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Abstract. Two techniques used to show a matrix pattern is spectrally arbitrary are the
nilpotent-Jacobian method and more recently the nilpotent-centralizer method. This paper presents
generalizations of both techniques, which are then used to show that certain non-spectrally-arbitrary
patterns are inertially arbitrary. A flaw in a method used in three previous publications on inertially
arbitrary patterns is discussed. By using the techniques developed here, it is shown that all of the
patterns in the three papers affected by the flaw are nevertheless inertially arbitrary.
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1. Definitions. A sign pattern is a matrix with entries in {4+, —, 0}, where +
(resp., —) represents a positive (resp., negative) real number. A zero-nonzero pattern
is a matrix with entries in {x,0}, where * represents a nonzero real number. We
use the term pattern when statements hold for both sign patterns and zero-nonzero
patterns. The sign of a real number a, denoted by sgn(a), is defined as

+ ifa >0,
sgn(a) =< — ifa<0,and
0 ifa=0.
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The qualitative class of a pattern A = [ay;], denoted by Q(A), is the set of all real
matrices A = [a;;] such that:

(i) if o = *, then a;; # 0,

(11) if aij =+, then a;; > 0,
(ili) if ;5 = —, then a;; < 0, and
(iV) if Q5 = 0, then Qi = 0.

If A € Q(A), then A is a realization of A. Furthermore, if A € Q(A) is an n x n
nilpotent matrix, that is, A has characteristic polynomial c4(z) equal to 2", then A
is a nilpotent realization of A.

The inertia of a square matrix A, denoted by i(A), is the ordered triple of nonneg-
ative integers (a4, a—, ag) where ay (resp., a— and ag) is the number of eigenvalues
of A with positive (resp., negative and zero) real part. The inertia of a square pattern
A is the set i(A) = {i(A) : A € Q(A)}. A pattern A of order n is inertially arbi-
trary if i(A) contains every ordered triple of nonnegative integers (a,a—,ag) with
ar +a— +ap=n.

The refined inertia of a real square matrix A, introduced in [I4] and denoted by
ri(A), is the ordered 4-tuple of nonnegative integers (a4, a—, a,, 2a,) where a4 (resp.,
a_) is the number of eigenvalues of A with positive (resp., negative) real part, and a,
(resp., 2ap) is the number of zero (resp., nonzero pure imaginary) eigenvalues of A.
In this context, the inertia of a matrix is then i(A4) = (a4, a—,a; + 2a,). The refined
inertia of a square pattern A is the set ri(A) = {ri(4) : A € Q(A)}. A pattern
A of order n is refined inertially arbitrary if ri(A) contains every ordered 4-tuple of
nonnegative integers (a4, a—,as,2ap) with ay +a— +a, +2a, =n.

The spectrum of a square matrix A, denoted by o(A), is the multiset of eigenval-
ues of A. The spectrum of a square pattern A is the set o(A) = {d(4) : A € Q(A)}.
A pattern A of order n is spectrally arbitrary if every multiset of n complex num-
bers, closed under complex conjugation, is in the spectrum of A. Equivalently, A is
spectrally arbitrary if, for every monic real polynomial r(z) of degree n, there exists
a matrix A € Q(A) such that the characteristic polynomial of A is c4(z) = r(2).

For patterns A and B of order n, if A is obtained from B by replacing some (or
possibly none) of the nonzero symbols in B with 0, then A is a subpattern of B and
B is a superpattern of A. Two patterns are equivalent if one can be obtained from
the other via some combination of transposition, negation, diagonal similarity, and
permutation similarity. If two patterns A and B are equivalent, then A is inertially
arbitrary (resp., spectrally arbitrary, refined inertially arbitrary) if and only if B is
inertially arbitrary (resp., spectrally arbitrary, refined inertially arbitrary).
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2. Introduction. Spectrally and inertially arbitrary sign patterns were intro-
duced in [8] while refined inertially arbitrary patterns were introduced in [14]. In [8],
the nilpotent-Jacobian method is developed to show a pattern A is spectrally arbi-
trary by first finding a nilpotent matrix A € Q(A) and then verifying that a certain
Jacobian matrix is nonsingular so that the Implicit Function Theorem can be applied.
In [9], the generalized n x m Jacobian matrix for a matrix A of order n with m nonzero
entries is discussed and the nilpotent-centralizer method is developed using an alge-
braic property of a certain nilpotent matrix to show a pattern is spectrally arbitrary.
In the proofs of both the nilpotent-Jacobian method and the nilpotent-centralizer
method, a nilpotent matrix is critical. We generalize both of these methods by re-
placing the nilpotent matrices by other realizations. In Sections Bl and El we demon-
strate the consequences of this replacement for the nilpotent-Jacobian method and
nilpotent-centralizer method, respectively. We also demonstrate how both of these
generalizations can be applied to show a pattern is inertially arbitrary.

In [I5] Lemma 5], [B, Lemma 3.2], and [6, Lemma 5], a modified nilpotent-
Jacobian method is employed to show that certain patterns are inertially arbitrary.
However, the arguments presented for these three lemmas are flawed. In the Ap-
pendix, we describe the flaw. In Section Bl we demonstrate that the patterns in
question, appearing in the three papers [I5] [5] [6], are nevertheless inertially arbitrary.

