid problem [I] for the adjacency matrix. Cardoso et al. [2] determined
the unique graph with the minimum value of the least eigenvalue of the signless
Laplacian of a connected non-bipartite graph with a prescribed number of vertices.
Fan et al. [0] minimized the least eigenvalue among all nonsingular unicyclic mixed
graphs in the setting of Laplacian of mixed graphs. Their result can be applied to
signless Laplacian of graphs directly. Li and Wang [8] characterized the unique graph
whose least eigenvalue of the signless Laplacian attains the minimum among all graphs
in the complements of trees on n vertices. In [9], Wang and Fan minimized the least
eigenvalue of the signless Laplacian among the class of connected graphs with fixed
order which contains a given non-bipartite graph as an induced subgraph. In this
paper, we focus on the same question for U(n, k), the set of non-bipartite unicyclic
graphs with n vertices and k pendant vertices.

A connected graph is said to be non-bipartite unicyclic, if it has a unique odd
cycle, and the same number of vertices and edges. Let AF be the non-bipartite
unicyclic graph obtained from Cs and a star K j by joining the center of K  and a
vertex of Cs by the path of length n — k — 3 (see Fig. [[I)). The main result of this
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paper is as follows:

THEOREM 1.1. Let U* have the minimal least eigenvalue of the signless Laplacian
among all graphs inU(n, k). Then U* is isomorphic to AF for 1 < k < n—3. Further-
more, the minimal least eigenvalue of the signless Laplacian q(Ak) is an increasing
function on k, i.e., q(AK) < q(AETY) for 1 <k <n—4.

k pendant vertices

—_—~

Fic. 1.1. Graph AF.

2. Preliminaries. Denote the least eigenvalue of Q(G) by ¢(G). The corre-
sponding eigenvectors are called the least Q-eigenvectors of graph G. Let X =
(21,29, .. ., 2,)T € R", and G be a graph on vertices v1,va,...,v,. Then X can be
considered as a function defined on G, that is, each vertex v; is mapped to x; = x,,.
If X is an eigenvector of Q(G), then it is naturally defined on V(G), where z, is the
entry of X corresponding to vertex v. One can find that

XTQ(G)X: Z (mu‘f'xv)Q-

wweE(G)

Then ¢ is a signless Laplacian eigenvalue of G corresponding to the eigenvector X if
and only if X # 0 and for each vertex v € V(G),

(2.1) (¢ —dg(v)z, = Z T

UENG(’U)
In addition, by the Rayleigh-Ritz Theorem, for an arbitrary unit vector X € R",
¢(G) = min(XTQ(G)X) < XTQ(G)X

with equality if and only if X is an eigenvector corresponding to the least Q-eigenvalue

q(G).
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Before giving the proof of Theorem [[T] we introduce some lemmas in this section.

LEMMA 2.1. ([5]) Let G be a connected non-bipartite graph with minimal degree §,
then 0 < ¢(G) < 6. In particular, if G contains a pendant vertex, then 0 < ¢(G) < 1.

Let G1, G2 be two vertex-disjoint nontrivial connected graphs with v; € V(G1)
and u € V(G2). The coalescence of G1 and Ga, denoted by GiviuGe, is obtained
from G; and G2 by identifying v; with u (see Fig. 2I), where G; and G are called
branches of Giv1uG2 with roots v1 and u, respectively. Let X be a vector defined on
V(G). A branch H of G is called a zero branch with respect to X if 2, = 0 for all
v € V(H), otherwise it is called a nonzero branch with respect to X.

h @

LEMMA 2.2. ([9]) Let G1, G2 be two vertex-disjoint nontrivial connected graphs
with v1,v2 € V(G1) and u € V(G2). Let X be a least Q-eigenvector of GiviuGsy. If
|20, | < |To,|, then

Fic. 2.1. GiviuG2 and GivauGs.

q(leluGg) Z q(GIUQUGQ)

with equality only if |x,,| = |Tv,| and dg, (w)z, = — ZyeNQ(u) Ty

LEMMA 2.3. ([9]) Let G be a nontrivial non-bipartite connected graph, and let
Gy, be the graph obtained by coalescing G with two paths Py41 and P11 by identifying
an end vertex of Pix1 and an end vertex of Piy1 both with the same vertex v of G. If
k>1>1, then

q(Gr1) > ¢(Grt1,1-1),
with strict inequality if x, # 0, where X is a least Q-eigenvector of Gy, ;.

