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BOUNDS FOR AN OPERATOR CONCAVE FUNCTION*

SEVER S. DRAGOMIR', JUN ICHI FUJIIf, AND YUKI SEO}

Abstract. Let ® and ¥ be unital positive linear maps satisfying some conditions with respect
to positive scalars a and S. It is shown that if a real valued function f is operator concave on an
interval J, then

B(f(T(A) — ¥ (f(A))) < f(2(A) — 2(f(A) < a(f(¥(A)) — ¥(f(4))
for every selfadjoint operator A with spectrum o(A) C J. Moreover, an external version of estimates
above is presented.
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1. Introduction. Let ® be a unital positive linear map from B(H) to B(K),
where B(H) is the C*-algebra of all bounded linear operators on a Hilbert space
H. The Davis-Choi-Jensen inequality [II [2] states that if a real-valued function f is
operator concave on an interval J, then

(1.1) O(f(A4)) < f(2(4))

for every selfadjoint operator A with spectrum o(A) C J. Though in the case of
concave function the inequality (1)) does not hold in general, we have the following
estimate [7]: If f is concave and A is a selfadjoint operator on H such that mI < A <
MT for some scalars m < M, then

(1.2) — plm, M, )I < F(D(A)) = (f(A)) < u(m, M, )1
for all unital positive linear maps ® where the bound p(m, M, f) of f is defined by

(1.3) p(m, M, f) = max {f(t) - w

We note that bounds of (I2)) are sharp.

(t—m)—f(m):te [m,M]}
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In 3], the first author showed the following estimate for the normalized Jensen
functional: If a real-valued function f is concave on a convex set C, then for each

positive n-tuples (p1,...,pn) and (q1,...,q,) with > p;=1and > ¢ =1
2. {3} (0 (Bo) - B ) = (5 (E) - S
St ) i=1 i=1 i=1 =1
< Jmax {%} <f (; Qixi> - ; %‘f(:&‘))

for all (x1,...,z,) € C™.

In this note, based on the idea of [3], we shall provide new bounds for the difference
of the Davis-Choi-Jensen inequality. Among others, we show that if ® is a unital
positive linear map and f is operator concave on an interval [m, M], then

m;M) B f(m);f(M)) ;

F(®(4)) — B(f(4)) <2 (f (

for every selfadjoint operator A such that mI < A < M for some scalars m < M.
Moreover, we discuss an external version of the Davis-Choi-Jensen inequality.

2. Davis-Choi-Jensen inequality. Let ® and ¥ be two positive linear maps
from B(H) to B(K). ® is said to be a-upper dominant by ¥ if there exists & > 0 such
that oW > ®. Similarly ® is said to be S-lower dominant by ¥ if there exists 8 > 0
such that ® > f¥. Moreover, ® is («, 8)-dominant by ¥ if ® is a-upper and S-lower
dominant by . The vector (p1,...,pn) is said to be a weight vector if p; > 0 for all
i=1,...,nand > 1, p; = 1. For example, we put two positive linear maps ® and
U:BH)® - -®B(H)— B(H) as follows:

n n
(AL DDA :ZpiAi and V(A @ ---®A,) :Ziniv
i—1 i=1

where (p1,...,pn) and (q1,...,qn) are weight vectors. If we put a = maxlgign{%}
and 8 = minlgign{%}, then it follows that ® is (a, §)-dominant by ¥. In fact, we
have

(¥ — @) (A1 @A) =Y (a— D)gA,
i=1 v
and
i=1 **

Therefore, a¥ — ® and ® — SV are positive linear maps.
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Firstly, we provide the following estimates associated with the Davis-Choi-Jensen
inequality for two unital positive linear maps:

THEOREM 2.1. Let ® and U be two unital positive linear maps from B(H) to
B(K) such that ® is (a, B)-dominant by V. If f is operator concave on an interval
J, then

(2.1) B(f(¥(A) = U(f(A)) < f(®(A)) = 2(f(A)) < a(f(¥(A)) —¥(f(A4)))
for every selfadjoint operator A with spectrum o(A) C J.