3. Generalizations of the nilpotent-Jacobian method. In this section, we
generalize the nilpotent-Jacobian method so that it may be used to obtain sets of
spectra, inertias, and characteristic polynomials for a pattern. We first give a name
to a property that a matrix (not a pattern) can satisfy. Throughout this paper we
restrict our attention to real matrices.

Let A = [a;;] be a matrix of order n. If A satisfies the following conditions, then
we say that A allows a nonzero Jacobian:

(i) A has m > n nonzero entries.

(ii) Among those m nonzero entries, there are n nonzero entries, say a;, j,, ..., @i,jn,
such that if X is the matrix obtained from A by replacing the entries a;, ,, ..., ai,j,
by real variables z1,...,7, and cx(2) = 2" + p12" L+ pa2" 2+ -+ pu_12 + pp is
the characteristic polynomial of X, then the Jacobian matrix of order n with (i, j)

9p; . . .
entry equal to iy (x1,...,2y) is nonsingular at (z1,...,2n) = (Giyjys .- ) Gipj )-

Using this definition, we restate the nilpotent-Jacobian method.

THEOREM 3.1 (The nilpotent-Jacobian method). Let A be a nilpotent realization
of a square pattern A such that A allows a nonzero Jacobian. Then every superpattern
of A is spectrally arbitrary.
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Next, we consider the consequences of replacing the nilpotent matrix in the
nilpotent-Jacobian method by an arbitrary realization that allows a nonzero Jaco-
bian.

THEOREM 3.2. Let A be a pattern of order n and suppose there is a matrix
A € Q(A) that allows a nonzero Jacobian. If the characteristic polynomial of A is

-1 )
ca(z)=2"4+a12" H+az" T+ -+ an—12+ an,

then for any by,...,b, € R sufficiently close to a,...,a,, respectively, each super-
pattern A of pattern A has a realization B € Q(A) whose characteristic polynomial
18

cp(z) =2"+ bz" L boz" 24 4 by 12+ by,

Proof. The result follows by using A in place of a nilpotent matrix in a proof of
the nilpotent-Jacobian method. For completeness, we provide a full proof.

Let A be a realization of A that allows a nonzero Jacobian. Suppose a;,j,, -- -,
a;, ;, are n nonzero entries of A that give rise to a nonsingular Jacobian matrix. Let
X be the matrix obtained from A by replacing the entries a;, j,,...,a;,;, by real
variables x1,...,x,, and let the characteristic polynomial of X be given by

ex(2) = 2"+ p12"  F e i 12+ D,

where p; = p;(x1, ..., x,) is differentiable in each x). We seek real values of x1, ..., 2,
with sgn(zx) = sgn(a;, ) such that

pl(xla" '7xn) - bl = 07
(31) pQ(xla cee 7xn) - b2 = 07

pn(xla"'axn) 7bn =0.

If (b1,...,b,) = (a1,...,a,), then a solution to the system of equations in (B

is (#1,...,2%n) = (@iyjy,---,0ai,5,). This is because the coefficient of 2"~* in the
characteristic polynomial of A is equal to px(as,j,,---,a,j,) = ag. Define functions
fiseoosfn of @1, @0, b1,...,b, to be the left sides of the equations in (1)), in
order. As pi(z1,...,,) is the coefficient of 2" =% of the characteristic polynomial of

X, it must be a polynomial expression in the entries of the matrix X, and hence, each
fr has continuous partial derivatives with respect to all 2n variables. Since A allows

a nonzero Jacobian and % = %, the Jacobian matrix of order n with (¢, j) entry
J J
af; - .
equal to 89{, is nonsingular at (z1,...,Zn, b1, .,0n) = (Giyjys ey @injns Q1ye--san).
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By the Implicit Function Theorem, for (by,...,b,) sufficiently close to (ay,...,an),
there are unique continuous functions 1, ..., z, of by, ..., b, that maintain f; = fo =
-+- = fn = 0. For (by,...,by,) sufficiently close to (a1, ...,a,), we have sgn(zy) =
sgn(ai,;, ) for each k, thereby yielding a realization of A with the desired characteristic
polynomial. By using a similar argument as done in [8], the result also holds for any
superpattern of A. O

Since the coefficients of the characteristic polynomial of a matrix are continuous
functions of its eigenvalues, Theorem can be used to provide information on the
spectrum of a square pattern A.

COROLLARY 3.3. Let A be a pattern of order n and suppose there is a matrix
A € Q(A) that allows a nonzero Jacobian. If A has spectrum

o(A) ={A1,N\a,..., A\n},

then for any multiset {u1, 2, ..., un} of n complex numbers, closed under complex
conjugation, with each ui sufficiently close to A, each superpattern A of pattern A
has a realization B € Q(A) whose spectrum is

J(B) - {,ul;,LLQ;- o a,u'n}

Corollary may be used to provide a list of refined inertias a pattern allows.

LEMMA 3.4. Let A be a pattern of order n and Aa superpattern of A. Suppose A
has a realization A that allows a nonzero Jacobian, and let ri(A) = (ay,a—, az,2ap).
(i) If a, > 1, then (a+ +1,a_,a; — 1,2a,), (a+,a— +1,a, —1,2a,) € m(/l)

(i1) If a, > 2, then (at,a—,a, —2,2(ap + 1)) € ri(A).
(iii) If ap > 1, then (ay +2,a_,a,2(ap — 1)), (ay,a_ +2,a,,2(ap, — 1)) € ri(A).