LEMMA 2.4. ([9]) Let G be a connected graph which contains a bipartite branch
H with root w. Let X be a least Q-eigenvector of G.
(i) If x,, = 0, then H is a zero branch of G with respect to X.
(i) If x, # 0, then x, # 0 for every vertex v € V(H). Furthermore, for every vertex
v € V(H), xyxy is either positive or negative, depending on whether v is or is not in
the same part of the bipartite graph H as w; consequently, x,x, < 0 for each edge
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wv € E(H).

LEMMA 2.5. ([9]) Let G be a connected non-bipartite graph, and let X be a least
Q-eigenvector of G. Let T be a tree, which is a nonzero branch of G with respect to
X and with root w. Then |z,| < |z,| whenever u,v are vertices of T such that u lies
on the unique path from w to v.

Let U,, denote the set of non-bipartite unicyclic graphs on n vertices. For any
U € Uy, let C, be the unique odd cycle in U, where g is the girth of U. In [2], Cardoso
et al. obtained the following important result.

LEMMA 2.6. ([2]) Let U be a non-bipartite unicyclic graph on n vertices. Let X
be a least Q-eigenvector of U. Then
(i) zsxy > 0 for some edge st of Cy;
(i) xyx,y <0 for any other edge uv of U;
(i) if xsxy = 0, then either x5 or x; is nonzero;
() if u is a vertex of U other that s or t, then |z,| > |xs| or |xy| > |x4|.

3. Characterization of the extremal graph. Let U/(n, k) be the set of non-
bipartite unicyclic graphs with n vertices and k pendant vertices, where n > 4. Let U*
have the minimal least Q-eigenvalue in U (n, k). By Lemmal[21] clearly 0 < ¢(U*) < 1.
Let Ak € U(n, k) be the non-bipartite unicyclic graph obtained from C3 and a star
K 1 by joining the center of K j and a vertex of C'3 by the path of length n — k — 3.

First, we consider the case of k =n — 3.

THEOREM 3.1. Let U* have the minimal least Q-eigenvalue in U(n,n—3). Then
U* is isomorphic to A3,

Proof. For U* € U(n,n—3), then the non-bipartite unicyclic graph U* is obtained
from C5 by adding some pendant edges to its vertices. Suppose that U* is not
isomorphic to A3, then there exist two vertices u,v on C3 in U*, which have k1, ko
pendant edges, respectively. Let w be a vertex of C3 other than u or v. Let X be a
unit Q-eigenvector of U* corresponding to ¢(U*), without loss of generality, we can
assume that |x,| > |z,|. Then by Lemma 22 ¢(U*) > ¢q(U), where U is obtained
from U* by shifting ke pendant edges from vertex v to vertex u. If the equality holds,
by Lemma 22 |x,| = |z,| and kex, = —koxs, where s € Ny+(v) \ {u,w}. The
eigenvalue equations at v and w of U* yield

(31) (q — kg — 2)xv = kas + Ty + Ty,

(3.2) (¢ — 2)xy = Ty + Ty,
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where ¢ = q(U*). Since kox, = —koxs, (B1) implies that
(3.3) (¢ —2)xy = Ty + Ty

Note that x, # 0 (otherwise X = 0 by Lemma[Z2] and the eigenvalue equation (Z.1I)).
If z, = x,, then we can deduce that ¢(U*) =1 or ¢(U*) = 4 from (32) and B3], a
contradiction. If z, = —z,, then we can obtain that ¢(U*) = 1 from(B.2) and E3),
a contradiction. Thus, there exists U € U(n,n — 3) such that ¢(U*) > ¢(U). This
contradicts the minimality of U*. O

Next we focus on the case of 1 < k <n — 4.

Let Uy (n, k) be the subset of U(n, k) in which the unicyclic graphs are obtained
from C, by attaching k paths at vertex vg. Let Us(n, k) be the subset of U(n, k) in
which the unicyclic graphs are obtained from P41 : vouy---u; (I > 1) by attaching
C, to one end vertex vg and k paths to the other end vertex u; (see Fig. B1]).

k paths k paths
—_— —_——
(o
U1
ul(na k) UQ(na k)

Fic. 3.1. Two classes of graphs in U(n, k) with girth g.

Let U be the non-bipartite unicyclic graph obtained from Cy by attaching k
pendant edges at vertex vg. Clearly U € U (n, k).

LEMMA 3.2. For each non-bipartite unicyclic graph U € U(n, k), either q(U) >
q(U) or there exists a graph Uy € Us(n, k) such that ¢(U) > q(Uy).

