Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 25, pp. 9-21, June 2012

ERROR PROPAGATION FORMULA OF MULTI-LEVEL ITERATIVE
AGGREGATION-DISAGGREGATION METHODS
FOR NON-SYMMETRIC PROBLEMS*

IVANA PULTAROVAT

Abstract. Iterative aggregation-disaggregation methods for numerical computing of stationary
probability distribution vectors of stochastic matrices are studied. The methods can use arbitrary
numbers of levels and of smoothing steps. A formula for the error propagation is derived. Using this
formula, some asymptotic convergence properties of these methods for non-symmetric problems are
demonstrated.
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1. Introduction. Multi-level solution methods are considered as an advanta-
geous technique in numerical mathematics. Multi-level and multi-grid methods are
popular mainly in numerical solutions of partial differential equations. In this pa-
per we study iterative aggregation-disaggregation (IAD) methods for computing sta-
tionary probability distribution vectors of finite discrete Markov chains. A growing
interest in this field is motivated by many large scale applications in information tech-
nology, data mining, biology, safety and reliability computation, and other theoretical
and practical disciplines.

Basics of the IAD methods are found in Stewart’s book [9]. Many papers show
an efficient performance of the TAD methods, see e.g. [I, 2l B] and the references
therein. However, theoretical results are rare: only some convergence conditions for
two-level algorithms [4, [5l [6] [8, @] and for a special kind of multi-level algorithms [7]
are available.

It appears that for non-symmetric problems, the multi-level methods do not pos-
sess the appropriate properties as in the case of symmetric problems [8]. Our paper
focuses on some rules which could be expected for the IAD methods, but which do

*Received by the editors on November 30, 2011. Accepted for publication on April 15, 2012.
Handling Editor: Natalia Bebiano Providencia.

TDepartment of Mathematics, Faculty of Civil Engineering, Czech Technical University in Prague,
Czech Republic (ivana@mat.fsv.cvut.cz). Supported by Ministry of Education of The Czech Republic
under the contract No. CEZ MSM 6840770001 and by the Grant Agency of The Czech Republic
under the contract No. 201/09/1544.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 25, pp. 9-21, June 2012

10 Ivana Pultarova

not hold. As a main tool, we introduce a new formula for an error propagation matrix
of the TAD methods with an arbitrary number of levels. While in our recent paper [7]
we started this study by the derivation of an error propagation formula for the TAD
methods without pre-smoothing steps, in this paper we deal with more general TAD
methods with arbitrary numbers of pre-smoothing steps and of post-smoothing steps
in every level.

The paper is organized as follows. In Section 2, the notation and description
of the IAD method are introduced. Section 3 is the main part of the paper. Since
a formula for the error propagation matrix of a general multi-level IAD method is
rather complicated, we present it only for a three-level method with an arbitrary
number of smoothing steps (Theorem B.1]) and for a method with an arbitrary number
of levels but with exactly one pre-smoothing step and one post-smoothing step in
every level (Theorem [3.2)). Simple examples are presented in Section 4 to confirm the
absence of several relations which could seem natural for the multi-level TAD methods.
Conclusion and one open question are found in Section 5.

2. Notation and description of the IAD methods. Let us assume that B
is an irreducible stochastic matrix. This means that B has non-negative elements,
the sum of the elements in each column is equal to unity, and there does not exist
any symmetric permutation of the columns and rows of B such that the resulting
permuted matrix B admits a block form

B— [ Bn 3312 ] ,
0 Bog

where the diagonal blocks Bll and ng are square. Let e denote a column vector of
ones of an appropriate size. From the Perron-Frobenius theorem [I0], B has a unique
eigenvalue of modulus 1 and there exists a unique positive eigenvector & for which
Bi = # and T2 = 1. Vector 2 is called a stationary probability distribution vector
of the matrix B. Let us define P = #e” and Z = B — P. It is obvious that P? = P
and that PZ = ZP is a null matrix.

Many iterative methods can be exploited for computing the eigenvector z, for ex-
ample, the power method, Jacobi method, Gauss-Seidel method or their block modifi-
cations. We will study a multi-level approach which is called an iterative aggregation-
disaggregation (IAD) method.

