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ON THE M-MATRIX INVERSE PROBLEM FOR
SINGULAR AND SYMMETRIC JACOBI MATRICES *

ANGELES CARMONAT, ANDRES M. ENCINAS', AND MARGARIDA MITJANA?

Abstract. A well-known property of an irreducible singular M—matrix is that it has a gener-
alized inverse which is non—negative, but this is not always true for any generalized inverse. The
authors have characterized when the Moore—Penrose inverse of a symmetric, singular, irreducible
and tridiagonal M—-matrix is itself an M—matrix. We aim here at giving new explicit examples of
infinite families of matrices with order up to 4 having this property.
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1. Introduction. Symmetric and irreducible Jacobi M-matrices are positive
semi—definite matrices that can be expressed as J = D — A, where D > 0 is a di-
agonal matrix and A > 0 is a symmetric, tridiagonal and irreducible matrix. They
appear in relation with self-adjoint boundary value problems for second order linear
difference equations. In addition, the relation between Jacobi matrices and real or-
thogonal polynomials is widely known. On the other hand, symmetric and irreducible
Jacobi M—matrices are identified with positive semi—definite Schrédinger operators on
weighted paths, see for instance [2], [3]. They are also identified with perturbed Lapla-
cians, see [I].

It is well-known that any irreducible singular M-matrix has a generalized inverse
which is non—negative, but this is not always true for any generalized inverse, see |2 [5].
Actually, the upper—right entry of the Moore—Penrose inverse of any symmetric Jacobi
M-matrix is negative. The authors characterized in [2] when the Moore-Penrose
inverse of a symmetric and irreducible Jacobi M—matrix has all its off-diagonal entries
non—positive, which in turn is equivalent to the fact that the Moore-Penrose inverse
is also an M-matrix. In addition, a deeper study of this problem was carried out
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in [3], where we showed that there exist infinite singular, symmetric and irreducible
Jacobi M-matrices of any order whose Moore-Penrose inverse is also an M-matrix.
This represented a wide improvement of the results obtained in [4]. However, closed
formulas for this class of matrices was obtained only for n = 2, 3. For instance, from
[B, Corollary 2.4], the set of symmetric, singular and irreducible Jacobi M—matrices
of order 3 such that their Moore—Penrose inverse are also an M-matrix is described
by

c1y/1— (1 +¢2)x2 0

—c
x
J_ e x(tea + ¢1) e
1—(14¢2)2?
VI—(1+ )2
0 —C 2 ( + )LL’

tx

where c¢1,¢3,t > 0and 0 < 2 < \/%, where the last inequality must be an

strict inequality for t = 2. In addition,
c1

co(1-22)2 4 t324c; a2 [eatter —a2(eat+tPer)]

—z[c2 — z%(c2 + tacl)]

T V1-(1+t2)z2 1—(14t2)z2
JT - 71[62 7%2(62 +t3¢21)] xQ(cz +t3¢21) 1— (14 t2)z? 7tz[c1t712(¢22+t3c1)1
C1C2

t[cgtm4+c1(17t2m2)2}
V1i—(1+t2)a2

- ta? [c2+tcl 71‘2(02#4301)}
V1i—(1+t2)22

—tx [Clt — 12(c2 —+ tscl)}

Observe that either co — 2%(ca + t3c1) > 0 or te; — 22(co + t3¢1) > 0, 80 g12 < 0 or
g3 < 0, where JT = (g;;).

In particular, J is the combinatorial Laplacian for the weighted path on three

1
vertices whose conductances are given by ¢; and ¢ iff t =1 and = = \/; and hence
1
the property of JI being an M-matrix holds iff 3 < “ <2.
C1

The goal of this work is to carry out a deep study of the case n = 4, providing
explicit examples of a wide range of families of Jacobi M—matrices whose Moore—
Penrose inverse is also an M-matrix.

