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JACOBI MATRICES AND BOUNDARY VALUE PROBLEMS IN
DISTANCE-REGULAR GRAPHS*

ANGELES CARMONAT, ANDRES M. ENCINASt, AND SILVIA GAGOf

Abstract. Regular boundary value problems on a distance-regular graph associated with
Schrédinger operators are analyzed. These problems include the cases in which the boundary has
one or two vertices. In each case, the Green matrices are given in terms of two families of orthog-
onal polynomials, one of them corresponding with the distance polynomials of the distance-regular
graphs.
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1. Introduction. In this work we analyze linear boundary value problems on a
finite distance-regular graph associated with Schrodinger operators with non-constant
potential. The key idea is to take into account that each distance-regular graph can
be seen as the covering of a weighted path. Then, we obtain the Green matrix
associated with each regular boundary problem in terms of two families of orthogonal
polynomials, one of them given by the so-called distance polynomials that are closely
related with the intersection array of the graph. In spite of its relevance the Green
function on a path have been obtained only for some boundary conditions, mainly
for Dirichlet conditions or more generally for the so-called Sturm-Liouville boundary
conditions, see [B [7]. Recently, some of the authors have obtained the Green function
on a path for general boundary value problems related to Schrédinger operator with
constant conductances and potential, [3].

Our treatment of the boundary value problems in distance-regular graphs is anal-
ogous to the treatment of boundary value problems associated with ordinary differ-
ential equations, [6l, Chapters 7,11,12]. The boundary value problems here considered
are of two types that correspond to the cases in which the boundary has either two or
one vertices. In each case, it is essential to describe the solutions of the Schrondinger
equation on the interior nodes of the path. We show that it is possible to obtain
explicitly such solutions in terms of the chosen orthogonal polynomials. As an imme-
diate consequence of this property, we can easily characterize those boundary value
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problems that are regular.

2. Definitions and notation. A network I' = (V, E, ¢) is composed of a set of
elements V' called vertices, a set of pairs of vertices E called edges, and a symmetric
map ¢: V x V = [0,00) named the conductance, associated to the edges. The order
of the network is n + 1, the number of its vertices. The Laplacian matrix of the
network I' is the matrix £ € M, {1xnt1 whose elements are (£);; = —c(1,7) for
i # 4, (L) = Xj_gcli,j) and 0 otherwise, for any 0 < i,j < n. The Schrodinger
matrix Lg on I' with potential () is a perturbation of the Laplacian matrix defined
as Lo = L+ Q, where Q = diag(qo, - -, qn), ¢ € R. Through the paper, @ stands for
the tuple @ = (ug, ..., u,) € R*L

Given F' C V, the Schrodinger equation on F' with data f is the equation
(2.1) (Lqi);=fL, ieF, i feR",

and the equation (Lgi’); =0, i € F, @ € R"*! is called the corresponding homoge-
neous Schrodinger equation on F'.

Furthermore, the boundary of F', §(F), is the set of vertices of V'\ F' connected to
a vertex in F. A linear boundary condition B on & (F) is the equation BaT = g, where
g, @ € R", g € R. A two-side boundary value problem on F consists of finding
the vector # € R™*! satisfying the Schrodinger equation and two linear boundary
conditions gl, B} e R" ! on §(F), i.e., EQJT = f: B}a’T = g1, @ﬁT = go, for a given
fE RnJrl, g1, g2 € R.

Some authors have studied boundary value problems in a path P, 1, considering
as F = {1,...,n — 1}, with conductances c(i,i + 1) = ¢(i + 1,4), and ¢(i,5) = 0
otherwise, for any 0 < 4,5 < n. In this case, a vector @ € R"T! is a solution of the
Schrodinger equation with data f € R"*! on F, if and only if it satisfies

(2.2) c(t, i+ 1)(u; —uipr) + (i, — 1) (u; — ui_l) +qu;=fi, 1<i<n-—1.

