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BIDIAGONAL DECOMPOSITIONS, MINORS AND APPLICATIONS*

A. BARRERAST AND J. M. PENAT

Abstract. Matrices, called e-BD matrices, that have a bidiagonal decomposition satisfying some
sign constraints are analyzed. The e-BD matrices include all nonsingular totally positive matrices,
as well as their matrices opposite in sign and their inverses. The signs of minors of e-BD matrices are
analyzed. The zero patterns of e-BD matrices and their triangular factors are studied and applied
to prove the backward stability of Gaussian elimination without pivoting for the associated linear
systems.
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1. Introduction. In this paper we consider matrices, called e-BD matrices, that
admit a bidiagonal decomposition with some sign constraints. These matrices include
the important class of nonsingular totally positive matrices, their inverses and the
class of matrices presented in [2]. Let us recall that a matrix is totally positive (TP)
if all its minors are nonnegative. TP matrices are also called totally nonnegative
matrices and present applications in many fields (see the surveys [I] and [6] and the
recent books [7] and [14]). The relationship between TP matrices and bidiagonal
decompositions has been deeply analyzed (cf. [15], [8], [I0]). Matrices whose inverses
are totally positive arise in the discretization of partial differential equations. More
examples of e-BD matrices appear in Computer Aided Geometric Design (cf. [13]).

Section 2 studies the sign restriction of the bidiagonal decomposition of e-BD ma-
trices and analyzes the zero pattern of the entries of these matrices. The relationship
between the zero pattern of e-BD matrices and their triangular factors is analyzed in
Section Bl and it is applied to obtain very small backward error bounds of Gaussian
elimination without row exchanges for the associated linear systems. This application
extends to e-BD matrices the backward stability for totally positive linear systems
proved in [4]. Section Ml includes numerical experiments showing, for linear systems
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whose coefficient matrices are e-BD, higher accuracy of Gaussian elimination without
row exchanges than that of Gaussian elimination with partial pivoting.

2. Definitions and some basic properties. Let us start by introducing basic
notation. Given k € {1,2,...,n} let Qg be the set of increasing sequences of k
positive integers less than or equal to n. If o, 8 € Qp.n, we denote by Ala|5] the
k x k submatrix of A containing rows numbered by « and columns numbered by .
Also, let Ala] := Alaja]. Finally, let us denote by e a vector e = (e1,...,&y) with
gj € {£1} for j =1,...,m, which will be called a signature.

DEFINITION 2.1. Given a signature € = (€1,...,&n) and a nonsingular n x n
(n > 2) matriz A, we say that A has an ¢ bidiagonal decomposition (for brevity, A is
e-BD) if we can write A as

(2.1) A=1W ... =D pyh-b. ),

where D = diag(dy,...,dy), and, for k = 1,...,n — 1, L® and U® are lower
and upper bidiagonal matrices respectively with unit diagonal and off-diagonal entries
lEk) = (L™));41: and ugk) = (U®)iq1, (i=1,...,n— 1) satisfying

1. end; >0 foralli=1,...,n,

2. l;k)si >0, ugk)si >0 forall i,k <n-—1.

Clearly, e-BD matrices are nonsingular matrices. Nonsingular TP matrices and
those matrices opposite in sign to them are e-BD, as the next result shows.

PROPOSITION 2.2. A matriz A is e-BD with ¢ = (1,...,1) (respectively, e =
(1,...,1,-1)) if and only if A (respectively, —A) is nonsingular TP.

Proof. If A is e-BD with signature e = (1,...,1), then the matrix is TP because
the bidiagonal nonnegative matrices of (21]) are TP and the product of TP matrices
is also TP (cf. [I, Theorem 3.1]). Conversely, if A is nonsingular TP then A satisfies
Definition 21 with ¢ = (1,...,1) by [10, Theorem 4.2].