Furthermore, for each modified refined inertia, there is a realization of A with this
refined inertia that allows a nonzero Jacobian.

Proof. Since 1i(A) = (a4,a—,a,2a,), the spectrum of A can be partitioned as

az

o(A) = {1, Aa yU s, e P U ({0} U {280, - B, ),

i=1

where each \;, € C has positive real part, each ug € C has negative real part, and each
Bk € R is positive. Note that o(A) is closed under complex conjugation as A is a real
matrix. Since A allows a nonzero Jacobian, by Corollary[3.3] for every superpattern A
of A there is a realization B € Q(/l) with arbitrary spectrum (closed under complex
conjugation) sufficiently close to o(A).
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If a, > 1, then a zero eigenvalue of A can be perturbed to give a positive (resp.,
negative) eigenvalue, and hence, for a sufficiently small perturbation there will be a
realization B € Q(A) with refined inertia (ay + 1,a_,a, — 1, 2a,) (resp., (a4,a— +
1,a, —1,2ayp)).

The other refined inertias can be obtained in a similar manner. Two real zero
eigenvalues can be perturbed to give a pair of pure imaginary eigenvalues +i. Finally,
a pair of pure imaginary eigenvalues can be perturbed to give two eigenvalues with
positive real parts or two eigenvalues with negative real parts.

By continuity, for each modified refined inertia, there is a realization of A with
this refined inertia that allows a nonzero Jacobian. O

As demonstrated in the next example, the condition that A allows a nonzero
Jacobian is necessary in the statement of Lemma [3.4]

ExaMPLE 3.5. Consider the sign pattern

0O + 0 0 O
- 0 + 0 0
A=|10 - — + 0
0 0 — 0 +
0 0 0 — 0

If A € Q(A) is the realization where each nonzero entry has magnitude equal to 1,
then ri(A) = (0,3,0,2). We show in Example .8 that A does not allow a nonzero
Jacobian. Since it is known (see [I3]) that A allows only eigenvalues with nonpositive
real part, A does not allow the refined inertia (2, 3,0,0).

By applying Lemma 3.4 recursively to an initial refined inertia (a,a—,a.,2a,)
with a, > 2, a kind of “North-East Lemma” for patterns is obtained: see [I, Lemma
1.1] for a North-East Lemma for an inverse eigenvalue problem on graphs.

COROLLARY 3.6. Let A be a pattern of order n and A a superpattern of A.
Suppose A has a realization A such that ri(A) = (a4, a—, a., 2ap) with a, > 2. If
A allows a nonzero Jacobian, then for every ny > ay, n_ > a_ and ng > 0 with
ny +n_ +ng=n, it follows that (ny,n_,ng) € i(A).

The next result, which was first proved in [3], follows from Corollary with
a4 = a— = 0 and gives a technique that may be used to show a pattern is inertially
arbitrary.

THEOREM 3.7. [3, Theorem 2.13] Let A be a pattern of order n and suppose A
has a realization A that has refined inertia ri(A) = (0,0, a,2a,) for some a, > 2. If
A allows a nonzero Jacobian, then every superpattern of A is inertially arbitrary.
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Note that if none of the realizations A of an inertially arbitrary pattern A that
have ri(A) = (0,0, a., 2a,) for some a, > 2 allows a nonzero Jacobian, then Theorem
[B7 cannot be used to show that A is inertially arbitrary.

ExaMPLE 3.8. Following [3, Example 2.16], observe that the patterns

+ + 0 0 * % 0 0
0o 0 + + « | 0 0 x =
No=| ~ 0 0 and N, = . % 0 0
0 0 - - 0 0 = =

do not allow the refined inertia (0, 0, 0,4), but they are shown to be inertially arbitrary
in [4] and [7]. Suppose matrix A is a realization of Ny or N, where ri(A) is equal to
either (0,0,2,2) or (0,0,4,0). If A allows a nonzero Jacobian, then Lemma[34limplies
that (0,0,0,4) € ri(A), which is a contradiction. Hence, none of the realizations of N
or N with refined inertia (0, 0,2, 2) or (0,0, 4, 0) allow a nonzero Jacobian. Therefore,
Theorem [B.7] cannot be applied to show Ay and N are inertially arbitrary.

In cases where the refined inertia ri(A) = (0,0, az, 2a,) with a, > 2 cannot be
used to show that a square pattern is inertially arbitrary, the following consequence
of Corollary 3.6l may be applicable.

THEOREM 3.9. Let A be a pattern of order n. Suppose A, B € Q(A) have refined
inertias ri(A) = (1,0,a.,2a,) and ri(B) = (0,1,b,,2b,) such that a,,b, > 2. If both
A and B allow a nonzero Jacobian and (0,0,n) € i(A) for some superpattern A of
A, then A is inertially arbitrary.

In the following sections, we demonstrate how Theorems [31 and B3 can be used
to show a pattern is inertially arbitrary.

4. Generalizations of the nilpotent-centralizer method. In this section,
we extend the nilpotent-centralizer method, recently developed in [9] for showing that
a pattern is spectrally arbitrary, to give other techniques to show that a pattern is
inertially arbitrary.