Proof. Let Cy be the unique odd cycle in U, where V(C,) = {vo,v1,...,v4-1}.
The unicyclic graph U can be viewed as planting some tree T; at vertex v;, where
0<i<g-—1. Let X be a unit Q-eigenvector of U corresponding to ¢(U). Without
loss of generality, let |z,,| = max{|x,,| : 0 <i < g—1}. Let Uy be the graph obtained
from Cy by planting Tp,Th,...,Ty—1 (possibly trivial) at vertex vy to form a new
big tree T with root wvg, where d(vg) > 3. From a repeated use of Lemma 22 we
have q(U) > q(Up). Consider the graph Up. Let t be the cardinality of the vertices
whose degrees are no less than 3 in V(T') \ {vo} and X’ be a unit Q-eigenvector of Uy
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corresponding to ¢(Up), and now we distinguish the following three cases:
Case 1. ¢t =0. In this case, Uy € Ui (n, k).
Case 1.1. Uy is isomorphic to U, then q(Up) = q(U)

Case 1.2. Up is not isomorphic to U, then there exists a vertex v € V(T)\
{vo} with degree 2 in Uy. By Lemmas 24 and 8| || > |:E'v0| Denote N(vg) =
{v1,v9-1, w1, w2, ..., wp}. Assume that w; (possibly v) belongs to the unique path
joining vy and v. Define Uy = Uy — {vows, vows, . .., vowp} + {vwa, vws, ..., vwy},
clearly U; € Usz(n, k) and by Lemma [Z2] ¢(Up) > q(Un).

Case 2. ¢t = 1. We can assume that there exists one vertex v € V(T') \ {vo} with

d(v) > 3 in Uy, then there is a unique path with length at least 1 joining vy and v.
By Lemmas 24 and 23 |2),| > |x;0|

Case 2.1. d(vg) > 4. Denote N(vg) = {v1,vg-1,w1,Wws2,...,wp}. Assume
that vertex w; belongs to the unique path joining vy and v. Define Uy = Uy —
{vows, vows, . .., vowp } + {vws, vws, ..., vwy}, clearly Uy € Us(n, k) and by Lemma
2.2 (Vo) = q(Un).

Case 2.2. d(vg) = 3. In this case, Uy = Uy € Uz(n, k), and ¢(Uy) = q(Ur).

Case 3. ¢ > 1. Suppose that u,v € V(T) \ {vo} are two vertices of Uy whose

degrees are 3 or greater, and |z,| > |z,|. Since T is a tree, there is a path be-

ol
tween u and v and only one neighbor of v, say w, is on the path. Assume that
{v1,v2,...,v4,—2} C N(v) \ {w}. Delete the edges (v,v;) and insert the edges
(u,v;) (¢ = 1,2,...,d, — 2), then we get a new unicycle graph U{. Obviously U{
still has k pendant vertices. By Lemma 22 we have ¢(Up) > q(U{) and the cardinal-
ity of the vertices of degree 3 or greater decreases to ¢t — 1.

Ift—1>1, to U{ repeat the above step until the cardinality is reduced to one.
So we get non-bipartite unicyclic graphs

/

’ ’
U,,Us,...,U,_;

and
’

q(Uy) > q(Uy) > -+ > q(U,_,).

Moreover, each Ui/ has k pendant vertices. Refering to case 2, we always have
Uy € Us(n, k) and q(U,_,) > q(Uy). O

LEMMA 3.3. Let U* have the minimal least Q—eigenvalue in U(n, k), where
1<k<n-—4. Then g(U*) = 3.
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Proof. According to Lemma 2] we may assume that U* € Us(n, k) or U* is
isomorphic to U.

First consider the case of U* € Usa(n, k). Let Cy be the unique odd cycle in U*.
Suppose that g(U*) > 5, and there must exist at least four vertices v;_1, v;, Vi1, Vit2
of Cy in U*.

Let X be a unit Q—eigenvector of U* corresponding to ¢(U*). Since |z,,| =
max{|z,,| : 0 < i < g — 1}, Lemma 24 implies z,, # 0. According to Lemma
2.6l (7), there must exist an edge v;v;11 € Cy such that x,,x,,,, > 0. Since |z,,| =
max{|z,,| : 0 < i < g — 1}, by Lemma 28] (iv), v;vit1 # vovr and v;vip1 # vg—100,
ie., 1 <i<g—2 Without loss of generality, we can assume that |z,,| < |z,,,,|, by
Lemma [2.6] (¢4i), then z,, , # 0. Now we distinguish the following three cases:

Case 1. (%y,_, — Tu,y)( 2Ty, + Ty,_, + Toyyy) 2> 0.