Let us observe that, if A is e-BD, —A can be decomposed as in (ZT]) with the
same bidiagonal factors as A but changing the sign of the diagonal elements of D.
So, A is e-BD with e = (1,...,1) if and only if —A is e-BD with e = (1,...,1,-1),
and the result follows. O
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Recall that an elementary bidiagonal matrix is a matrix

1

1

which has the entry x in position (i,i —1). We denote by E! (z) the matrix (FE;(z))T.
Each bidiagonal matrix of the factorization () can be in turn decomposed as a
product of elementary bidiagonal matrices. For instance,

1
1
By (1Y) Ba(132,) = L™ = A ,
W

n—1

and an analogous decomposition can be applied for the upper triangular factors of
21). Therefore (Z1]) can be written as

(2.2) A= By B, (82) - (B (") - B, (1) D -
(BT (V) EX @) (BT (W) - ET (uiV)),

where all bidiagonal factors are elementary.

The equivalence of (Z1)) and (Z2]) leads in turn to the following characterization
of e-BD matrices.

PROPOSITION 2.3. Let e = (e1,...,&pn) be a signature and let A be a nonsingular
nxn (n > 2) matriz. Then A is an e-BD matriz if and only if we can write A as (2.3),
where D = diag(dy, ..., d,) 1 k) (k) satisfy conditions 1 and 2 of Definition[2.1].

0 and g

The following result shows that inverses of TP matrices and matrices opposite
in sign to inverses of TP matrices are also e-BD. Taking into account Proposition
and that when applying the inverse of A to its expression in (22 we have that
(Ei(z))™! = E;(—=) for all i < n and for every real number z, the following result

follows.

PROPOSITION 2.4. A matriz A is e-BD with e = (—=1,...,—1,1) (respectively,
e=(-1,...,-1)) if and only if A= (respectively, — A1) is TP.

Given a matrix A that can be factorized as in (Z2]), we say that A has r nontrivial
factors if there are only r nonzero elements lgk) and uz(-k) in 22).



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 25, pp. 60-71, August 2012

Bidiagonal decompositions, minors and applications 63

The class of e-BD matrices has some sign properties that allow us to know the
sign of their elements and the sign of their minors from the corresponding signature,
as the following two results show. We say that a minor has sign +1 (respectively, —1)
if it is nonnegative (respectively, nonpositive). Observe that, with this definition, a
zero minor can be considered with both signs: +1 or -1.

THEOREM 2.5. Let A be an n X n e-BD matriz. Then
k max(a;—1,8,—1)
(2.3) sign(det A[a|B]) = (.) ]| 1T £
=1 j=min(a;,B:)

forall o, 8 € Qrpn and all & < n.

Proof. By Proposition[2:3] A can be decomposed as in ([2:2)). We prove the result
by induction on the number of nontrivial factors of A in (2:2). Let us assume that A
has not nontrivial factors, i.e., A is a diagonal matrix with nonzero diagonal entries.
Note that in this case, det A[|S3] is a nonzero minor only if &« = 5. Then it can be

checked that (Z3]) holds.

Now suppose that an e-BD matrix with » — 1 nontrivial factors satisfies (23]
and let us prove that (23] holds for an e-BD matrix, A, with » nontrivial factors.
Without loss of generality, we can assume that A = LB, where L (the first factor
of the decomposition ([Z2) of A) is a lower elementary bidiagonal matrix with the
entry | # 0 in a position (ig, 4o — 1) and sign(l) = ¢;,—1 and B = (b;;)1<i,j<n satisfies
@2) with r — 1 nontrivial factors. The proof for the case A = BU, with U an upper
elementary bidiagonal matrix, is analogous. Observe that (A);; = b;; if i # iy and
(A)ig; = lbig—1,j + biy; for all 1 < j < n. Let a = (eu,...,ar) € Qk,n be such that
ap, = ig for an h < k. We have that

(2.4) det Ala|8] =ldet Blaa,...,an-1,i0 — 1, apt1, ..., ax|8] + det Bla|f].

If we denote with m := det Blay,...,ap—1,%0 — 1, ap41, ..., ak|B], we have, by the
induction hypotesis, that

h—1max(a;—1,8,—1)

sign(lm) = g5, 1 | (€n)"? H H £;

j=min(e;,B;)

max(ig—2,8,—1) k  max(a;—1,8;—1)
O | e R RGOl || I =
j=min(io—1,1) i=h+1 j=min(ai,B:)
Observe that
max(io—2,8,—1) max(io—1,8,—1)

Jj=min(io—1,85) j=min(io,Bn)
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Then we have

k max(a;—1,8,—1)

sign(lm) = (e,)" H H ¢; = sign(det Bla|4]).

j=min(e;,B;)

Taking into account the previous formula and [24) we conclude that A satisfies
[23) and so, the result holds. O

Applying the previous theorem with a, 8 € Q1 5, we obtain the following result.