2. The M—inverse problem for n = 4. The authors proved in [2] that any
symmetric, irreducible and singular Jacobi M—matrix is given by

r ClWa -

—C1 O 0
w1
c CoWw3 + C1Ww1 . 0
-6 — —C2
_ w
J(c,w) = 2 Cawa + Cows (2.1)
0 —Co == —c3
w3
c3w
0 0 —c3 33
L wqg A
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where ¢ = (c1,c2,¢3) € (0,40)® and w = (w1, w2, w3, ws) € (0,+00)* such that
w? 4w + w3 4+ wi =1 are called conductance and weight, respectively. Let

Q = {w = (w1,w2,ws,wy) € (0, +00)? : w? + w2 +wi +w? = 1}

be the set of weights. We recall that J(c,w) can be seen as the matrix associated with
a singular and positive semi—definite Schrédinger operator on the weighted path on
four vertices with conductances ¢y, cg, c3, see [2, 3] as Figure 2] shows.

1 Cl xr2 02 xr2 03 T2

Fic. 2.1. Weighted path on four vertices

In particular, J(c,w) coincides with the combinatorial Laplacian of the weighted
path iff the weight is constant; that is, when w; = %, for any ¢ = 1,2, 3,4. Moreover,
in [2, Corollary 5.2], we obtained that J(c,w) = (g;;), where g;; = gj; and

2{(w%+w§+wi)2+(w§+wi)2+ wi }

gi1 = wq
Clwiw2 CoWaw3 C3W3w4
2 242 4 2/, 2 2 2
_ (w3 + wi) Wy wi (w3 + w3 +wi)
g12 = wWiw2 + -
CowaWws3 C3Ww3Ww4 Clwiwz2
4 2/, 2 2 2 2 2 2 2
. Wy wi(ws + w3 +wi) (Wi +ws)(ws +wi)
g13 = Wiws3 - -
C3Ws3W4 ClWwWiwg CoWwaWs3

2/ 2 2 2 2 2\, 2 2 2 2 2\ 2
o wi(wz +ws+wi) | (Wi+wy)(wstws) (Wi +ws; +ws)ws
J14 = —W1iWw4 + +
Cl1wWiWws2 CoWaWw3 C3W3Ww4
4 2 2\2 4
_ 2 w1 (w3 + wi) Wy
g22 = w
Clwiw?2 CowaWws C3Ww3Wwa
4 4 2 2 2 2 (2'2)
_ wi wi (wi + w3) (w3 + wi)
g23 = Waws3 + —
ClWwWiwg C3W3W4 CoWwWaW3
4 2 2\, 2 2 2 2 2y 2
. w1 (Wi +w3)(wi +wi) (Wi +w; +w3ws
g24 = WaWwy - —
ClWwiw2 CoWaWw3 C3Ww3Wwa

gl L), el

Cl1wWiw2 CoWaWs3 C3W3W4

wi | (witw)? (Wit +w§)w2}

g34 = W34
ClWwiws2 CoWaWw3s C3W3Ww4

4 2 22 2 2 2\2

9 wi (wi +w3) (Wi + w3 + w3)

g44a = Wi + + .
Cl1wWiw?2 CoWaWs3 C3W3W4

A conductance c, is called feasible if there exists a weight w such that JT(c,w)
is an M-matrix. From Identities (Z2)), we obtain that J7(c,w) is an M-matrix iff
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912, 923, 934 < 0; that is, iff there exist x,y, z € R such that

20,2 2 2 2, 2\2 4
wilw; +wi+wi) (wi+wi)® wy 22
C1wWiw?2 CoWaWws C3W3wy
4 2 L 2\(2 2 4
L S (Wi +wi)(ws +wi)  wi
Clwiwz CoWaWws C3W3wy
4 2, 2\2 2,2, 2y 2
o wr (wi fws) n (Wi +wy Fw3z)wy .2
C1wWiw?2 CoWaWws C3W3wy

which is equivalent to the system

wi (w3 + wf) — 2?2 — g2

C1W2 CoWaoWs

(W +wl)  wa 2 2 (2.3)
CoWaoWs C3W3

2 2 2 9o
LalBe — W) (03 ) (whe? +udy?) + (uF + W) @R +ude?).