Recall that the index of a nilpotent matrix A is the smallest positive integer k
such that A¥ = O. It was observed in [2] that it is necessary that a nilpotent matrix
A of order n has index n for A to allow a nonzero Jacobian. Consequently, it is also
a necessary condition for a nilpotent matrix to have index n if it is to be successfully
employed in the nilpotent-centralizer method. Note that if a nilpotent matrix has
index n, then it is monderogatory, that is, its minimum polynomial is equal to its
characteristic polynomial. We discover in this section that a nonderogatory matrix is
a key necessary condition to extend these techniques to identify inertially arbitrary
patterns. In particular, Corollary states that if the minimum polynomial of A
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is not the same as its characteristic polynomial, then A does not allow a nonzero
Jacobian.

Let A be a matrix of order n with m > n nonzero entries, say a,j,,. .., i, j.-
Suppose X is the matrix obtained from A by replacing a;, ;, by real variables z;, for
1<k<m. Let cx(2) = 2" +p12" L+ -+ pp_12 + pn, where p; € Rlz1,..., 2]

for 1 <i < n. Define g : R™ — R"™ by

9($1,$27-- .,$m) = (p1($17$27-- .,$m),p2($1,$2,.. -axm)a' . apn(xhx%' < ;xm))

We call g the polynomial map of A, and denote the Jacobian Jac(g) of g evaluated at
Tk = a;y, 4. (1 <k <m) by Jac(g)|a.

First, we reinterpret the property that a matrix allows a nonzero Jacobian.

OBSERVATION 4.1. Let A be a matrix of order n and g be the polynomial map
of A. Then A allows a nonzero Jacobian if and only if Jac(g)|4 has rank n.

The following lemma from [9] describes the Jacobian matrix of the polynomial
map g of a square matrix A in terms of the adjugate of zI — A. For a matrix M, the
notation M;; denotes its (7, ) entry.

LeMMA 4.2. [0, Lemma 3.1] Let A be a matriz of order n, Y = [y;;] be a
matriz with the same zero-nonzero pattern as A and whose nonzero entries are distinct
indeterminates, and cy(z) = z" + P12 Y+ pu_1z + pn be the characteristic
polynomial of Y with p; € Rly11, Y12, - -, Ynn]. Then for y;; # 0,

Opx

(4.1) -
Wij ly—a

= the coefficient of 2"~ % in [adj(zI — A));.

When A is a nilpotent matrix, Garnett and Shader [9, Lemma 3.3] show that

n—1
adj(zI — A) = Z Ak =1k

k=0

and derive in [9, Theorem 3.4] that line (] simplifies to

Opx

o (Ak—T1N

Y=A

Now, we consider the case when A is not necessarily nilpotent. For any square matrix
B, Badj(B) = det(B)I and thus

(4.2) (21 — A)adj(zI — A) = ca(2)1,
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where c4(2) is the characteristic polynomial of A. Thus, as was done by Leverrier [12]
p. 167], comparing coefficients of the powers of z in {2 gives

(4.3) adj(zf — A) = i hi(A)zn— 1k
k=0

for some real polynomials hy(z) of degree k, 1 < k < n — 1, with ho(A) = I. Thus,
using Lemma 2] the following result generalizes Theorem 3.4 in [9].

THEOREM 4.3. Let A be a matriz of order n, Y = [y;;] be a matriz with the same
zero-nonzero pattern as A and whose nonzero entries are distinct indeterminates, and
ey(2) = 2" + p12" L+ -+ pu_12 + pn be the characteristic polynomial of Y with
pi € Rly11,y12, - - Ynn]. Then for y;; # 0,

Opk
ijly—a

= = [ (A,

where hy(z) is defined in ([E3).

The Hadamard product of matrices A and B of the same order is the entrywise
product A o B with [A o B];; = a;;b;;. Mimicking Theorem 3.5 in [J], we have the
following result without the nilpotent condition on A.

THEOREM 4.4. Let A be a matriz of order n and g be its polynomial map.
Then Jac(g)|a has rank less than n if and only if there exists a nonzero polynomial
q(z) € R[z] of degree at most n — 1 such that q(A) o AT = O.

Proof. Suppose A is a matrix of order n with polynomial map g. If Jac(g)|a has
rank less than n, then by Theorem 3] there exist scalars cg, c1, ..., c,_1 not all zero
such that (col +c1hi(A) + -+ cn_1hn_1(A)) 0o AT = O. But this implies that there
exists a nonzero polynomial ¢(z) € R[z] of degree at most n — 1 (since each hy(z) has
degree at most n — 1) such that g(A) o AT = O.

Conversely, if Jac(f)|a has rank n, then by Theorem E3 the set W = {I o
AT hi(A) o AT ... hp_1(A) o AT} is a linearly independent set. But span(W) C
span(W') for W/ = {ITo AT Ao AT A20 AT ... A" 1o AT}. Thus, W' is a linearly
independent set and q(A) o AT # O for any nonzero polynomial ¢(z) € R[z] of degree
at most n — 1. O

COROLLARY 4.5. If A is a derogatory matriz of order n, then A does not allow
a nonzero Jacobian.

Proof. If A is derogatory and ¢(z) is the minimum polynomial of A, then
deg(g(z)) < n—1 and g(A) = O. The result follows from Theorem 4] and Ob-
servation 1] O
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The centralizer of a matrix A is the set of all matrices that commute with A.
Analogous to Lemma 3.6 in [9], we have the following lemma.