COROLLARY 2.6. Let A = (ai;)1<i j<n be an e-BD matriz. Then

max(i—1,j—1)

(2.5) sign(aij) = €n H €k

k=min(4,5)
forall1 <i,5<n.

The following lemma extends to e-BD matrices the well-known shadow’s lemma
for totally positive matices (see [5, Lemma A]): Given an n by n e-BD matrix A = (a;;)
with a zero entry a;; = 0, one of the following four regions of zero entries appears:

(2.6) arj =0 VEk,
(2.7) a;x =0 Vk,
(2.8) aw =0 VEk>il<j
(2.9) a =0 Vk<il>j

LEMMA 2.7. Let A = (a;j)1<i,j<n be an e-BD matriz with a;; =0 for some i, j.

Then one of the conditions (2.8), (277), (Z8), (Z9) holds.

Proof. Suppose that ¢ < j (the case i > j can be checked analogously) and let us
assume that neither (Z6]) nor (Z7) hold. Since ([26) does not hold, a;; # 0 for some
t # i. Assume now that ¢ > 4. Then det A[i,¢|4,1] = —ay;ay for all [ > j. Consider
the case i <t < j <!l (casesi < j<t<landi<j<Il<taresimilar). By Corollary

28

max(t—1,j—1) max(i—1,l—1)
sign(—ajau) = — | en H €k En H €k
k:min(t 7) k=min(3,l)

j—1 —
=—H6kH%
k=t k=1
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However, by Theorem [2.5]

max(i—1,7—1)  max(t—1,l—1) j—1 -1
sign(det Ai, |, 1)) = (e5)? H £k H €k = H €k H €k
k=min(%,5) k=min(t,l) k=i k=t
-1 j-1
= H Ek H k-
k=i k=t

Thus, a; = 0 for all [ > j.

Analogously, we deduce that a,; = 0 for all » < i, s > j and we have proved that

239) holds.

It can be proved by a similar reasoning that if ¢ < ¢ then (2.8)) holds. O

3. Backward stability of Gaussian elimination. In this section we are going
to show that we can guarantee the backward stability without pivoting of a system
Ax = b, where A is an e-BD matrix and b is any vector.

It is well known that the backward error of Gaussian elimination depends on
its growth factor. Several measures have been used for computing this factor. For
instance, let us mention the classical growth factor introduced by Wilkinson, or the
growth factor that appears in the following result and involves the triangular matrices
L and U. See [I1l chapter 9] and [3] for more information and comparisons of these
and other growth factors.

THEOREM 3.1. Let A = (aij)1<i j<n be an e-BD matriz. Then A = LU, where L
is lower triangular with unit diagonal and U is the upper triangular matriz obtained
after the Gaussian elimination of A, and

LT loo

=1
[[Alloo

(3.1)

Proof. If we denote by L := LM ... L= and U := DU™=D ...UM the prod-
ucts of matrices of (ZII), we have the LU factorization of the statement. It is a
consequence of the signs of the entries of L and U that

(3.2) Al = [LU| = [L||U],
which in turn implies &1)). O

Observe that the previous result shows that the growth factor of Gaussian elimi-
nation for e-BD matrices is optimal. By formula [82]) and [12] Theorem 2.2], no row
exchanges is the optimal scaled partial pivoting strategy for any strictly monotone
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norm for e-BD matrices. Moreover, as we shall see at the end of this section, the
fact that the last equality of formula [32)) can be also guaranteed for the computed
triangular factors L, U implies backward stability of Gaussian elimination without
row exchanges for e-BD matrices. For this purpose, we need some additional results
on the zero pattern of e-BD matrices and the triangular factors.

The following auxiliary result shows that the leading principal minors of e-BD
matrices are nonzero.