C3wWs3

The non—negativity of the right side of the third equality implies that wiws < wows
is a necessary condition for J7(c,w) be an M-matrix. For this reason, in what follows
we consider the set of weights

Qoz{weﬂzw1w4:w2w3} and Q+:{w€Q:w1w4<w2w3}.
When w € Qg then, x = y = z = 0. It turns out that g1 = g23 = ¢34 = 0 and

that Jf(c,w) is an M-matrix iff the conductance and the weight are related by the
following identities

CoW1Ws CoWaWy
Cc1 = ECE) and C3 = 5, 3 (24)
w3 +wi wi + w)
22 2,2 2 2 2,2
) WHws — Wiw wWsws — wiw
When w € Q4, then changing x,y,z by z 275 1 2278 717 and
[09),109% [09),109%

2,2 2, 2
wiw; — wiw
—278 1M respectively, we obtain that System (23) implies that JT(c,w) is
wWaWws

an M-matrix iff the conductance and the weight are related by the identities

wWiws
c = ,
' 0B+ wd)a? + [wwd + wd) + wd(0F + 0]y + Wi (W] + wd)2

1
€2 = 53 2 2\, 2 227 (2.5)
wir? + (w3 +w3)y? + wiz

wWolyg

C3 =

wi(wf +wd)a? + [wi(wf + wf) + wi(wf + wi)]y? + wi(wd +wi)2?’
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where z,y,2 € R are such that 22 + y? + 22 > 0. These identities, together with
@4, determine all the feasible conductances for the raised problem. In particular,
we study the cases corresponding to the choicesx =y=2z2,y=2=0,z =y =0 and
finally x = 2 = 0.

The choice x = y = z leads to

2 1 - CoWi1Ws3
r = —, Cc1 = < 3
C2 w3 + wy

d Colaly
and 3= —5——,
STt

the same expressions in (24)), for weights in Q. This fact allows us to consider both
cases simultaneously. Therefore, for any w € Qp U Q24 we define the conductance

) = (P51 20 ).

2 275 2 2
w3 + wj Wi + w;

When y = z = 0, System ([2.35]) becomes

9 1 w{’cz WoW4Co
=g a=———g—y  and =g
Cowy wa(wi + w3) wi +wy

and hence, for any w € Q0 we define the conductance

o (w) = w? WaWy
v wz(w? 4+ wd) W+ ws

When z =y = 0, System (23] reads as

9 1 wiws3Ca wZ’CQ
F= a=———% ad g=—rfy
Caly w3 + Wy wa (w3 +wy)

and hence, for any w € 24 we define the conductance

3
(W) = ( wiw3 1. wy )

wi+wi wa(wd +wi)

1

When z = z = 0, System (Z.5) determines that y?> = ————-,
c2(wi + w3)

Ccowowy (W3 + w?)
wi (Wi +wi) + wi(wi + w3)

cowiws (W3 + w?)
wi(wi +wd) + wi(wi + wi)

c = and ¢3 =

and hence, for any w € Q0 we define the conductance

o (w) = < wiws(wj + w3) ) wowy(wi + w3) )
Y wi (Wi +w3) + wi(wi +wi)  wi(ws +wi) + wi(wf +w3)
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Next, we summarize the above results.

PROPOSITION 2.1. Given a conductance c, if Ji(c,w) is an M -matriz then w €
Qo U Q. Conversely, given w € Qo U Qy, then Ji(tc(w),w), where t > 0, is an
M —matriz and when w € Qg the only conductances with this property are tc(w) where
t > 0. In addition, given w € Q, then for any t > 0, J(tc, (w),w), I (tc,(w),w) and
J(tc.(w),w) are M-matrices.

3. Jacobi matrices of the form J(tc(w),w), J(tc,(w),w) and J(tc,(w),w).
Our next aim is to characterize the feasible conductances of the form ¢ = tc(w) where
t > 0and w € Qg and the conductances of the form ¢ = tc(w), ¢ = tc,(w) or ¢ = tc,(w)
where ¢ > 0 and w € Q.

First, if ¢ = (c1,¢2,¢3) and ¢ = caoc(w) for some w € Qp U Q4 the well-known
Young’s Inequality a? + b? > 2|ab| implies that ¢3 > 4cjc3 and the equality holds iff

w1 = w2 and w3z = wy; which in particular implies that w € Qy. So, we obtain the
following result.