Therefore, Lg is a Jacobi matrix with nonpositive off-diagonal entries. By using
the usual techniques for solving second order difference equations (see for instance
[1), given two solutions @, ¥ € R™*! of the homogeneous Schrédinger equation on
F, their associated Wronskian is w(i, U](1) = wjvi41 — viuip1, 0 < i < n — 1. Two
solutions , © € R"*! are linearly independent if and only if their Wronskian is not
null. Moreover, it is known that the product c(i,i + 1)w[u, ¥](1) = ¢(0, 1)w[u, 0](0)
is constant since Lg is a symmetric matrix. The Green matrix Gy € My 11xn+1 of
the homogeneous Schrodinger equation on F' is defined as follows: Given @ and ¢ two
linearly independent solutions of the homogeneous Schrédinger equation, we consider

1
c(4, 3 + Dwld, 7)(5)

(Gu)ij =

[wivy —ujvi], 0<4,j<n.
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The above expression does not depend on the chosen linearly independent solu-
tions « and ¥, and its relation with initial value problems is given in the following
results.

LEMMA 2.1. The Green matriz Gy satisfies that for a fized j € F the vector
7 € R"Y such that (§); = (Gu)ij, for any 0 < i < n, is the unique solution of the
homogeneous Schrodinger equation on F satisfying also (Gu);; = 0 and (Gu)jt+1,; =
—1/e(j,7+1).

Proof. First we prove that for a fixed j, (¢); = (Gm)i; satisfies the homogeneous
Schrédinger equation for any 0 < i < n:

c(iyi+1)((Gu)ij — (Gr)itry) + cliyi — 1)(Gr)ij — (Gr)i—15) + a(i)(Gr)ij

1
(g, + Dw

GIOR [C(iaiJr 1)((%‘%‘ — u;jv;) — (U105 — Ujvz'+1))+

+eli, i — 1)((uivj —uv;) — (Ui—1v; — ujvi,l)) + q(i)(uvj — ujvi)] =

1
c(d,j + Dwli, 1](5)

(el 1) (s = i) + eliyi = 1) s — wi1) + (i ) v+

ey 1)(w5 = viga) + (i = 1)(v = vi1) + a(i)oi ) ug| = 0.
Besides, it is straightforward that (Gg);; = 0 and

1 1
— = ~|Uj+1V; — UjVj41| = ——F 00—~ -
Gg T Dula. oG WY~ vl = =gy

(GH)jr15 =

PROPOSITION 2.2. Given f € R, the vector ij € R"*! such that
Ho=0, @H)i=> (Gn)ijfj, for 1<i<n,
Jj=1

is the unique solution of the problem Loy’ = FT, with conditions (if)o = 0, (7)1 = 0.

Proof. We just have to prove that (Lqo¥)k = fx, for any 1 <k <n
(Loi)k = c(k, k+ D)k — (et + (k. k = D[(&)e — (i1 + a(k) @)k

k+1

k
c(k,k+1) [Z (Gr)kjfi — Z(QH)kijg}—l-
=1

7j=1
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k k—1 k
c(k,k—1) { g (Gr)nifi — E (gH)kfljfg}‘i‘q E (Gu)rifi =
Jj=1 Jj=1 Jj=1
k—1

> el k+1)((Gr)kj — (Gr)rirs) + ek, k= 1)((Gr ks — (Gr)k-15) +a(k)(Ga)rs] £+

j=1

[e(k, b+ 1) ((Ger )ik — (Gr)krar) + c(ks k= 1)(Gr)rn + q(k)(Gr ) kr] f

—c(k, kE+1)((Ga)ks1k+1 = c(k, k + 1)[—(Gr)kr1k] fr = fr

Finally (/)0 = Z;:l(gH)Ojfj = (Gu)oofo=0.0

3. Jacobi matrices in distance-regular graphs. In a previous work [2], the
authors define the Schrédinger matrix associated to a family of orthogonal polynomials
in a weighted path of n + 2 vertices, P,2, which is a Jacobi matrix, and study BVP
associated to it. In this work we extend the problem to distance-regular graphs.