Proof. If we put ®o(X) = LX), then ®q is a positive linear map. Since & is

)
a-upper dominant by ¥, we have ¥ — 1® is positive and (¥ — L ®)(I) + ®o(I) = I.
Therefore, by (I.l), we have

FVA)) = FOE(A) = 20() + 20(4) = 1 (¥ = Z0)(4) + Dof0(4))
> (0~ 2 0)(7(4)) + Do(7(B(4)))
= W(F(A)) ~ ~B(F(A)) + - [(B(4))
and this implies the second inequality of [2.1)).

Similarly, if we put ®1(X) = X, then it follows that

f(@(A)) = [(2(A) = FU(A) + FU(A)) = [ (P — BY)(A) + @1 (T(A)))
> (0 = pU)(f(A)) + 21(f(¥(A))) = B(f(A)) = BY(f(A)) + 5F(¥(A4)). D

By Theorem 211 we have the following corollary as an operator concave version
of [3, Theorem 1], see also [4].

COROLLARY 2.2. Let (p1,...,pn) and (q1,...,qn) be weight vectors. If f is
operator concave on an interval J, then

B (f <Z ‘IiAi) - Z Qif(Ai)>
<f (Zm&) - Zpif(Ai) <a <f (Z QiAi> - Z%‘f(z‘h))

for all selfadjoint operators Ay, ..., A, such that o(A;) C J for alli=1,...,n, where

o = maxlgign{%} and B = minlgign{%}.

In particular,

n 1I§nii£n{pi} (f (Z %Az> - Z %f(&))
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< (zpﬁu) >4 < n s ) <f (z 5&-) Zﬁf(fli))
=1 =1 =1

The following corollary is a two variable version of Theorem 2.11

COROLLARY 2.3. Let @, U, &' and U’ be positive linear maps from B(H) to
B(K) such that ®(I) +Y(I) =1 and ®'(I) +¥'(I) =1 and ® is (o, B)-dominant by
O and ¥ is («, B)-dominant by V'. If a real-valued function f is operator concave on
an interval J, then

Bf(@'(A) +V'(B)) — ('(F(A) + ¥'(f(B)))
f(@(A) +¥(B)) — (2(f(4) +¥(f(B)))
a(f('(A) +¥'(B)) — (2'(f(A) + ¥'(f(B)))

for all selfadjoint operators A and B with 0(A), o(B), o(®(A)+¥(B)) and o(P'(A)+
U'(B)) C J.

<
<

REMARK 2.4. Similarly, we have the following n-variable version of Corollary 3.
Let {®;} and {®}} be positive linear maps from B(H) to B(K) such that >, ®;(I) =
Sor ®i(I) = I and ®; is (o, )-dominant by @} for i = 1,...,n. If a real-valued
function f is operator concave on an interval J, then

g <f (Z GI>§(AZ-)> - ZfﬁQ(f(Aﬁ)) <f <Z @i(Ai)> - ZcI)i(f(Ai))
a@(iﬁw&0§:%umm)

for all selfadjoint operators A and B with o(4), o(B), o(> i, ®i(4)) and
o(Xim ®i(4) C J.

In the case of a concave function, we have no relation between ®(f(A)) and
f(®(A)). Though we have the estimate of (I.2]), we provide new bounds for the
difference of the Davis-Choi-Jensen inequality by means of the difference of concavity.

THEOREM 2.5. Let ® be a unital positive linear map from B(H) to B(K). If a
real-valued function f(t) is concave on [m, M|, then

M3m<an;M)ﬂM;fwﬁ>ﬂFM»

2 m MY )+ F(M)
< () - o) < g (7 (") 2

) F@a)

for every selfadjoint operator A such that mI < A < M1 for some scalars m < M,
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where a real-valued function F(t) on [m, M| is defined by

F(t)

_M—m ; M+m
T2 2 '

Proof. Since ® is a unital positive linear map and f is concave on [m, M|, we have

o(f(A) = @ (f(Aﬁ_ﬁm)AjL Mf(”;}—ﬂnzf(M)Q
_ D) = M) g 4 Mf(njl\}::nnf(M)I-

(G + ST ) = S )+ 47— 01)

and this implies

F(@(4) ~ D(F(4)) < 1o (ﬂm) /D (’” ! M)) F(8(4)).