THEOREM 3.1. If c = (c1,¢a,¢3) and ca = 2,/c1c3, then

c1 —C1 0 0

—c1  ¢1+2c3 —2@ 0

0 —2\/cic3 2c1+c3 —c3
0 0 —c3 c3

Jo=

is the only Jacobi matriz of the form J(c,w) where w € Qp, such that its Moore—
Penrose inverse is an M —matriz. Moreover,

C1 —|— 203 O _ \/a _ 1 7
2cq (Cl + 63) 2(61 + CS)\/E 2./ci1c3
0 1 0 \/a

_]T - 2(61 + Cg) 2(01 + 03)\/6
o Ve 0 1 0
2(c1 + ¢3)y/c1 2(c1 + ¢3)
1 \/a 2c1 + c3

— [ S — 0 - -  °
2\/0103 2(01 + 03)\/5 203(01 + Cg) h

Proof. Proposition 1] implies that ¢ = coc(w). Moreover, the above reasoning

4/ C1C3W1

concludes that necessarily wy = we and w3z = wy, and then, we have ¢; =

w3
Ve 2 2
and c3 = ﬂ Therefore, ws = w4 /C—3 and 1 = M so that, wy =
w1 C1 C1
C1 C3 . .
——  and w3 = , /————. The result follows taking into account (2.1]) and
2(01 +C3) 3 2(01 +C3) &
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@32). O

REMARK 3.2. If we consider ¢y = ¢3 = c¢ in the above theorem, then J is
nothing else but the combinatorial Laplacian of the weighted path whose conductance
is (e, 2¢, ).

If either ¢ = cocy(w) or ¢ = cac,(w) for some w € Q4 , Young’s Inequality implies
that 4cic3 < c3. Therefore, it will be useful to consider the 3-dimensional cone, see

Figure 311
K = {(c1,¢2,¢3) € (0,400)% : ¢3 > deres

since c(w), cy(w),cz(w) € K for any w € Q4 and moreover c(w) € K when w € Qg
but either wy # wy or ws # wy. On the other hand, if w1 = wy and w3 = wy, then
c(w) € OK.

Fic. 3.1. Cone of Feasible Conductances

) . 2¢ c
Given ¢ = (c1,c2,c3) € K, we consider the values 70 = =, — 2_2 and
C2 C1
[c . .
£ = 23 that clearly satisfy 0 < 72 < & < 72. Moreover, we also consider the
C1

functions a: (0,72] — (0,400) and b : [r}, +00) — (0, +00) defined respectively
for any s € (0,72] or any s € [1d, +00) as

1 1
af(s) = %ol {cz +4/c% — 40%52} and  bE(s) = % [czs +4/c3s? — 40?))]. (3.1)

Clearly the common domain of the above functions is [r},72]. The main properties

of functions a and b are described in the statements of the following lemmas, and
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all of them have a straightforward proof.
LEMMA 3.3. Given c € K, the following properties hold:

2
(i) at(r) = BEVAIGG ey - @EVE A0 4y () = 72
c1C2 1

co c% —4cqce3 cg + c% — 16c§c§

(ii) (1) =1, b (&) = and bF (12) =

2,/c1c3 4cie3
) a;(s) = aigs) and (agc(s))2 = %il(s) — 52 for any s € (0,72].
(iv) bc%(s) = bF(s) and (bgt(s))2 = # —1, for any s € [}, +00).
LEMMA 3.4. If c € K, the following properties hold:
F2c18 + cobE(s)

for any s € (0,72), whereas (bi)/(s) =

; +)/ —

(Z) (ac) (S) - W C
for any s € (7d, +00).

(ii) at(s)bF (s) > s for any s € [7},72].

(iii) aZ (s)bo (s) < s for any s € [7},72].

(iv) at(s)bZ (s) > s for any s € [1},&) and at (s)bZ (s) < s for any s € [&, 2] with
equality iff s = &..

(iv) aZ (s)bt (s) < s for any s € [11,&) and aZ (s)bF (s) > s for any s € [&, 2] with
equality iff s = &..

Now we are ready to establish the main result of this section.

THEOREM 3.5. If c = (c1,¢2,c3) € K then, the following results hold:

c1bF(s) -1 0 0
—c1 b (s)(e1 + caadl (s)) —co 0
Je(s) = 0 —C2 ac (5)(cas j abd () —c3 ’
s
+
0 0 —¢3 csac (5)
s

for any s € [}, 72],

c1b (s) —c1 0 0
—c1 bi(s)(e1+ caad (s)) —c2 0
2(s) = 0 e ag (s)(css —21- c2bg (s)) e
s
0 0 —c3 caac (s)
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for any s € [, &) and