Consider a distance-regular graph I' = (V, E) of order n and degree 6. Let T';(u)
denote the set of vertices of T' that are at distance i from u, then k; = |T';(u)| and
it holds k;c; = kj_1b;—1, for any 0 < i < d. The intersection matrix of I' is the
non-symmetric Jacobi matrix

apg by ... 0 0

c1 ar ... 0 0
imy= = : :

0 0 ... ag_1 bg_1

0 0 ... «¢g aq

where a; + b; +¢; =9,0<i<d, a0 =0,c1 =1, bg = 6. For a given 0 < i < d,
let A; be the i-distance matrix of the graph, that is, the matrix whose elements
al, = 1 if the vertices u, v are at distance i. Note that Ag = I and A; = A is the
adjacency matrix of the graph. Now recall (see [4]) that in a distance-regular graph
these matrices are polynomial, that is, A; = p;(A). These polynomials are called the
distance polynomials and are a family of orthogonal polynomials, as they satisfy the

following recurrence relation

(3.1) pila) = (3—“i‘1)pi_1<x>—b§j (), 1<i<d,

Ci Ci

where p_1(z) =0, po(z) = 1 and p;(z) = =.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 24, pp. 202-214, November 2012

206 A. Carmona, A.M. Encinas and S. Gago

Moreover, any distance-regular graph I' can be seen as the covering of a weighted
path Py, with conductances ¢(i,i — 1) = b;, ¢(i,7) = a; and ¢(i,1 + 1) = ¢;, for any
0 <i<d-1, and 0 otherwise, (see [5]). Therefore, considering a vertex u € V(T')
and the set of vertices of the graph at maximum distance from u, that is I'g(u), let
F’ be the rest of the vertices of the graph. To solve a BVP in the boundary 6(F")
of the distance-regular graph is equivalent to solve it in the boundary of the set F' =
{1,...,d—1} C V(Pgy1) = {0,...,d}. Observe that the adjacency matrix of the path
is just ¢(T"), however is not a symmetric matrix. In order to obtain the Schrodinger
matrix associated to P41 (which must be symmetric), we pre-multiply #(T") on the left
side by a diagonal matrix H = diag(k, o, k;l). We point out that this technique is
also possible for Jacobi matrices, because the difference equations associated to them
are second order difference equations. The weighted path associated to this symmetric
matrix is the one having as conductances ¢(i,7 4+ 1) = ¢;41/k;, for any 0 <i <d — 1.

Therefore, for any = € R we define the Schrédinger matrix L£g(x) associated to a
distance-regular graph, with potential Q(z) = diag(go(x),...,q4(x)) as the matrix

(l‘—ao)/ko —bo/kl 0 0
—Cl/ko (x—al)/kl —bl/kQ 0
(3.2) EQ(%) = 0 —CQ/kl (I — az)/kz . 0 ,
0 0 e (,T — ad)/kd
where ¢;(x) = H - % — 72— is the potential of each vertex, for any 0 <7 <d—1.

Observe that the matrix is symmetric, since b;_1/k; = ¢;/ki—1, for 1 <i <d—1.

Now consider the following two families of orthogonal polynomials: the distance
polynomials {p,}¢__; and {r,}¢__,, with ro(z) =1, r1(z) = r_1(z) = ax + b. By
choosing as b_; = 1, a = 1/2 and b = 0 in the family {r,}¢_ |, we also consider
x # 0, we get the following result.

LEMMA 3.1. The vectors p = (po(x),...,pa(z)), ¥ = (ro(z),...,rq(x)) € RIHL
form a basis of the solution space of the homogenous Schrodinger equation if and only
if © # 0. Their Wronskian is w[p,7)(n) = x/2, for any 0 < n < d — 1. The Green
matric Gy of the homogenous Schrodinger equation is determined by

(3.3) (Gu)ij = %[pz(x)rj(x) —pj@)ri(z)], 0<i,j<d, =xzeR.