LEMMA 3.2. Let A be an -BD matriz. Then det A[1,...,k] # 0 for all k < n.

Proof. If we denote by L := L) ... L(»=1) and U := U=V ... L the products
of matrices of (2]]), observe that we can factorize A = LDU with L,U lower and
upper triangular matrices, respectively, with unit diagonal and D a diagonal matrix
with nonzero diagonal entries. Then is well known that

for all k¥ < n. By the Cauchy-Binet identity (see [Il formula (1.23)]), we conclude
that det A[1,...,k] =det D[1,...,k] #0 for all k <n. O

The following lemma is an extension of Lemma 1 of [0, p.94], valid for TP matrices,
to the class of e-BD matrices.

LEMMA 3.3. Let A = (aij)1<ij<n be an e-BD matriz such that
(3.3) det A[1,...,p—1,4|1,...,p] =0.
Then aqr, =0 for all1 <k <p and g > p.

Proof. By Lemma [3:2] we have that det A[1,...,k] # 0 for all £k <n.

Since det A[1,...,p — 1] # 0 and taking into account ([B3]), we notice that the
first p — 1 rows of the submatrix A[l,...,p — 1,¢|1,...,p] are linearly independent,
and the g-th row is a linear combination of these p — 1 rows, i.e.,

p—1
Qgk = Z)\hahk, 1<k <p.

h=1

Let us see now that A\, =0 forall 1 <h <p—1. We have, foreach 1 < h<p-—1,
det A[l,...,h—1,h+1,....p—1,q]1,...,p—1] = (=1)P7""I\, det A]1,...,p — 1]
and

det A[l,...,h—1,h+1,...,p,q1,....p] = (1P "\, det A[1,...,p].
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By Theorem [2.5] the minors in the left hand sides of the previous formulas have the
same sign S := (£,)P(ep -+ £4-1). So, since S(—=1)P~"71)\, > 0 and S(—1)P~"\; >0,
we conclude that A\, =0forall1<h<p-—1.0

The following result extends [4) Proposition 2] to e-BD matrices and it will be
useful to prove the announced backward stability result.

PROPOSITION 3.4. Let A = (aij)1<ij<n be an e-BD matriz and consider the
triangular factorization A = LU, where L = (lij)1<i j<n 1S a lower triangular matriz
with unit diagonal and U = (uij)1<ij<n 1S a nonsingular upper triangular matriz.
Then, fori > j, €j---€;—1li; > 0 with equality if and only if ag, =0 forp>1, ¢ < j.
Also, fori < j, g;---ej_1ui; > 0 with equality if and only if agp, =0 forp <4, q > j.

Proof. The LU factorization of the statement was proved in the proof of the
Theorem BIl If ¢ = (e1,...,&,), then we have that L is e;-BD, where ¢, =
(e1,..-,€n—-1,1). Observe that, for i > j,

(3.4) aip = lipuig + - + Lk,

for 1 < k < j. Let us now see that a;; = --- = a;; = 0 if and only if {;; = 0 for
i>j. If ag =--- = a;; = 0 then, by (34) and since upp, # 0 for all A < n, we can
prove recursively that l;; = --- = l;; = 0. If [;; = 0, let us consider k < j. Note that

detL[j,’L“C,j] = ljklij — ljjlik = _ljjlik = _Z’Lk By Theoremm the minor has sign
Jj—1 -1 i—1

(3.5) HElHEl = H&‘l.
=k I=j =k

But by Corollary 2.6l —1;; has sign

(36) — 1:[51.
=k

So, (31 and (B6) imply that l;; = 0 for all kK < j. Then by B4), a;1 = -+ =a;; = 0.
Since L is €7,-BD, we have by Corollary [Z6] that (g ---£;—1)l;; > 0 with equality if
and only if a;; = -+ = a;; = 0. Let us assume that the equality holds. Then since

A is nonsingular, there exists an index r > j such that a;. # 0. Let us consider the
minor det A[i, p|g, 7] = —airapq for p > i and ¢ < j. Assume that ¢ <7 < i < p (cases
g<i<r<pandq<i<p<r aresimilar). Then, by Theorem 25 the minor has
sign

i—1

(3.7) (en)? H €k H €k = H €k H €k = H €k H Ek-

max(i—1,g—1) max(p—1,r—1) i—1 p—1 p—1 i
k=min(%,q) k=min(p,r) k=q k=r k=q k=r
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However, by Corollary [26] —a;,ap, has sign

max(i—1,r—1) max(p—1,qg—1) i—1 p—1
—leo I =)o 1T &) =-IIaIlew
k=min(z,r) k=min(p,q) k=r k=q

which coincides with the opposite of (B.7]).