Case 1.1. i =1. That is to say, (Ty, — Tus)(2%y, + Ty + Zoy) > 0. Deleting the
edge v1vp and inserting the edge vivs, we can get a new graph U € Us(n, k), and

q(U*) —q(U) = XTQU")X - XTQU)X
= (xﬂo + Ty )2 - (xﬂl + :L'v3)2
= (xﬂo - 1"03)(21"01 + Ty, + xﬂs)

> 0.

The equality ¢(U*) = q(U) = ¢ holds only if X is also a unit least Q—eigenvector of
U and (24, — oy ) (224, + Ty + oy ) = 0. By the eigenvalue equations (1)) of vertices
v and vy in both U* and U, we have

(q - 3)1'170 = Ty + Loy + Tyy_ys (q - 2)1'171 = Tyg + Loy,
(q - 2)1'1;0 = T,y + Lyg_q, (q - 2)1'121 = Ty + Tyg-
Hence, x,, = —&,, = —Zy,. By Lemma (iv), |Tys] > |20, |, a contradiction.

Hence, we find a graph U € Us(n, k) such that ¢(U*) > ¢(U). This contradicts the
minimality of U*.

Case 1.2. 2 <i < g—2. Define U=U*—vv_1 + ViVi+2, and
g(U*) = q(U) > XTQU")X — XTQ(U)X

= (xﬂi + x”i—1)2 - (xﬂi + mvi+2)2

= (xﬂi—l - x”i+2)(2x7ji + Ty T x”i+2)
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At this time, vertex v;_1 is a new pendant vertex in U. Note that k > 1, there exists
an old pendant vertex v in U. Let U = U — vyvg + v1v, clearly U € Us(n, k). Since
|20 | < |Zo|, by Lemma 22 ¢(U) > ¢(U). This contradicts the minimality of U*.

Case 2. (Ty,,y — To,_,)(2%0,y, + T, + Ty,,y) 2> 0.

Case 2.1. i =g —2. That is, (2, — Tv, ;)(220, , + Ty, + 2o, ;) > 0. Deleting
the edge vy_1vp and inserting the edge vy_1v4—3, we get a new graph U € Usa(n, k),
and

q(U*) —q(U) > XTQU*)X - XTQ(U)X
= (Tyy + :cﬂgfl)2 — (Lo, + :4371573)2
= (Tyy = Tuy_5) (20, , + Tuy + Tu,_,)
> 0.

The equality ¢(U*) = q(U) = ¢ holds only if X is also a unit least Q—eigenvector of
U and (zy, — Tv, 5)(2%0, , + Ty, + 2o, ,) = 0. By the eigenvalue equations (2.I]) of
vertices vg and vy_1 in both U* and U, we have

(q - 3)xU0 = xul + xUl + Ig—la (q - 2):5’11971 = xvo + 1‘11972)
(¢ — 2)Xyy = Tuy + Ty s (@ —=2)Ty, | = Ty, 5 + Ty, _,-
Hence, 2., , = =Ty, = —Zy,_,. By Lemma 26 (iv), |zy,_,| > |Tv,_,|, a contradic-

tion. Hence, we find a graph U € Us(n, k) such that ¢(U*) > ¢(U). This contradicts
the minimality of U*.

Case 2.2. 1 <7< g—3. Define U=U*— Vi41Vi+2 + Vi+1v;—1, and

q(U*) = q(U) = X"QU")X - X"Q(U)X
- (xﬂi+1 + x”i+2)2 - (:L'vi+1 + mvi—l)2
= (xﬂi+2 - x”i—l)(2xﬂi+l + Ty T x”i+2)

> 0.

At this time, vertex v;42 is a new pendant vertex in U. Note that k > 1, there exists
an old pendant vertex v in U. Let U =0U — Vg—1V0 + vg_1v, clearly U € Us(n, k).
Since |2y, | < ||, by Lemma 22 ¢(U) > q(U). Hence, we find a graph U € Us(n, k)
such that ¢(U*) > q(U). This contradicts the minimality of U*.

Case 3. (I'Ui—l _$@i+2)(2xvq, +xvq,71 +xvq,+2) < 07 ($”i+2 _xvm—l)(Qm'UH»l +xvq,71 +
xvqﬂ) < 0. Hence, 2z, + T, _, + To,;,, and 22y, | + Ty, , +Ty,,, are of opposite sign.
Since we assume that |z,,| < |z, |, we have the following two cases:
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Case 3.1. z,,, > x,, > 0. Hence, 2z, , + Ty,_, + Ty,,, > 0, by Lemma 2.0l
(ii)’ Loi_1s I’Ui+2 S 07 and I’Uz‘+1 > %(lxﬂi—l | + |xvq,+2 |) Z min{"xvq,fl |7 |I'Ui+2 |}’ which is
a contradiction to Lemma [Z.0] (iv).