Let us denote by L the number of levels used within the method. The original
(finest, largest) problem belongs to level m = 1 and the coarsest (smallest) problem is
solved in level m = L. In every level up to the coarsest one, aggregation groups G,
of indices of elements are chosen, where m = 1,2,..., L —1land j =1,2,..., Nyuy1.
Thus Np,11 is the number of aggregation groups in level m and at the same time it is
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the number of elements in level m+ 1 for m = 1,2,..., L — 1. The size of the original
matrix B is N7 and the size of the coarsest problem solved is Ny,.

Without loss of generality, we suppose that in every level m =1,2,..., L —1, the
indices are divided into groups in such a manner that from i; € Gy, , i2 € G, and
i1 < 19, it follows that k1 < ks. In other words, smaller indices fall into groups with
smaller indices.

Let us denote by [A];; an element of a matrix A in row ¢ and column j. Transi-
tions between levels are enabled by reduction and prolongation matrices. Reduction
matrices R,, map from RYm into RVm+1,

1 if jeGu
[Rmlij = { /

0 otherwise.

Prolongation matrices S(z),, map from R¥=+1 into RV~ depending on a positive
vector € RVm,

22— if i€ Gny,
[S(x)m]ij = 2okEG n; Tk "
0 otherwise.
In every level m = 1,2,..., L — 1, some smoothing steps are performed before

and after the solution of the coarser problem of level m + 1. The smoothing steps,
also called basic iterations, are represented by the power method in our algorithm.

A single cycle of the multi-level IAD algorithm can be described as follows. A con-
stant 7 is a threshold for the size of problems the solution of which is carried out
exactly.

Procedure IAD (input: B, x; output: y)
if size(B) < 7 solve By =y, ely = 1;
else
x = Btux;
build R and S(z) according to aggregation groups in a current level;
call Procedure IAD (input: RBS(z), Rx; output: y);
y = B”S(z)y.

In the main program the procedure is first called with the input parameters B, the
original irreducible non-negative matrix, and = as an initial approximation to £. One
cycle of the TAD method is represented by one call of this procedure in the original
level. After every cycle, y is assigned to x and next cycle is performed. The procedure
is executed until the difference between = and y in the finest level is sufficiently small.

Let pm and v, denote the numbers of smoothing steps in level m before and
after the coarsening of the problem, respectively. Using this notation we can describe
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a single multi-level cycle of the IAD algorithm. Let z, be a current approximation
to the solution &. Then the next cycle of the IAD procedure yields 1 in the form

Tpt1 = B S(uq)1v,

where
uy = Bz,
U = (Rim—1 - R1BS(u1)1 -+ S(um—1)m-1)" Rn—1tm—1,
Uy = (Rm—l cee RlBS(’u,l)l . S(Um—l)m—l)ums(um)mvm-l—l
for m = 2,3,...,L — 1. Vector vy, is the exact solution of the coarsest problem

Trx = x, where T7, is
Tp,=Rp_1---RiBS(u1)1---S(ur—1)r-1.

The vectors uy are computed during the coarsening process (the first half of a single
multi-level TAD cycle) while the vectors vy are computed during the returning back
to finer levels (the second half of a single IAD cycle).

Let the identity matrix be denoted by I. Let T' = AflAg come from some regular
splitting [I0] of Ay — Ay =T — B, A7" >0, Ay > 0. Thus T = 2. In addition, let
TB = BT. Then the iteration matrices in levels m =1,2,..., L — 1

Bp =Rp—1---RiBS(u1)1 -+ S(Um—1)m—1
can be substituted by the more general
Ty = Rm—1-- RaTS(u1)1 -+ S(Um—1)m—1-

This generalization will be used in theorems in Section 3. The matrix 7" can vary
during the computation process. However, for simplicity’s sake, we will not consider
variable T', and, in our numerical examples, only T'= B will be used. In the coarsest
level, T' # B could be used, but then the definitions of matrices R,, and S(x),, would
need to be changed. This is why we have used only 77, = By, in the coarsest level.