LEMMA 4.6. Let A be a nonderogatory matrixz of order n. There exists a nonzero
polynomial q(z) € R[z] of degree at most n — 1 such that q(A) o AT = O if and only
if there is a nonzero matrix B in the centralizer of A such that Bo AT = O.

Proof. Let A be a nonderogatory matrix of order n.

Suppose there is a nonzero polynomial ¢(z) € R[z] of degree at most n — 1 with
q(A)o AT = O. Since A is nonderogatory, the matrices I, A, A2, ..., A"~ 1 are linearly
independent. This implies ¢(A4) # 0, since ¢(z) # 0. Furthermore, ¢(A) commutes
with A. Thus, we may take B = ¢q(A).

Suppose there is a nonzero matrix B in the centralizer of A such that Bo AT = O.
Since A is nonderogatory, by [II, Theorem 3.2.4.2], B = ¢(A) for some nonzero
polynomial ¢(z) € R[z] of degree at most n — 1. O

Observation [ Theorem 4] and Lemma give rise to the following result.

THEOREM 4.7. Let A be a nonderogatory matriz. Then A allows a nonzero
Jacobian if and only if the zero matriz is the only matriz B in the centralizer of A
such that Bo AT = O.

In the following example, we use Theorem [£.7] to show that the matrix mentioned
in Example does not allow a nonzero Jacobian.

EXAMPLE 4.8. Let

0 1 0 0 0 0 0 1 -1 1

-1 0 1 0 0 0 -1 0 0 -1

A= 0 -1 -1 1 0 and B=|1 0 0 0 1
0 0 -1 0 1 1 0 0 -1 0

0 0 0 -1 0 1 11 0 0

Then A is nonderogatory, B o AT = O, and BA = AB. Therefore, by Theorem &)
A does not allow a nonzero Jacobian.

Using Theorems 3.7 and 7] we obtain the following result that gives a centralizer
technique applicable to inertially arbitrary patterns.

THEOREM 4.9. Let A be a pattern of order n and suppose A has a realization A
that has refined inertia ri(A) = (0,0, as, 2ap) with a, > 2. If A is nonderogatory and
the only matriz B in the centralizer of A satisfying B o AT = O is the zero matriz,
then every superpattern of A is inertially arbitrary.

Note that if a, = n in Theorem [£9] then every superpattern of A is in fact
spectrally arbitrary [9]. However if a, < n, this is not in general true; see, for
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example, W, in Section 4.1 and G,, with n = 2k + 1 in Section 4.3, which do not allow
refined inertia (0,0, n,0), and thus are not spectrally arbitrary.

A proper lower Hessenberg pattern A = [a;;] of order n has «; ;41 # 0 and a;; =0
for1<i<n-—1andj>i+ 2. A particular example is a full tridiagonal pattern,
which has all defined entries ok, ak k+1, and oy p—1 nonzero, 1 < k < n. In the next
two theorems, we apply Theorem using the following remark.

REMARK 4.10. [I0, Theorem 7.4.4] Every proper lower Hessenberg matrix is
nonderogatory.

THEOREM 4.11. Let A be a full tridiagonal sign pattern. If there exists a matrix
A € Q(A) having refined inertia (0,0, a,,2a,) with a, > 2, then all superpatterns of
A are inertially arbitrary.

Proof. If there exists a matrix A € Q(A) having refined inertia (0,0, a,2a,)
with a, > 2, then A is nonderogatory by Remark Consider a matrix B that
commutes with A and has the property that B o AT = O. Following the argument in
[9, Lemma 4.6], the matrix B must be the zero matrix. Therefore, by Theorem [£9]
A and all its superpatterns are inertially arbitrary. O

THEOREM 4.12. Let A be a proper lower Hessenberg sign pattern with the first
column having all entries nonzero. If A € Q(A) has refined inertia (0,0, a,, 2a,) with
a, > 2, then all superpatterns of A are inertially arbitrary.

Proof. By Remark 10, any matrix A € Q(A) is nonderogatory. Suppose there
exists a matrix A € Q(A) having refined inertia (0,0, az, 2a,) with a, > 2. Consider
a matrix B such that BA = AB and B o AT = O. We use induction on the rows of
B to prove that B = O. The first row of B is all zeros, since the first column of A
is nonzero. Therefore, the first row of BA is all zeros, but the first row of AB is a
nonzero multiple of the second row of B, hence the second row of B is all zeros. Now
suppose the first » — 1 rows of B are zero. Then row r — 1 of BA is zero. Row r — 1
of AB is a linear combination of rows 1 to r of B with a nonzero coefficient for row
r of B. Now since rows 1 to r — 1 in B are zero, it follows that row r of B is zero.
Therefore, by induction B = O and by Theorem [£.9] A and all of its superpatterns
are inertially arbitrary. O

ExAMPLE 4.13. Consider the following sign pattern A and a realization A:

£+ + 0 0 0 0 a 1 0 0 0 0
~ 0 4+ 0 0 0 5 0 1 0 0 0
= 0 0+ 0 0 |« 0 0o 1 0 o
A=1_ 0 0 0 4+ of 2 A= 4 o o 0o 1 o0
£+ 0 0 0 0 + e 0 0 0 0 1
-0 0 0 - — “f 0 0 0 —-g —-h
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with a,...,h positive. Note that without loss of generality any A € Q(A) can be
scaled as above [16, Lemma 2]. The coefficient of 22 in the characteristic polynomial
of Ais bg+ ch+d > 0 and so A is not spectrally arbitrary. If a =b=h = %, c= %7,

d= 1—96, = %, f= 1é3—41, and g = 1?9, then the eigenvalues of A are {0,0, 41, +2i}.