C

c1bF(s) —c1 0 0
—c1 b (s) (cl + czac_(s)) —ca 0
Be-| N e b))
s
0 0 _C3 CSG’C (S)
s

for any s € [&, 78] are the only Jacobi matrices of the form J = J(coc(w),w) such that
their Moore—Penrose inverses are M-matrices. Moreover, J?(&.) and J3(&.) are the

only Jacobi matrices of the form J(c,w) where w € Qq, such that their Moore—Penrose
inverses are M —matrices. In addition,

[e1bd (s)
—e
B =|
0
and
[e1bc (s)
—e
2 =],
0

for any s € [}

C

—C1 O 0
sbo (s)(c? + c3) — cacs ey 0
C1S8
. cls[sbj‘(s)(cg +c3) — 0203] .
—C2 P} —C3
c3
0 e, c3be ()
C1S i
—c 0 0
sbt(s)(c? + c3) — cacs . 0
—C2
C1S8
c15[sbg (s)(c3 + c3) — cacs]
—C2 P} —C3
C3
| N 0
C1S8 i

that their Moore—Penrose inverses are M-matrices. Finally,

—cC9

az (s)(c3 + c3) — crca8?

chsac (5 n
c3
e cslad (s)(c} + c3) — crca8?]
1(s)=
0 —C2
0 0

C3S

—c3

, &) are the only Jacobi matrices of the form J = J(czcw(w),w) such

—c3

czat (s)
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and
- 2 Jr -
Ccysa, S
1 c( ) —c1 0 0
C3
— 2 2 2
cslag (s)(c} + c3) — crc28?]
. —C1 2.3 —C2 0
Je(s)= s +( )( 2 4 2) 2
a. (s)(c C3) — C1C2S
O —ca C 2 3 —c3
C3S
c3a. (S
0 0 ey e30c (5)
L S -

for any s € (&,72] are the only Jacobi matrices of the form J = J(CQCZ(CU),CU) such
that their Moore—Penrose inverses are M-matrices.

Proof. If ¢ = (c1,¢2,¢3) € K, then ¢ = caoc(w) iff

CoW1Ws3 Colaty

c = and c¢3 =

bttt _
w%—i—wi w%—l—w%

that is, iff
2 2 2 2
Clw3 — CoWiW3 + ClWy = C3wW5 — CoWaly + C3wi = 0.

Solving the above equations, we obtain that

2 2

Wa w w1 w
we=— |leaty]2—422L | and w3 =— |cot /2 —4c222 ).

2 33 2 i)

2c3 wy 2cq wy

w. 2c c
So, if we define s = —, necessarily Tl = e T 72 and then we get that
w

1 C2 21
w3 = aZ(s)wr and wy = bF (s)wr. Moreover, w € Q iff

2
L=} [1+ (b5(9)" + (05()” +5°| = T2 [egad (5) + ersbE(s)].
C1C3
In addition, w € Qg iff s = af (s)bE(s) whereas w € Q. iff s < at (s)bE(s). Therefore,
the result for matrices J(s), j = 1,2, 3, follows from Proposition 2.1l applying Lemma
B4 to the Identity (21)). Analogous reasonings prove the claimed properties for the
matrices J(s), j = 4,5,6,7. O

REMARK 3.6. The strict monotonicity of aF and bF implies that JI(t) = JI(s)
iff s=t¢, for any j =1,...,7. Moreover, J(t) = J2(s) or JL(t) = J2(s) iff s =t =7,
JL(t) = 32(s) or J8(t) = J7(s) iff s =t = 72. In the remaining cases, all matrices are
pairwise different.

4. Jacobi matrices of the form J(tc,(w),w). The last section in this work
refers to the study of the Jacobi matrices J(c,w), where ¢ = cacy(w) and w € Q4.
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w
Recall that if ¢ = cacy(w) and if we let 72 = w? + w3, t? = w3 + w3 and s = =1 then
w1

02w1w2t2s
2(1 — 2 2,27
wi(l —7r2) +wir

02w1W3t2
C1 =
wir?s? + wi(1 —1r?)

and c¢3 =

(4.1)

which, from Young’s Inequality, implies that 4cic3r?(1 — r?) < c3t* or, equivalently,
that the conductance defined as c(r,t) = (clr\/l — 12, cot?, c3ry/1 — rz), belongs to
the cone K.

Next we prove that the variables r,t and s can be used to parametrize the set of
weights.