LEMMA 2.1. The iteration matrices
T =Rim—1---RiTS(u1)1 - S(Um—1)m—1,

m=1,2,...,L, are non-negative and irreducible. If T = B then T,, is stochastic.

Proof. We have T' > 0 and thus 7;, > 0 yields from the definitions of R,, and
of S(z)m. The irreducibility follows from the irreducibility of T. From e?' B = eT we
obtain €T B,,, = 7. O



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 25, pp. 9-21, June 2012

TAD methods for non-symmetric problems 13
Let us denote
P(uku Uk+1, - - - 7um—l)km = S(uk)k tt S(um—l)m—lRm—l - Ry,
where u; are positive vectors and u; € RNi| j =k,...,m — 1. During the proofs in
Section 3 we will use the abbreviation P,, = P(u1,u2, ..., Umn-1)1m and Py = I.

LEMMA 2.2. The following two relations hold.

1. For any positive z € RN+ we have S(x),Ryx = .
2. Matrices P(uk, Ug41,-- -, Um—1)km are projections, for 1 <k <m < L.

Proof. The first part follows from the definition of Ry and S(z)r. The second
part follows from R;S(x); =1,j=1,...,L—1.0

3. Error propagation formulae. In this section we introduce our main re-
sults. We derive the error propagation matrices of the IAD methods described in
Section 2. Due to the complexity of the involved terms, we restrict ourselves to two
cases: (i) three levels of hierarchy, L = 3, and arbitrary numbers of pre-smoothing
steps and of post-smoothing steps, i. e. arbitrary p,, and v, in both levels m = 1, 2;
and (ii) arbitrary number L of levels and exactly one pre-smoothing step and one
post-smoothing step in every level, i. e. py, = vy, =1, m=1,2,..., L — 1. Deriving
the error propagation matrices for these two kinds of methods within proofs of the
following two theorems shows the main ideas and tools which can be used for deducing
error propagation formulae for more complicated methods.

THEOREM 3.1. Let us consider a three-level IAD method, L = 3, with pim, + Vm >
1, m=1,2. The error in cycle n is

Tnt1 — 2 = J (x) (xn, — T).

Let us denote w1 = TH x,, us = (RlTS(ul)l)leul, P =1, P,=S(ui)1 R and
P3 = S(’u,l)ls(UQ)gRgRl.

1. If uyo > 1 and v > 1 then

J(wa) =T ((PT)* (1= Po2) " (P2~ ) Mi (TP) (T 1)+ 1 - Py)
k=0
+ Vi (P,T)" (T - P2)>Tm.
k=0

2. If uo > 1 and vo = 0 then

J(an) =T (I - PsZ)" ((Pz — P3) i (TP)" (T —1)+1 - P3)T”1.
k=0
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3. If uo =0 and vy > 1 then

J(wa) =T ((PT)* (I = Po2) "' (I = Py) + Vf (PT)" (1= P2) )T,

Proof. We start with a proof of the first assertion for us > 1 and v > 1.
Let us follow the computation during a single cycle of the considered IAD method.
First u; is computed, vy = T" x,. Then this vector is reduced and multiplied by
(RlTS(ul)l)pQ, and thus

Ug = (RlTS(ul)l)MRlul = (RlTS’(ul)l)MRlT“lxn.

In the third level, the computation of the eigenvector vs of the reduced matrix is
carried out exactly for T' = B,

RgRlBS(ul)ls(u2)2v3 = Vs,
and eTv3 = 1. None of the eigenvalues of RoR1ZS(u1)15(uz2)2 are equal to unity, and
V3 = (I - RQRlZS(Ul)lS(UQ)Q)71R2R1i‘.

On the way back to the finest level, the vector vs is prolonged by a multiplication by
S(uz)2 to level m = 2 and then multiplied by the iteration matrix (RlTS(ul)l)U2 in
level m = 2,

Vg = (RlTS(ul)l)y2S(u2)2v3.
And finally,
Tpy1 = v1 = TS (uq)109.
Thus we have

Tn4+1 — ,f = TVIS(U1)1 (RlTS(Ul)l)UZS(UQ)Q(I — RgRle(ul)ls(UQ)g)_1R2R1Lf’: — ,f
— (BT (I - Ps2) "' Psit — &

Now we can rewrite the term P3Z using Lemma [2.2]

P33 = S(u1)15(u2)2Re (Rlzi: — ug + u2)

up)1ug + S(u1)15(uz)2 R (Rli: - u2)

ur)1 (R TS (ur)1)" RiT" @, + S(u1)1S(u2)aRo (R
—(RiTS(u1)1) " BT )

Py (TP) T a, + Ps(& — (TP) T x,,).