So, we have that a,q, = 0 for p > 4 and ¢ < j. Analogously, we can prove the
result for U. O

Let us now see that, when working in finite precision arithmetic with sufficiently
small unit roundoff u, the computed triangular matrices f), U also satisfy the second
equality of [B.2)), and so we can derive a backward stability result with a very small
backward bound.

THEOREM 3.5. Let A be an e-BD matriz. Let us assume that LU is the triangular
factorization of A of Theorem [31 and that we perform Gaussian elimination without
row exchanges in finite precision arithmetic producing the computed factors L, U and
the computed solution T to Ax = b. Let E and AA be matrices satisfying LU = A+E
and (A + AA)Z =b. Then the following properties hold for a sufficiently small unit
roundoff u:

(1) |L||U| = |LU|

(i) B < $22=|A],  |AA] < 722 [A]

1—yn

where vy, = 17— assuming that nu < 1.

Proof. (i) If l;; = 0 for some i > j, then we have seen in the previous result that
apg = 0, for p > 7, ¢ < j and we must have ipq =0 for p >4, q <j. Thus, L and L
can only differ in the nonzero entries of L. Analogously, U and U only differ in the
nonzero entries of U. It is well known that L — L and U — U as u — 0. So, for a
sufficiently small unit roundoff u, all nonzero entries of L and U have the same sign
that the entries of L and U respectively. Finally, taking into account formula (32)),
we can conclude that

ILU| = |LI|0],
for a sufficiently small u.
(#4) By [11}, formula (9.6)] we know that
(3.8) |E| < 7l LI
Besides |L||U| = |LU| as we have seen in (i). So, we have that

1L|U| = |LU| = |A+ E| < |A| + 7a|L||U]|
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and this implies that

- 1
(3.9) ILIU| < 5 |A.

1-—

Taking into account this and (B.8), we conclude that |E| < {22-|A|. The inequality

|AA] < 17_%|A| is a consequence of B3] and [11, Theorem 9.4], where it is shown
that |AA| < ys,|L||U|. O

4. Numerical experiments. In this section we present numerical experiments
that illustrate the accuracy of Gaussian elimination without row exanges (GE) and
that it is higher than that of Gaussian elimination with partial pivoting for solving
linear systems with e-BD matrices. We compute the exact solution x of the linear
system Ax = b by using the command LinearSolve of Mathematica and use it for
comparing the accuracy of the results obtained in MATLAB by means of an algorithm
of Gaussian elimination without row exchanges and the command A\b of MATLAB
(which uses partial pivoting).

We compute the relative error of a solution x of the linear system Az = b by
means of the formula:

[ — &2

err =
[[z]]2

where z is the computed solution.

EXAMPLE 4.1. Let A be the following e-BD matriz

8 16 —32 —32 64 192 —192 —384
16 38 =88 —124 284 888 -960  —1992
-32 =82 201 312 =735 2316 2538 5298
—-96 —258 655 1079 —2610 —8380 9620 20844
96 282 —-761 -—1401 3642 12472 —16584 —39972
0 -4 —72 444 2458  —5920 —18556
0 20 360 —2220 -—12300 29684 93332
0 20 360 —2220 —12342 30052 95855

And let by, by and bs be the vectors

o O O

b{ = [67 57 _47 37 _17 _17 _37 5]T7
bg = [57 57 77 57 47 37 07 _1]T7
bl =19,-2,3,-5,—-4,2, -3, —1]".