LEMMA 4.1. Given w € Q there exist unique r,t € (0,1) and s > 0 satisfying
s2(r? =) <1 —r? < s*r? + 1% and such that w = w(r,t,s) where

1—t? SPr2 42 42 -1 S22 —r?)+1—12
w(T,t7S): 17 ) 75
1+ 52 1—¢2 1—1¢2

In addition, w € Q4 iff one of the following properties hold:

(1—7r2)(1—r2—1?)
r2(t2 — 1r2) ‘
r2(£2 — r?)

(1—r2)(1—r2 —¢2)"

1. 0<r<t<y1—r2 ands>\/

2. O<\/1—r2<t<rcmd0<s<\/
S V1—-r2<t,r<tands>D0.

Proof. Clearly, r? = wi(r,t,s) + w3(r,t,s), 1 —r? = wi(r,t,s) + wi(r,t,s), which
implies that w(r,t,s) € Q and moreover t? = w3(r,t,s) + wi(r,t, s).

On the other hand, w(r,t,s) = w(f,t,5) iff # = r, { = ¢t and § = s, so the
uniqueness follows. On the other hand, if w = (w1, we, w3, ws) and consider the values
2 =w?+w? t?=wi+w?ands= ot then

= w1 2, U7 = W3 3 T

wy=4/r?—w? w3 =4/t?—r2+w? and sfwi=1-1—uwi

2

which implies that w; = and the first result follows. In addition, w € Q. iff

+ 52

0<(1+ 52)(s2r2(t2 I W 1))
and the last claim follows. O

In view of the above result, for any r,¢ € (0,1) we consider the interval I, .,
defined as
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1. 1 (\/(1 :izg,li) tz) ) fo<r<t<Vvl—r2
(0,,/(1 7;%_:2) 75 ) fo<vVl—ri<t<r.

3. It =(0,40),if V1—712 <tandr <t

4. I, = (), otherwise.

2. 1,

Now, we obtain necessary and sufficient conditions on a conductance c and a

weight w € Q4 for the equality ¢ = cocy(w) holds. First we observe that for any

r,t € (0,1) we get that §(,»y) = & = &
1

PROPOSITION 4.2. Given w(r,t,s) € Q4, then ¢ = cacy (w(r,t,s)) iff one of the
following equalities holds:

1.-s€ [Tcl(r)t), Tf(r)t)] NI+ and

V1—r2 b (s) s2r2 42442 -1 ra:(m)(s) s2(t2 —r?)+1—1r?
R s) = = :
bl T -7

2.- s €| c(rt)’€C)tht and

V=12 b (s) = S2r2 442 -1 ra:(nt)(s) B S22 —r?)+1— 12
T lery\8) = 1—¢2 CVI—r2 1—¢2 '

3.- s € (&, Tf(r)t)] NI.: and

(s) = S2r2 4?42 -1 rac_(m)(s)_ S22 —r?)+1— 12
TN 1—¢2 o1 r2 1—¢2 '

mb*

e,

Proof. From Identities (@) we obtain
V1—1r2

r

wp =~ bci(r p(s s)wy and w3 = Vi aci(r_’t)(s)wl.
Therefore, Lemma B.4] implies that w must satisfy one of the following identities:
1- w=k(s,mt) (1, Q b:(nt)(s), ﬁ a:(nt) (s), s), for s € [T(}(Tyt),Tf(Tyt)];
2- w=k(s,rt) (1, Q bc_(nt)(s), ﬁ a:(nt)(s) ) for s € [7, Tt),fc)
3- w=k(s,rt) (1, Q b:r(m)(s), ﬁ acf(m) (s), s), for s € (fc,Tf(m)],
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where k(s,r,t) is a normalization factor so w is unitary. The conclusions follow from
the expression of the weight w(r,t,s). O

REMARK 4.3. The above Proposition establishes necessary and sufficient con-
ditions for the identity ¢ = cacy(w), w € 4, but given a conductance c it is very
difficult to elucidate if there exist parameters r,¢ and s satisfying the equalities

1—r2 . N
(8 = roa—

(4.2)

r ot (s) = 22 —r?)+1—1?
s Ger(8) = s :

Therefore, we only consider some specific cases in which we can solve these non-linear
equalities. Moreover, we mainly pay attention to those cases that are not covered in
the preceding sections, that is, when the conductance does not belong to the cone
K.