S(
S(
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Using P, T, = T, and T# = &, the term (TP2)"*T#1,, is
3.1) (TR)"*T"a, = (TP (TPT"a, — TT™ i + T3
—T‘ulxn + men)
— (TP (TTHa, — TTM G + T3 — THa, + T x,)
= (TR)"* (T = D)T" (w, — &) + (TP)" ' Tz,

(TR 4+ 4 TR) (T = )T (2 )

T (2, — B) + 4,
which yields

Py = (P, — Py) (((TPQ)M—1 4o+ TP+ I) (T 1)+ I)T”l (20 — &) + Pad.
We also have

Pyt = S(ur)1 Rz = S(u)1 R (& — w1 +w1) = uy + Po (& —w1) =
=TMa, + PT" (& —x,) = (I — P)T" (2, — 2) + 4.

Then
(3:2) w1 —& =T (BT)>(I - PsZ ((p2 _p, ( (TP 4.
-+ TP+ I)(T - 1)

+(I = Py)T™ (3, — )

= TV (PT)* (I — PyZ) " ((P2 — Py) (((TPQ)M—1 fo.

TP+ I)(T—1) + I) + (I—Pg))T“l(xn — #)
YTV (PT) 5 — .

Exploiting similar tools as in (B we can show that
(33)  T(PT)2d — & =T ((BT)> "+ -+ 1)(I — Py)T" (x, — ).

Combining (B.2)) and [B3)) we get the first part of the theorem. The second one can be
easily derived using a similar technique. Using either similar tools as for the previous
parts or Theorem 2 of paper [7] yields the third part of the theorem. O

THEOREM 3.2. The error in cycle n of a multi-level IAD method with an arbitrary
number L > 2 of levels and with one pre-smoothing step and one post-smoothing step
in every level (that is py, = Vm =1 form=1,2,..., L —1) is

Tnt1 — & =J (25) (Tn — 2),
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where

(a)

L—1 L—-1
J(xn) =T [[(PT)I = PLZ)™" ) (P = Prya) My
k=2 k=1
L—-2

+

N
s
&)
=
NE

(Pr — Pry1)Mp—1;

m=1 k=2 k=1
(b) My =T and
k
My = (T+Y TP(T—1)T,
j=2

fork=1,2,...,L—2;
(¢) P, =1 and

Py = P(u1,us,...,up—1)1k = S(u1)1 - S(up—1)k—1Rk—1--- Ra,

fork=23,...,L;
d) uy =Tz, us = RiT%x,, us = RoR\TPyT?x,, and
( ; ;

up = Rip—1 -+ RiTPy_1TPy_o-- - TPsTP,T?x,,
fork=4,...,L—1.

Proof. We present the derivation of the formula only for L = 5 which is not too
much complicated but provides with a sufficiently general insight. We have

uy = Tx,,

uy = RiTS(u1)Riuy = RiTuy = RiT?x,,,

uz = RoR1TS(u1)15(us)aRouz = RoRy TS (up)1us = RoRiTS(u1)1 RiT?x,
= RoR\ TP, T?x,,

ug = R3RoR1TS(u1)1S(uz)2S(us)3R3us = - -- = RgRo RiT PsT Py Ty,

Since from Lemma [Z2] we have S(ug)rRrur = ug, k =1,...,4, note that

PTx, =Txy,,
PsT?z,, = P Tz,
P, TP,T?x, = PsTP,T?z,,
P-TP;TPyT?x,, = PA\TPsTPoT?x,,.

w w w w

AA/-\,—\
ESTIR= RS BN
S— N N N
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In the fifth (finest) level, the computation of the eigenvector is carried out exactly
with T = B,