For the first half of Theorem 2.5 we have

iy —otscan > L= Ly M0 00y
o LOD = Fm) | | MF(m)— m()
— oD ) M) _mf Q) _ )

S <f(m)42rf(M)f<m;M>)¢(F(A))_ ;

Since t7—F(®(A)) < I in Theorem 2F, we have an evaluation type by the

middle point:

COROLLARY 2.6. Let @, f and A be as in Theorem[2.. Then

o) - ara) 2 (g ) - A 1
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The following corollary is another expression of (2]).

COROLLARY 2.7. Let ®, f and A be as in Theorem[2.0 Then

(e - LS00

- ) 1< F(D(4)) — B(f(4)) < <fmax -

where f(t) =f(t)— ﬂj\ﬁ:fn(m)t—i— (M+m2)((£j(ﬁ2;f(m)) and fmax = max{f(t) m<t<

Proof. Since

i~ L0 T0m), M) = mi) _ g, g+ 100
< o~ Lm0
it follows from the concavity of f that
F(@(4)) — a(f(4)) < fa(ay) - LA gy MICW =] (1),
< (e - L 100 1

On the other hand, by the Stinespring decomposition theorem [I0], ® restricted to a
C*-algebra C*(A) generated by A and I admits a decomposition ®(X) = C*¢(X)C
for all X € C*(A), where ¢ is a x-representation of C*(A) C B(H) and C is a bounded
linear operator from K to a Hilbert space K’. Since ® is unital, we have C*C = I.
For every unit vector x € K,

(f(®(A))z, ) — (®(f(A))z, ) = (f(C"H(A)C)z, ) — (C"¢(f(A))Cx, x)

Therefore, we have

B(f(4)) — F(B(A) < (fm _ M) I

2

and this implies the first half part of the desired inequality. O
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3. External version of Davis-Choi-Jensen inequality. In this section, we
consider bounds of operator concavity in terms of an external formula. A real-valued
continuous function f on J is operator concave if and only if

(3.1) f(1+p)A—pB) < (1+p)f(A) —pf(B)

for all p > 0 and all selfadjoint operators A and B with o(A),o(B) and o((1 +
p)A — pB) C J. Then we have the following external version of the Jensen operator
inequality: If f is operator concave, then

n n n n
(32) f ((1 +Y pi)A- Zm&) < (L4 p)f(A) = pif(B)

i=1 i=1 i=1 i=1
for all selfadjoint operators A and B; (i = 1,...,n) with o(4),0(B;) and o((1 +
S pi)A =" piB;) C J, also see [5l 9]

For a real-valued continuous function f, we define the following notation
Aoy B= A2 f(A"2BA"2)A>

for positive invertible A and selfadjoint B, also see [§].

Let ® be a positive linear map from B(H) to B(K). In [6], we show the fol-
lowing external version of the Davis-Choi-Jensen inequality: Let f be a real-valued
continuous function on an interval J. Then f is operator convcave if and only if

(3-3) f(@(A) = ¥(B)) < ®(I) o7 ®(A) - ¥(f(B))

for all positive linear maps ®, ¥ such that ®(I) — () = I and for all selfadjoint
operators A and B with o(A),o(B) and o(®(A) — ¥(B)) C J. The invertibility of
®(I) guarantees the formulation of (33). In this case, we have

(f(A)) < @(I) af B(A).