All cases where we tackle the system (£.2)) involve the value s = 1, that is equiv-
alent to assume that wy; = w4 and requires that Tcl(r £ <1< Tf(r #)» OF expressed in
an equivalent form, that ¢ and r» must be chosen satisfying

{Cl C3 } < t2

max{4 —, — p < ———.

C2 C2 2rv/1 —r?

Moreover, we will take into account that & is less than, equal to or greater than 1 iff
c1 is less than, equal to or greater than cs.

Assuming s = 1, we also suppose that either r = /1 — r2; that is, r = @, or
t =+1—17r2 ort =r. In an equivalent way, we consider weights satisfying either
W1 = w4, wo = w3 and w1 < wa, Or Wy = w3 = wy and w1 < wy Or W, = wo = wy and

w1 < ws, respectively. So, we consider the set of weights defined as
= {wGQ:w1:w4, wo = w3, W1 <w2},
Qg:{weﬂzw1:w2:w4, w1<w3},
ng{weﬂ:wlzo.)3:o.)4, w1 <w2}

and look for conductances of the form coc,(w) where w € Q= 0 U Qs UN3. Observe

that if w € Qq, then ¢; = ¢35 < cot?; if w € Oy, then ¢z = cot? and when w € 3, then
c1 = 02152;

V2
2 b)
t=+vV1—r2 ort=r I,; = (0,400) and moreover, @ < t < 1. In addition, in the

It is easy to check that in all the above cases, s = 1 and either r = or
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three cases, System (4.2]) is equivalent to

2032 [(r? + 2 = 1)(2r* — 1) +1?] =

201 _ 2.2 2 42 2 . — 244(1 — 2 (4'3)
2031 —r?)[(r2 —2)(2r2 = 1) + 1 —r?] = Bt (1 — ¢

+ cot?(1 — t?

St( )
+ 02t2(1 - t2)\/ —4c3r2(1 —r?),

( )

1-1*)/

c3tt — 4cir2(1 —r2)

To solve the above system it will be useful to consider f, g (‘/_ 1) — R, defined as

F6) = 26V T=F and gf0) = 2 (2(:2 :ffsig_ 2

, respectively; see Figure [.]

T T
0.75 0.80 0.85 0.90 0.9;

T T T
1.00 0.75 0.80 0.85 0.90 0.95 1.00
t

Fi1G. 4.1. Graphs of functions f (left) and g (right)

LEMMA 4.4. The following properties hold:
L f()<f( 3):3\8/_79()<9(\/E)ZM andg()<4t4f0r§<t<1.

2. f()=—2ﬁt—t*—f\/\/19+3 34—+ 1 ~0.9580803845

V19 + 3@
and moreover f(t) > & iff % <t <t
3. g(t) =1 iff t = t. ~ 0.9289644667 and moreover, g(t) > 1 iff @ <t <ty

If we consider the 3—dimensional cone, see Figure [4.2]

8V3
v 9

K} = {(0,02,0) €(0,+0)3 o > ——c
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then, the cone of conductances in K; not considered in the previous sections is

K; \K = {(C,CQ,C) € (0,400)? : 8v3

c§62<2c}.

Fic. 4.2. Cone K?} of feasible conductances. K?} N K (green) and K?} \ K (blue)

PROPOSITION 4.5. Given c = (¢, c2,¢) € K;;, then all Jacobi matrices of the form

J(Cgcy (w),w), w € Q, whose Moore-Penrose inverse is an M —matriz are given by

2t3 ¢y —c 0 0
B) = —c  ca(1+2t—2t3) —ca 0
¢ 0 —Co ca(1+2t—2t3) —c
0 0 —c 2t3¢4

where @ <t <1 satisfies c = ca f(t).