RyR3RoR1BS(u1)15(u2)25(us)sS (ug)avs = vs,
eTvs = 1. Matrix I — Ry --- Ry ZS(u1)1 - - - S(u4)4 is invertible, therefore
vs= (I =Ry RiZS(ur)1 - S(us)s) Ry-- Ry,
Further computation in finer levels gradually yields
vg = R3RaR1TS(u1)15(u2)25 (us)3S (uq)avs,
v3 = RoR1TS(u1)15 (u2)2S (us)3v4,
vy = R1TS(u1)15(uz2)avs,
Tpt1 = v1 = TS(u1)102.
Then
(3.8) Tny1 — & = TP,TPsTPT(I - P5Z)71P5§3 — Z.
Using B.4)-B.1) we have
Psi = Ps(& — TP3T P, T?x,) + P, TPsT P, Tz,
and
TPTP T2, = (TPsTPo(T—1)T+TP(T—1)T+T°) (2, — &)+ & = Ms(2,, — &)+,
where M3 = TPsTPy(T — I)T + TP, (T — I)T + T?. Thus
Psi = (Py — Ps)Ms(z, — &) + Pyd.

Computing P4z and Ps3Z in a similar fashion, we obtain

(3.9) Py = (P — Py)Ma(zy, — 2) + P32,
(310) Pgii‘ = (Pg — P3)M1 (acn - j) + ng,
(311) Pgii‘ = (I — Pg)Mo(wn — )+ ,f,

where My = TP,(T — INT + T2, My =T? and My = T. Thus we have
D5t = ((P4 — P5)Ms + (Ps — Py)My + (Py — P3)My + (I — Pz)Mo) (€ —2) + 2.
Substituting this into (B8)), denoting P; = I and using Z& = 0, we get
(3.12) a1 — & = TRTPTPT(I - PsZ) " (((P4 — Ps)Ms + (Ps — Py) M,
+(P2 = Py)M + (Py = Py)Mo ) (w0 — 7) + ) — &
4
— TP,TPTPT(I — PZ) (Z(Pk - Pk+1)Mk_1) (2n — %)

k=1
+TP,TPsTP,T# — 3.
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Finally, using (3.9)-(3II), we obtain
TPTP TP T — & = TPQTPgT((Pg — Py)M, + (Py — P3)M,;
(P — Pg)Mo) (zn — )
+TP2T((P2 — Py)M;y + (P — Pg)M(J) (€n — 2)
+T(Py — Po)My(zp, — 2).
Substituting this last formula into (812) completes the proof. O

ExXaMPLE 3.3. Assume a three-level IAD method, L = 3, and three simple
choices of parameters pg and vg. According to both Theorems [B1] and B2 for pu; =
e = v1 = vy = 1 the error propagation matrix J is

(3.13) J=TPT(I-PZ) ' (Po—P)T+1—P)T+T(I— P)T.
When we chose 17 = o = 0 and v; = vy = 2, from Theorem B.1] we obtain
(3.14) J = T*((BT)*(I — PsZ) (I — Py) + (I + P,T)(I — Py)).
When we chose 11 = o = 2 and v; = vo = 0, from Theorem [B.1] we have

(3.15) J=(—-P2)! ((P2 —P)(I+TR)(T—1)+1 - Pg,)T2.

4. Symmetric and non-symmetric matrices. In this part we will exploit the
8 x 8 non-symmetric irreducible stochastic matrix

Y

O R OO0 o o L o

_ O O O O O o o

A ORr OO+ O™
2

e Nl B oo B o Bl e Wi e SIS
oo~ oo+ o
[=leloNol el )
O OO~ O O

SHYy O O O O™

We apply the multi-level IAD methods to the matrix B for several choices of param-
eters a, 3, 7, §, € and (. After setting the values of these parameters, the columns
are normalized in such a way that the resulting matrix is stochastic.

ExAaMPLE 4.1. Consider the matrix B given by [@Il), L = 3, Ny = 8, Ny = 4,
N3 = 2 and the dimensions of aggregation groups equal to N,,, /Ny, +1 in every level m.
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TABLE 4.1
Spectral radii p(J(&)) for L =3, N1 =8, No =4, N3 = 2 and for matriz B defined by {{-1))
with different choices of a, B, 7.