Thus, by Theorem .12l A and its superpatterns are inertially arbitrary.

Example T3] addresses a remark made in [3]. In particular, this example shows
that there exists an inertially arbitrary sign pattern that does not allow a positive
and a negative principal minor of every order, correcting a statement made in [§].

5. Corrections to the literature. In this section we revisit the patterns pre-
sented in [I5][5L[6] that were claimed to be inertially arbitrary using a flawed technique.
We now prove that these patterns are indeed inertially arbitrary.

5.1. The patterns W, and W} in [6]. In [6], it is stated that the sign pattern
W, is inertially arbitrary for all n > 6 and its zero-nonzero pattern W, is inertially
arbitrary for all n > 5. Although the proof of Lemma 5 in [6] is flawed, the following
result has recently been proved.

ProposiTION 5.1. [3, Example 2.15] For n > 6, every superpattern of W, is
inertially arbitrary.

We now consider the zero-nonzero pattern W;.
PROPOSITION 5.2. For n > 5, every superpattern of W, is inertially arbitrary.

Proof. By Proposition 5] every superpattern of W is inertially arbitrary for all
n > 6. It remains to show that every superpattern of W is inertially arbitrary. Note
that [0, Theorem 9] gives two matrices in Q(W#) with inertias (1,1,3) and (1,3,1).
Furthermore, both of these matrices allow a nonzero Jacobian (using the same choice
of variables as in [3, Example 2.15]). By Theorem [32 every superpattern of Wg
allows the inertias (1, 1,3), (1,3,1) and also (3,1,1) by negation.

Note that the matrix

1 -1 0 0
6 0 -1 0 0

wW=,|0 o0 ~1 0| e
0 6 0 0 -1
0 6 0 0 -1

has refined inertia ri(W) = (0,0,1,4). Furthermore, if g is the polynomial map of
W, then rank(Jac(g)|w) = 5. By recursive application of Lemma [34] to the refined
inertia (0,0, 1,4), the zero-nonzero pattern Wi and its superpatterns can attain every
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inertia (w4, w_,wp) where the product wiw_ is even and wy +w_ +wy = 5. There-
fore, every superpattern of Wy is inertially arbitrary. O

Note that the nilpotent-Jacobian method cannot be applied to show that a sign
pattern with less than 2n nonzero entries is inertially arbitrary; see [16, Theorem
6]. However, in Proposition 5]l Theorem B.7] is successfully applied to sign patterns
W, (n > 6) with 2n — 1 nonzero entries to show that the sign patterns are inertially
arbitrary.

The sign pattern M,, was introduced in [6] and was declared to be inertially
arbitrary since it allows the same characteristic polynomials as W, (see [0, Theorem
10]). By Propositions 5.1l and (2] Theorem 10 in [6] can be strengthened to include
superpatterns of M,, and M.

5.2. The sign patterns Mz ; and M in [5]. In [5] Lemma 3.2], the method
used to show that the sign patterns

4o+ 0 r o4+ o+ 0
— - — 0 -~ — 0
— d —
Nax 0 0 o 4+ | @ Mo 00 0 —
— — 0 0 — — 0 0

allow specific inertias is flawed and hence, Proposition 3.4 in [5] is also affected by the
flaw. In the following we provide an alternative proof of Proposition 3.4 in [5] using
Theorem

PROPOSITION 5.3. The sign patterns ./\/271 and ./\/'2,2 are inertially arbitrary.

Proof. First, note that setting every nonzero entry in both sign patterns N1 or
N22 to have magnitude 1 gives matrices with characteristic polynomial z* (see [B]
Lemma 3.2]). Thus, both sign patterns allow inertia (0,0, 4).

We next provide realizations A and B with refined inertias ri(A) = (1,0, 3,0) and
ri(B) = (0,1,3,0) and show that both A and B allow a nonzero Jacobian. Let

X1 i) 1 0
—2 -1 —x3 0
X =
0 0 0 v
—1 —T4 0 0

We analyze the sign patterns N2 1 and N3 o simultaneously by fixing either v =1 or
v = —1, accordingly. Let A be the matrix obtained from X by setting (1,2, x3,24) =
(2,1,1,1). Then v = 1 (resp., v = —1) gives ri(4) = (1,0,3,0) and A € Q(N21)
(resp., A € Q(MNaz2)). It can be verified that the Jacobian matrix evaluated at
(21,22, 23,24) = (2,1,1,1) is nonsingular.
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Let
Y1 Y2 10
—2 =2 —y3 0
Y = 4
0 0 0 v
—1 —Ya 0 0

As above, we analyze the sign patterns Na 1 and N3 2 simultaneously by fixing either

v =1 or v = —1, accordingly. Let B be the matrix obtained from Y by setting

(y1,92,¥3,94) = (1,1,1,1). Then v = 1 (resp., v = —1) gives ri(B) = (0,1,3,0)

and B € Q(Na,1) (resp., B € Q(N22)). It can be verified that the Jacobian matrix
1

evaluated at (y1,¥2,vs,y4) = (1,1,1,1) is nonsingular.