Case 3.2. xz,,,, < x,, <0. It follows that 2z,, , + 2., , + Ty, <0, by Lemma
2.0 (ZZ), Lo;_15Lviqs 2> 07 and |x71i+1| > %(mvi—l + mvi+2) > min{x”i—l’mvi+2}7 which is
a contradiction to Lemma [Z.0] (iv).

At last, we consider the case of U* is isomorphic to U.

If U* is isomorphic to U, we have g(U*) > 5, since k+g(U*) =n > k+4. Similar
to the above proof with U* € Ua(n, k), we can always find at least four vertices
Vi—1, Vi, Vi+1, Vi+2 of Cy in U* and obtain a contradiction in each case. Hence, it is
impossible that U* is isomorphic to U. O

Let U*(n, k) be the set of non-bipartite unicyclic graphs in Us(n, k) which have
girth 3 (see Fig. B2).

k paths
——~
u
U1
U v
U*(n, k)

F1G. 3.2. The class of graphs in Uz(n, k) with girth 3.

THEOREM 3.4. Let U* have the minimal least Q-eigenvalue in U(n, k), where
1<k<n-—4. Then U* is isomorphic to Afl.

Proof. According to Lemma [3.3] we can assume without loss of generality that
U* € U*(n,k). If U* is not isomorphic to AF then & > 2 and there exists at
least a pendant path with length 2 or greater at vertex w; in U*. Let X be a unit
Q—eigenvector of U* corresponding to ¢(U*). From a repeated use of Lemma [Z3]
we obtain a new graph U e U*(n, k) which has one pendant path: w;z122- - 2p—12p
with length p =n —k —1 — 2 and k — 1 pendant paths with length 1 at vertex u; in
U'. Note that z,, # 0, by Lemma 23] ¢(U*) > ¢(U").

Consider unicyclic graph U/7 let X' be a unit Q—eigenvector of U corresponding
to q(U'). Denote N (u) \ {ui—1,21} = {w1,w2,,...,wi_1}. Then Ak = U — wju +
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w;zp—1, where 1 <14 < k — 1. Note that |x;l| < |x;p71|, by Lemma 2 then ¢(U") >
q(AF). Hence, we get q(U*) > q(AF). By the definition of U*, then U* is isomorphic
to Ak D

THEOREM 3.5. Let 1 <k <n—4. Then q(AF) < g(AF+).

Proof. Consider the unicyclic graph A¥*1. Let X be a unit Q—eigenvector of
AEF1 corresponding to g(AF*H1). Denote k+ 1 pendant vertices by v, va, . . ., Uk, Ukt 1
and their common neighbor u;. Then AF = AM1 — g0 + vivpy 1, where 1 < i < k.
Note that |y, | < |Zy,,, |, by Lemma 2 we have q(A%T1) > ¢(AF). O

Theorem [I.] follows naturally from Theorems B.1], B.4] and

Let U,, be the set of non-bipartite unicyclic graphs on n vertices, where n > 4.
Then U, = {C,} UU(n, 1) UU(n,2)U---UU(n,n — 3).

LEMMA 3.6. Let U** have the minimal least Q— eigenvalue in U, , where n > 4.
Then U** is not isomorphic to C,,.

Proof. By way of contradiction, suppose that U** is isomorphic to C,,, then we
have n > 5 is odd. Let X be a unit Q—eigenvector of U** corresponding to q(U**).
Using the same techniques as the proof of Lemma B3] we can always find at least
four vertices v;_1,v;, viy1,vi42 of C), and obtain a contradiction in each case, since
|To, | # |@o,_,| and |2y, | # |[Tv,,,|. Hence, U™ is not isomorphic to Cy,. O

According to Lemma [0 then U** € U(n,1) UU(n,2)U---UU(n,n —3). As an
immediate consequence of Theorems [[.1] we have the following Corollary [3.7] which
is one of the main results in [2].

COROLLARY 3.7. ([2]) Let U,, be the set of non-bipartite unicyclic graphs on n
vertices, where n > 4. For any U € U,,, we have

q(U) > q(A))
with equality if and only if U is isomorphic to AL.
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