Thus, the general solution y of the Schréodinger equation on F with data fe R+ s
gwen for any 0 <1 <d by

(¥); = api(z) + Bri(z) + Z(gH)ijfja a, € R.

k=1
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Proof. 1t is straightforward to check that p"and 7 verify the homogeneous Schro-
dinger equation LQﬁT =0 as both verify the recurrence relation ([3.I]). Their Wron-
skian can be computed also by applying the same recurrence relation to the polyno-
mials pp41(z) and 41 (z) as

- _ pn(x) Tn(x) _ Cnt1 _
el n+ Dulprin) =| 700 = T @) (@) = pga (@) (@)] =
= Tl 0) = pa(@) — i) = 3

Thus p and 7 are two independent solutions if and only if x # 0, and the general
solution of the homogeneous Schrodinger equation is given by ¥, = ap + 57, with
«, B € R. Besides we have to find a particular solution of the Schiodinger equation.
Consider the particular solution obtained in Proposition (2.2)) (¢,)r = Z;C:l (Gr)kjfjs
for any 1 < k < d, (¢,)0 = 0, then, the general solution of the Schrédinger equation
on F' will be given by ¢ = ¢ + ¢, and the result holds.

O

4. Green matrix of two side boundary value problems. In this section we
study problems with two side boundary conditions. Recall that a two side boundary
value problem on F consists in finding @ € R?*! such that

(4.1) EQﬁT = fT on F, glﬁT = g1, [j’_;ﬁT = go,

for given f € R and g¢1,92> € R, where the boundary conditions El and gg are
linearly independent, i.e., the rank of the following matrix is 2

B _ < miyp mir 0 ... 0 mig—1 mMmig >
B moo Mm21 0 ... 0 mag_1 mag
Let p;; be the determinant of each 2 x 2 submatrix, p;; = mi;ma; — mao;my; for all

i,j € B={0,1,d—1,d} and 0 otherwise. Besides p;; = 0 and p;; = —p;; for any
1,7 € B. On the other hand consider the following associated BVP

(4'2) ﬁQﬁT - 6 on F, glaT = J1, B}’E[:T = g2,
(4.3) Lou" =f" onF, B’ =0, By’ =0,
(4.4) Loi" =0 onF, Bia" =0, Byi" =0.

The last problem (4] is called the homogeneous BVP. The BVP ([@1]) is regular
if and only if the homogeneous BVP (4] has the null vector as its unique solution.
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It follows by standard arguments that the BVP ([@I)) is regular if and only if for
each f € R has a unique solution. Moreover the homogeneous BVP problem (Z4)
has a unique solution ¢ = av; + BU2, where ¥, U are two independent solutions of
the homogeneous Schrodinger equation, if and only if the coefficient matrix of the
following linear system is nonsingular

g;ﬁl 31172 « . 0
Bytr Baiy J\ B ) \0)
Therefore the homogeneous BVP problem (£4) is regular if and only if the determi-

nant of this matrix, that is, the boundary polynomial P, (z) = B¢} - Bovy — Byt - B1 U2
is not null, and hence, it also holds that the BVP (@1 is regular.

Now by using Lemma [3.I] we consider two independent solutions of the homo-
geneous Schrodinger equation, p'= (po(z),...,pd(z)) and ¥ = (ro(x),...,rq(x)), and
compute the boundary polynomial in this case

Py(x) = B - Bo¥ = Bop - Bi' = Y pgpi(w Z 145 (G )i
,jeB 11J<€JB

Furthermore the unique solution for problem (1) can be obtained as the sum
of two solutions @ = iy + 2, the respective unique solutions of both problems (£.2])
and (L3). Nevertheless, the following lemma shows that any general BVP (@) is
equivalent to a semi-homogenous one of type ([@3)).

LEMMA 4.1. Let gl, gg be two linear boundary conditions and let i, € Rd+1
such that glﬁg = g1, ggﬁg = go. Then i € R is a solution of the boundary value
problem Loi' = f on F, By = g1, Byl = g2 if and only if ¥ = U — U, is the
solution of the boundary value problem LQU = f— EQﬁg on F, BT = 0, BT =

Therefore, just by considering the vector i, = acy — 81 — VEq—1 — 64 where &;
is the i-th characteristic vector, a, 8,7, € R, the boundary value problem (I can
be restricted to the semi-homogeneous boundary problem ([@.3]) with

> — b
Lov" = [+ gl e o 61+B 562+7 — 25 a2
k1 ko ka—
(x—ag-1) | ba1
4] _
+< fa s + > €d—1,
on F' and boundary conditions Byt = BoytT =0. 7T hus, we focus on solving regular

BPV of type {3).