Theorem then shows both M 1 and Ny are inertially arbitrary. O

5.3. The sign pattern Goy ;1 in [I5]. For k > 2, let

—al —as —1 0 0 O 0
2 1 a 0 0
0 0 —az —1 0
0 -1 0 0 —ay - . :
Aspi1 = . € Q (Gor+1)
-1 0 0 0 0 " 0 0
—azk-1 —1
0 -1 0 0 —aop,
L —1 0 0 0 0 0 |

with @ > 0 and a; > 0 for 1 < i < 2k, as in [15]. The sign pattern Gox1 was claimed
to be inertially arbitrary for k£ > 2, but the proof of Lemma 5 in [15] uses a flawed
argument. Using Theorem 3.7, we provide a new argument to show that Goxrq is
inertially arbitrary.

Let Z2k+1 denote the matrix with a = 1 and a; = 1, 1 < ¢ < 2k. We show that
m’(/Tng) =(0,0,2k—1,2) and ngﬂ allows a nonzero Jacobian. To do so, we follow
the methods presented in [15, pp. 270-275]. We first verify that the sign pattern
Gs is inertially arbitrary using Theorem [£9 Let M be a matrix of order n, and let
a, 8 be nonempty subsets of {1,2,...,n}. Then M(«, ) (resp., M[a,B]) denotes
the submatrix of M obtained by removing (resp., retaining) rows indexed by « and
columns indexed by 5. When a = 3, we use M (a)) and M [«], respectively.

PROPOSITION 5.4. Every superpattern of Gs is inertially arbitrary.

Proof. Let A = Z5. Matrix A has refined inertia (0,0, 3,2) and A is nonderoga-
tory. Take B such that Bo AT = O. Consider A and B partitioned so that the (1,1)
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block A7 = A[{123}] and the (2,2) block A2 = A[{45}]. Partition matrix B in the
same manner. Then Bj;A1; = O and By A1 = O. The (1,1) block of AB = BA
then gives b14 = b25 = 513 = 0 and b23 = —533, SO Anglg = 0. The (2,2) block
then gives bss = byg. The (1,2) block gives bgy = bss = beg = 0, so bz = 0. Hence,
bys = bss = 0 and bys = 0. Lastly, the (2,1) block gives bsa = bs1 = 0 implying
that bgs = by = 0, and finally, that B = O. Therefore, by Theorem [£9, every
superpattern of G5 is inertially arbitrary. O

Let car11(z) be the characteristic polynomial of Agii1. The cofactor expansion
of det(zI — Aag11) along the last row gives

det[(2] — Aggy1)({2k + 1}, {1})]

det{ @2 1 ]det{a?’ 1 }udet{a%_l 1 }
z—1 —a Z  ay z asgk
and det[(zI — Aaky1)(2k + 1)] equals

1 : _
zcop—1(2) + det { Z+ o ] det { as 1 } ---det [ @2k-3 1 ] det[agr—_1].
-2 —a Z  ag z a92k—9

Thus,

(5.1)  copt1(2) = (—aga — z+ 1)(azaq — 2) - - - (a2p—102k — 2) + 22Cop_1

+ z(agk-1)(2 —a(z +a1))(asag — 2) - - - (a2k—3a2K—2 — 2).

Define
k
(5.2) g2k+1(2) = (1 — z — aza) H(a27-_1a27« —2)
r=2
k—1
+ask_12(2 —a(z + ay)) H(a2r71a2r —z).
r=2

Since the degree of each summand of ga11(2) is k, it follows that deg(gar+1(2)) < k.
For k > 3,

(5.3) cort1(2) = 22ean-1(2) + gart1(2)-

The next result identifies a realization of Gog1 with refined inertia (0, 0,2k—1,2).

PROPOSITION 5.5. [I5], Proposition 7] Let k > 2. Ifa; =1 for 1 < i < 2k and
a=1, then

Copr(2) = SR 2k
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Proof. When k = 2, it can be verified that c5(z) = 2° + 23. Assume that k > 3
and proceed by induction. By (53)) and the induction hypothesis,

cop+1(z) = 22(22k_1 + 226=3) 4 92k+1(2).
Since a; = 1 for 1 <4 < 2k and a = 1, it follows from (B.2)) that
gary1(2) = —2(1 = 2)" 1+ 2(1—2)F " =0,
which gives the result. O

For consistency with the notation used in [I5], let f;(Aakt1) be the coefficient of
2GR0~ in oy 1(2) for 1 < i < 2k. Define f;(Aggy1) = 0 for i > 2k + 1.

We show that the Jacobian matrix has the form

(5.4) J= (Of1,--,0fan11) _ # # -1 # .- #
D s om0 |
S #
_# # 0 0 71_

where each # represents a real number.