The relative errors obtained when using no row exchanges strategy (column GE
of Table[{1) and partial pivoting (column A\b; of Table[{1) for solving the systems
Az =b; fori=1,2,3 are reported in Table[{.]]
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b; GE A\b;
b1 6.3184e-015 7.6074e-010
b 1.1155e-014 7.4450e-010
bs 6.1846e-016 7.6540e-010
TABLE 4.1

Relative errors

n GE Ai\bi

8 3.3616e-015 9.1664e-010

10 2.5172e-014 4.3218e-007

16 2.9305e-012 2.570883242
TABLE 4.2

Awverage of relative errors

Let us observe that, while the order of the relative errors using partial pivoting is

about 10719, the order of the relative errors using no row exchanges oscillates between
10~ and 10716,

EXAMPLE 4.2. We have created 100 random systems (A;x = b;) where the n x n
matrices A; are e-BD:

e 40 matrices and vectors for n = 8.
e 40 matrices and vectors for n = 10.
e 20 matrices and vectors for n = 16.

Matrices have been created in MATLAB by multiplying elementary bidiagonal factors
as in (Z2). The entry lgk) (or ul(-k)) of each elementary bidiagonal matrix Ei+1(l§k))
(or EL (uz(k))) is a random number that satisties condition 2 of Definition 2]

The average of the relative errors obtained when using no row exchanges strategy

(column GE of Table[{-2) and partial pivoting (column A;\b; of Table[{-2) for solving
the systems A;x = b; are reported in Table[{.2

Note that the order of the relative errors using partial pivoting increases very fast
with the size of the systems. However, the increase of the order of the relative errors
using no row exchanges is smoother. Besides, no rows exchanges strategy gives much
better relative errors than partial pivoting strategy (for instance, we have errors of
order 1071 compared to errors of order 10~7 for systems of size n = 10).

REFERENCES

[1] T. Ando. Totally positive matrices. Linear Algebra Appl., 90:165-219, 1987.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 25, pp. 60-71, August 2012

Bidiagonal decompositions, minors and applications 71

[2] A. Barreras and J.M. Pena. A class of matrices with bidiagonal decomposition and accurate
computations. Preprint.

[3] V. Cortés and J.M. Pefia. Growth factor and expected growth factor of some pivoting strategies.
J. Comput. Appl. Math., 202:292-303, 2007.

[4] C. de Boor and A. Pinkus. Backward error analysis for totally positive linear systems. Numer.
Math., 27:485-490, 1976/77.

[5] C. de Boor and A. Pinkus. The approximation of a totally positive band matrix by a strictly
banded totally positive one. Linear Algebra Appl., 42:81-98, 1982.

[6] S.M. Fallat. Bidiagonal factorizations of totally nonnegative matrices. Amer. Math. Monthly,
108:697-712, 2001.

[7] S.M. Fallat and C.R. Johnson. Totally Nonnegative Matrices, Princeton. University Press,
Princeton and Oxford, 2011.

[8] M. Fiedler and T.L. Markham. Consecutive-column and -row properties of matrices and the
Loewner-Neville factorization. Linear Algebra Appl., 266:243-259, 1997.

[9] F.P. Gantmacher and M.G. Krein. Oscillation Matrices and Kernels and Small Vibrations of
Mechanical Systems, revised ed.. AMS Chelsea, Providence, RI, 2002.

[10] M. Gasca and J.M. Pefia. On factorizations of totally positive matrices. In: Total Positivity
and Its Applications (M. Gasca and C.A. Micchelli, Ed.), Kluver Academic Publishers,
Dordrecht, The Netherlands, 1996; 109-130.

[11] N.J. Higham. Accuracy and Stability of Numerical Algorithms, second ed.. SIAM, Philadelphia,
PA, 2002.

[12] J.M. Peifia. Pivoting strategies leading to small bounds of the errors for certain linear systems.
IMA J. Numer. Anal., 16:141-153, 1996.

[13] J.M. Pefia (Ed.). Shape Preserving Representations in Computer Aided-Geometric Design.
Nova Science Publishers, Newark, NY, 1999.

[14] A. Pinkus. Totally Positive Matrices. Cambridge Tracts in Mathematics, Num. 181, Cambridge
University Press, 2010.

[15] A.M. Whitney. A reduction theorem for totally positive matrices. J. Anal. Math., 2:88-92,
1952.