The solution of any regular BVP ([@3]) can be obtained by considering its resolvent
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kernel, i.e., the matrix Gg(z) € My« such that fixing a column s € F'
d
Y Lo (Go@)s =6, Bi-(Gg()).s =Bz (Go(x)).s = 0.

This matrix is named the Green matriz for Problem (@I). Notice that for any f €
R+ the unique solution of the problem ([&3) is given by i) = Zf;ll (Go())ks - [fss
for any k € V.

THEOREM 4.2. The BVP (1)) is regular if and only if

Py@)=5 D> mi(Gn(@))iy #0

The Green matriz of the BVP problem ({.1]), for any s € F, k € V, is the matriz
whose ks-element, (Go(x))ks, is given by

d

2Px(:v) - sk + Z Gu (@ > iy (Gr (@)

j=d—1

n { 0 k<s,
(gH(:E))ks k > s.

Proof. The unique solution of the problem ([@3]) can be expressed as the sum of the
general solution of the homogenous Schrédinger equation plus a particular solution of
the problem ([@3): @ = 1, + U,. The general solution of the homogeneous Schrédinger
equation iy, is given by Lemma [3.1] and we can also consider as 1, the one computed
there, that is, @, = Gy (x )f Then @ = ap+ bF + G (x )f, and we just have to impose
the boundary conditions Bii = 0, Baii = 0 to obtain the value of the parameters a,
b € R of the unique solution of problem ([3]). Observe also from the Lemma that for
a fixed column s € F, k € V, the Green matrix Gg(x) of the boundary value problem

(@3) is given by
0 if kE<s

(Galos =als)n(e) + o) +{ 5 O S
Therefore for a fixed s € F' we just have to solve the system
Bip" B < a(s) ) _ [ BiGr(@).s
BQﬁT BQfT b(S) BQ(QH (I))S ’

and thus
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From Proposition 2.2] we have that for i = 1,2
BiGr(z).s = mig—1(Gu (x))a—1s + mia(Gr (z))as-

And thus

1 d
Pg(x)a(s) =Y > pijri(@)(Gu(@))js — pa-14(Gr (¥))a—1a7s (@),

i=0 j=d—1

1 d
Pg(a)b(s) == > > miipi(@)(Gr(2))js + pta—1a(Gr (¥))a—1aps ().

i=0 j=d—1

Finally we obtain Pg(x)[a(s)pk(x) + b(s)ri(z)] =

1
2 ta-14(Gr () a-1a(Gar () o + > (Gu(@))in
i=0

d
5 > i (Gu())s
—d—

1

J

Finally, we would like to point out that the solution for problem [{2) can be
also expressed in terms of the homogeneous problem Green matrix G (z). A vector
i, € R is a solution of problem [@32) if and only if i) = aii + B, where a, 3 € R
and {u, v} is a basis of solutions of the homogeneous equation on F, satisfies

> > Byat BT @
T _ 7 1 1 (%
B =0 BWI_O(:)(BzﬁT 3217T)(5)_(92>'

The parameters a and 3 can be computed just by solving the above linear system,
obtaining that

1 = =g 1 - -
a=——[Bot’ g1 — Bi" go], B=——[Biii’ g» — Boii” g1,
Py () Py ()

and therefore, the solution @, = o + v of problem (£2)) is given by

(4.5) (1) = ﬁ o %:_1 d}(gH(«T))ik (m1ig2 — maigt)

5. Common two side boundary value problems. In what follows we study
the more usual boundary value problems appearing in the literature with proper
name; that is, unilateral, Dirichlet and Neumann problems, or more generally, Sturm-
Liouville problems.