PRrOPOSITION 5.6. For any k > 2,

fi(Asgt1) = =14 a1, fo(Askt1) = —a1 +2a2, f3(Aakt1) =1 — asaq,

2k—1 2k k Kk
for(Asks1) = 2 —ara) ] ar = [Jar — (1 = a20) Y [ ] a20-102r,
r=3 r=3 s=2 r;=é2

2%
for+1(A2k+1) = (1 — aga) H ar.
r=3

Proof. The formulas for both fi(Asgy1) and fa(Askt1) follow from the negative
of the trace and the sum of the 2 x 2 principal minors, see, e.g., [I5, Proposition 3].
For f5(Aak+1), note that f3(As) = 1 — aza and proceed by induction on k. Finally,
for(Aagk41) follows from (@) by looking at the coefficient of z, and fori1(A2kt1)
follows by setting z = 0 in (5.1). O
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Using Proposition [5.6] the first three rows and last two rows of the Jacobian ma-

trix can be seen to have the form specified in (54) when evaluated at (a1, ..., az;, a) =
1,...,1).
PROPOSITION 5.7. If 3 < j < 2k — 2, then 2026:1(2) = 0.
J

(Lyees1)

Proof. By (B2)), for 3 < j <2k —2,

k
M =(1—2z—aga) H (agr—1a2, — 2) | as
aaj
r=2
r#[3/2]
k—1
+agk—12(2 — a(z + a1)) H (azr-1a2; — 2) | as,
r=2
r#[3/2]
where as; = aj41 if j is odd, and a; = a;_; if j is even. When evaluated at
(a1,...,a92k,a) = (1,...,1), the zero polynomial is obtained. O
PROPOSITION 5.8. If4 <i < 2k—1and3 < j <i—1, then 21(zre1) T 0
g 1,1
and 7610“(54;_"“) =-1.
i 1,..,1)

Ofi(Asky1) Ofi(A2k—1)
ow ow

Proof. For w = a; or a;, is the sum of and the coefficient

of z2k+1=1 ip 892’“67;1(2) by (5.3). The result now follows by induction on k along with

Propositions and 5.7 O

By Proposition[5.8] the Jacobian matrix has the form specified in (5.4]). Therefore,
/Tgkﬂ allows a nonzero Jacobian. By Proposition (.5, ri(ggkﬂ) = (0,0,2k — 1,2),
and hence by Theorem B.7 Gog41 is inertially arbitrary. In fact, we have proven the
following stronger result.

COROLLARY 5.9. For k > 2, every superpattern of Gox41 s inertially arbitrary.

6. Appendix. We illustrate a flaw in a technique used in [I5 Lemma 5],[5]
Lemma 3.2], and [6], Lemma 5]. Each of the results in question demonstrated that
a Jacobian matrix had full rank if one of the coefficients of a related characteristic
polynomial was assumed to be nonzero. The remainder of the arguments did not
adequately take into account that the coefficient in question was being fixed before
the Implicit Function Theorem was employed.

We illustrate the flaw by focusing on Lemma 3.2 in [5] as an example and use the
notation from that paper. This Lemma 3.2 makes the claim that for any r1,72,7r3,74 €
R with r3 # 0, there exists a matrix A € Q(Na,1) such that pa(x) = 2 +ri23 +rex? +
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r3x +r4. With the flawed proof in hand, consider the following example. Suppose we
want to obtain the polynomial p(x) = 2* + 23 + 22 + 72 + 1. In particular, ¢®r3 =7
for the scalar ¢ in the first sentence of the proof. For any choice of r3, no matter
how small, choose ¢ so that ¢3r3 = 7. In the middle of the proof, r3 is fixed to be
some positive number (indirectly fixing the scaling factor ¢). For any such positive
fixed value of 73, the Jacobian is shown to be nonzero. For the fixed value of r3 there
is some €,,, such that if r1,ry and r4 are within e,, of zero, then the polynomial
2t + ra® + rox? + rax + r4 can be obtained. To obtain p(z) above, it is necessary

to scale by ¢, but ¢ = (l)%, because rj3 is fixed. Thus, focusing on the coefficient of

3
z? as an example, ¢?>ry = 1, that is ry = (773)% However it is not guaranteed that
(%3)% < €. Of course, a smaller value of r3 could be chosen. But that smaller value
of r3 might result in an even smaller €,,, and it could still be the case that ry > €.

Thus, the flawed argument assumes that €, is independent of 7.

Below we provide a corrected statement for Lemma 3.2 in [5] to help illustrate
the flaw discussed above.

LEMMA 6.1. (Correction to [5, Lemma 3.2]) For any r1,72,74 € R there ezists a
matriz A € Q(N2,1) and B € Q(Na ) such that pa(x) = pp(z) = 2* + rizd + raa? +
rsx + 1y, for |rs| sufficiently large with respect to 11,72, 4.

Proof. The proof is identical to that in [5] with the last sentence

“Thus, for any rq,79,74 and any rs # 0 sufficiently close to 0, there exist
positive values aj1, a2, a12,a41,a42 such that pa(x) = x4’ + g +
r3x + rq with rg #0.”

replaced by the following sentences.

“Thus, for r3 # 0 given, and for any ry,r9,r4 sufficiently close to 0, there
exist positive values a11,ag2,a12,a41,a42 such that pa(z) = x4+ rmad 4+
row? + r3x + r4. Suppose we wish to obtain an arbitrary polynomial p(z) =
z* + sa2® + ta? + ux + v with u sufficiently large with respect to s,t and
v. Then choose 71,72 and 74 sufficiently close to zero with the additional
property that cry = s, cry = t and ¢*ry = v for some ¢ # 0. Then A
realizes the characteristic polynomial p(z) = zt 4+ sz +tx? + Arsr+v. In
fact, by further scaling down 71,72 and r4 appropriately, A can realize any
characteristic polynomial p(z) = 2* + sz® + t2? + ka + v with |k| > |c3r3],
that is, with the coefficient of x sufficiently large.” O
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