Proof. We can only consider the case ++ in System (4.3)), since 1 = &.. Therefore,
when either t =7 or t = v/1 — r2, then System (€3] does not have any solution, since
t
then it is equivalent to ¢ = cot? = % c2, which would imply that g(t) = 4t* and
this equation does not have solutions on (@, 1).
When r = ‘/75, then ¢ < cot? and the two equations of System (3] are equal and
become

=203t (1 — %) = 2c0t?(1 — t2)y/3t4 — ¢2,
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which implies that ¢ = cof(t) and hence, w(g,t, 1) = @(\/1 —t2,t,t,V/1 —t2).
The result follows taking into account Identity (21I). O

REMARK 4.6. When cp > % ¢, there always exits t € (@, 1) satisfying ¢ =
f(t)ca. Moreover, J8(t*) is a Jacobi matrix associated with the conductance (c, 2¢, c),
other than the combinatorial Laplacian, see Remark [3.2] such that its Moore—Penrose
inverse is also an M-matrix. In addition, when c € K, there exists a unique ¢ € [t*, 1)
such that ¢ = f(t)ce, whereas when 8%9@ c < ¢y < 2c, there exist only exactly two

values g <t < @ <ty < t* such that ¢ = f(t1)ca = f(t2)ca. When ¢ € K, these

matrices are different from all matrices in Theorem

If we consider now the 3—dimensional cone, see Figure

ng{(01,02,03)E(O,+oo)3:cl7é03, 1 < ea < 2¢, 40103=c§g( C—l)}
C2

U {(01,02,03) € (0,+00)3 1 ¢1 # c3, c3 < c2 < 2c3, 4cicz = c%g(1 /c—3>} ,
C2

then, the cone of conductances in K 5 not considered in the previous sections is

Cc

c
K; \ K —{(01,02,03) € (0,4+00)3 : ¢1 # c3, A < g < 2¢, 4cic3 = c%g( —1)}

U{(01,C2703) € (0,+00)3 : ¢1 # c3, & < 9 < 23, 4eiez = c%g( 0—3)}
c

Fi1G. 4.3. Cone KE : KE N K (green), KE \ K ¢1 > c3 (blue) and KE \ K c1 <c3 (red)

Observe that if (c1,c2,c3) € Ky2 then ¢; # c3, otherwise if t = C—l, then 4t* = g(t)
\ c2
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which is impossible.

PROPOSITION 4.7. Given ¢ = (¢1,c¢2,c3) € KS, then the only Jacobi matriz of

the form J(Cgcy(W),OJ), w € Q, whose Moore-Penrose inverse is an M—matriz is

3c1—ca _
C14/ Ca—c1 (&) 0 0
Cc2—C1
J9 _ —C1 (Cl + 02)1 / 3c1—co —C2 0
c
_ 3c1—co _
0 Co c3 + C24/ ea—c1 C3

0 0 —C3 c3
when c3 < ¢1, or
C1 —C1 0 O
J10 B —C1 C1 + C24/ —3;23:;32 —C2 O
< 0 —C2 (C2 + 03) 321622 —C3

_ 303—02
0 0 C3 C34/ co—ca

Proof. If ¢3 < ¢1, then & < 1 and hence only the case +— in System (£.3)) makes
sense. Moreover, the second equation implies that ¢; = cot?, and hence ¢; < ¢z < 2¢1,

when c1 < c3.

whereas the first equation is

ca(1 — t2)\/cgt4 —4c32(1 — 12) = 265 (22 — 1)* + %] — 32 (1 — ),

t 2
which implies that c3 = c29(t) _ 2 g( c—l), since t = a and hence,
4t2 401 (6] (6]
(ftl) 1—t2 1 3t2—111 Co —(Cq 1\/301—0211
w =1/ = .
Y 2 ) 1 _ t2 ) ) 202 ) CQ _ Cl ) )

On the other hand, if ¢; < ¢3, then 1 < & and hence only the case —+ in
System (43) makes sense. Now, the first equation implies that c3 = cat?, and hence
c3 < cg < 2c3, whereas the second equation is

ca(1 — tz)\/cgt‘l —432(1 = 12) = 21 [(2t* — 1)* + %] — 32 (1 — ),

Q

t
which implies that ¢; = c29(t) = C2 ( 0—3), since t = i and hence,
4¢2 4cq co C2

1—¢2 t2—1 — —
w(vV1—12,t,1) = 1143 , 2% ,/303 2 1).
2 1—1¢2 2¢o Cco —C3
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The results follow taking into account Identity (21I). O

REMARK 4.8. When ¢ € 9K; that is when ¢o = 2,/¢1¢3, then the matrix J?
if c3 < ¢1 or JI0 if ¢; < e3, is different from J., the matrix obtained in Theorem
BIl When c € K, matrices J8 and J? do not coincide and they are different from all
matrices in Theorem 3.5
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