In fact, in the Stinespring decomposition theorem ®(X) = C*¢(X)C, we have the
polar decomposition C' = V|C| such that |C| is invertible, because C*C = ®(I) =
I+ %(I) > 0. Since V*V = I, it follows that

(f(A)) = [CIVIf((A)VIC] < [Cf(VTo(A)V)IC]
= Clf(C]7 I C (A CICIThIC] = (1) of B(A).

If moreover C' is invertible, then we have ®(f(A)) = ®(I) o5 ®(A), and hence,
(3.4) f(@(A) = ¥(B)) < ©(f(A)) - ¥(f(B)),

see [0].



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 26, pp. 192-200, May 2013

Bounds for an Operator Concave Function 199

Based on the external version (4] of the Davis-Choi-Jensen inequality, we have
the following bounds for the difference of the operator concavity.

THEOREM 3.1. Let ®, U, & and U’ be positive linear maps from B(H) to B(K)
such that ®(I) — W(I) = I and ®'(I) — ¥'(I) = I and ® is (B, «)-dominant by P’
and U is (o, B)-dominant by V'. If a real-valued function f is operator concave on an
interval J, then

B(2'(f(A) = ¥'(f(B)) - f(2'(4) - ¥'(B)))
(f(A)) = W(f(B)) = f(®(A) - ¥(B))
a(P'(f(A) = ¥'(f(B)) - f(¥'(A) - ¥'(B)))

for all selfadjoint operators A and B with o(A), o(B), o(®(A)—¥(B)) and o(P'(A)—
U'(B)) C J.

<
<

Proof. Put ®1(X) = aX. Since @ is a-lower dominant by ®' and ¥ is a-upper
dominant by ¥/, and (® — a®')(I) + (¥’ — V)(I) + ®1(I) = I, it follows from the
operator concavity of f that

f(®(A) = ¥(B)) = f((® — a®)(A) + (a¥' — W)(B) + $1(P'(4) — ¥(B)))
> (¢ —a®’)(f(A)) + (¥ = U)(f(B)) + P:(f(¥(A) — ¥(B)))
= ©(f(A4)) = ¥(f(B)) — a(f('(4) - ¥'(B)) — (¥'(f(4)) - ¥'(f(B))))

for all selfadjoint operators A and B with o(A), o(B), o(®(A)—¥(B)) and o(P’'(A) —
U’(B)) C J. This fact implies the second half of Theorem Bl Similarly, we obtain
the first half of Theorem Bl O

Finally, we show an application of Theorem Bl Put positive linear maps ®, ¥,
O and V' :B(H)® - ® B(H) — B(H) as follows:

¢(A1@"'@An)zz¢‘4i and ‘I/(Al@"'@An)ZzpiAz

‘ n
i=1

@I A ‘e An = - L=l B A’L d \I/l A ce An == 'LA»L',
(A1 -8 Ay) ;:1 - an (A1 @8 4y) Zq
where p;,¢; > 0 for i = 1,...,n. Then it follows that ®(I) — U(I) = I and ®'(I) —

V(1) =1. If we put a = max{%} and %7”” > o, then ¢ is a-lower dominant of

@’ and ¥ is a-upper dominant of ¥’'. If we put = mm{%} and %7;1“ < 3, then
® is S-upper dominant of ®' and ¥ is S-lower dominant of ¥’. Hence, by Theorem [3.1]

we obtain the following external version of Corollary

COROLLARY 3.2. Let f be operator convex on an interval J and A and B; (i =

1,...,n) selfadjoint operators with o(A),o(B;) and o((1+Y 1 pi)A—> 1 piB;) C
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J. Let o = max{2} and § = min{E:}. If B >

ELA

Bf (1+Z%‘)A*Z%Bi *((1+ZQi)f(A)*ZQif(Bz‘))

<fla+ sz')A - ZpiBi —((1+ Zpi)f(A) - Zpif(Bi))

and if ﬂ_%gl > q, then

fla+ Zpi)A - ZpiBi —((1+ Zpi)f(A) - Zpif(Bi))

<alfld+ Z%‘)A - Z%’Bi - ((1+ ZQi)f(A) - ZQif(Bi))
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