(5,6,¢) = (0,0,0), (@,8,7): | (10,0,0) | (0,10,0) | (0,0, 10)

pr =1 v =1 0.2447 1.1144 0.3414

pr =0, v =2 1.1419 0.2916 0.3513

e =2,v =0 0.5069 0.3676 1.0729
TABLE 4.2

Spectral radii p(J(&)) for either L =2 or L = 3 and py, = vy, = 1 for matriz B defined by [{-1))
with different choices of 9, €, C.

(a, B8,7) = (0,0,0), (4,¢,¢): | (10,0,0) | (0,10,0) | (0,0,10)
L=2 Ny=4 0.0789 2.0463 0.1289
L =2 Ny=2 0.9090 0.4092 1.5757
L =3, Ny =4, N3 =2 1.3390 0.3448 0.6861

We examine three choices of parameters uy, v, k = 1,2: (1) pr = v = 1; (ii) pp =0,
v = 2; (iii) pr = 2, v, = 0. See Table ] for the approximate asymptotic spectral
radii p(J(Z)) of the error propagation matrices for 6 = ¢ = ¢ = 0 and for different
choices of «, B, v. The spectral radii are calculated according to BI3)-BI1H). In
our paper [7] the hypothesis appeared, that keeping the number of smoothing steps
constant in all levels, i.e. ur + v constant for every k, leads to the same asymptotic
convergence rate. It can be seen from the table that this hypothesis is false. Moreover,
the convergence itself is also not kept for different uy, vg, but constant ug + vg.

EXAMPLE 4.2. In this example we examine the TAD methods for the matrix B
given by ([@I) where « = § =~ = 0. We compare three types of methods: (i) a two-
level method with Ny = 4; (ii) a two-level method with No = 2; (iii) a three-level
method with Ny = 4; N3 = 2. The numbers of smoothing steps are “symmetric”:
e = vk = 1. Three choices of parameters d, €, ¢ lead to three different situations,
when one of the methods diverges and the other ones converge locally. Thus there
is no apparent relation between local convergence of the IAD algorithms of the same
kind with different numbers of levels.

REMARK 4.3. When a stochastic matrix B is symmetric or satisfies B = DSD™!
where S is symmetric and D is diagonal, then all of our numerical experiments have
reflected that p(J(2)) < 1. Although the proof of this is known [8] for two-level IAD
methods, the statement for general multi-level IAD methods has not been proved
yet.

5. Conclusion. New convergence characteristics of the multi-level IAD methods
are introduced in this paper. Especially, we present an error propagation formula
which is a generalization of our recent result [7]. Using the formula it can be confirmed
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that the local convergence of the multi-level IAD methods is not guaranteed for non-
symmetric problems in general.

The derivation of the error propagation formula can serve as a model: the tools
of the proofs of Theorems [3.1] and can be exploited to obtain error propagation
formulae for more complicated multi-level IAD methods. For example, the formulae
for arbitrary number of levels L and for arbitrary numbers of smoothing steps pj, and
v, in every level £k = 1,2,..., L —1 can be derived. This can lead to the estimation of
local convergence rates of particular methods for particular matrices which can help
in searching general conditions under which the local convergence of the IAD methods
for non-symmetric problems is guaranteed.

In paper [7], a new hypothesis was announced, that the asymptotic rate of conver-
gence does not depend on the numbers of pre- and post-smoothing steps but depends
solely on the sum of these two quantities. Example [4.1] disproves it. In Example
we give a counter-example of another hypothesis, which states that for ux = vy,
k=1,2,...,L — 1, there exists some relation between the local convergence of IAD
with L levels and with L + 1 levels.

Our numerical experiments support a new hypothesis: if a stochastic matrix B
is symmetric or similar to a symmetric matrix S such that B = DSD~! and D
is diagonal, then the asymptotic spectral radius of the error propagation matrix is
bounded from above by unity for an arbitrary number of levels and of smoothing steps
and for any choice of aggregation groups. This hypothesis was proved for two-level
TAD methods only [8], but for general multi-level IAD methods it has not been proved
yet.
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