The pair of boundary conditions (gl,gg) is called wunilateral if either m; ; =
ma; = 0, for any j € {d —1,d} (initial value problem) or my; = mso,; = 0, for any
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i € {0,1} (final value problem). Therefore for the initial value problem we have that
only o1 # 0 and P, (x) =
pd—1,a 70 and Py () = §pa—14(GH)a—14 = %k‘é;lud_ld. Observe that in both cases
since the boundary conditions are linearly independent, both unilateral boundary
problems are regular. Therefore, any unilateral pair is equivalent to either (ug,u1) for
initial value problems, or (u4—1,uq) for final value problems.

5101(Gr)o1 = —po1, and for the final value problem only

COROLLARY 5.1. The Green matriz for the initial value problem is given by

0 k <s,
Gu)ks k>s.

(Ga(@)ks = { (

Whereas the Green matriz for the final value problem is

2 kg
2Ps(z) ca Hd—1d

(Go(@))ks =

(Gr)sk + { (

foranyse F, keV.

The boundary conditions are called Sturm-Liouville conditions, when my; =
ma; =0, for i € {0,1}, j € {d — 1,d}; that is, when

(5.1) Bii = aug +buy and Boidl = cug_i + dug,

where a,b,¢,d € R are such that (Ja| + [b])(|¢| + |d]) > 0. The most popular Sturm-
Liouville conditions are the so-called Dirichlet boundary conditions, that correspond
to take b = ¢ = 0, and Neumann boundary conditions, that correspond to take b = —a
and d = —c.

COROLLARY 5.2. Given a,b,c,d € R such that (Ja| + |b])(|c| + |d]) > 0 and the
Sturm-Liouville boundary conditions, then

Pp(x) = % [(a +bp1(x)) (cra—1(2z) + dra(z)) — (a +bri(x)) (cpa-1(z) + dpd(ilf))} ;

and the Green matriz for the Sturm-Liouville BVP is for any 0 <k <s<d—1 and
1 < 's; whereas

(Go(@es = zp2m [(a+bp1(@)ru(@) = (a+br (@) pe(a)]

[(dra(@) + era-1(2))ps() = (dpa(e) + par (@) 7).

foranyd>k>s>1and s <d—1. As a consequence, the boundary polynomial for
the Dirichlet problem is

Pi(a) = gaad[(1 + py(@)ra(a)) — (4 ra(@pae))],
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and hence it is reqular if and only if rq(x) # pa(x), and the Green’s matriz is given
by

(pr(@)=ri (@) (ra(@ps (@)=pa(e)rs ()
p1(z) (Td(ﬂﬂ)—?d(w))

o) (x)ks =
(ps(@)=ra(@)) (ra(@)pe (@) —pa(@)ri(2))

p1(z) (Td(ﬂﬂ)—?d(w))

Finally, for Neumann boundary problem, the boundary polynomial is
x
Pp(x) = iac{(l —p1(2)) (ra-1(z) — ra(z)) = (1 — r1()) (pa—1(z) — pd(:v))}

and the (k, s)-element of the Green matrix, (Gg(x))xs, for the Neumann problem is

|:(1*7"1 (2))pk(z)— (1*1)1 (96)) Tk (w)] |:7"s(96) (Pd(m)*Pd—l (96)) —ps(x) ("“d(m)*f'd—l (w)):|
p1(x) |:(1*T1(1)) (Pd(fc)*Pdfl(z)) - (1*171(1)) (Td(fc)*rdfl(w))]

forany 0 < k<s<d-—1and 1< s; whereas

|:(1*7"1 (x))ps(z)— (1*1)1 (w)) Ts (w)] |:T'k () (Pd(m)*l’d—l (96)) —pr () ("“d(m)*f'd—l (f)):|
p1(x) {(17”(1)) (Pd(fc)*Pdfl(z)) - (1*171(1)) (Td(fc)*rdfl(w))]

foranyd>k>s>1and s <d—1.

6. One side boundary problems. In the last section we analyze one side
boundary value problems; i.e, the boundary conditions are located at one side of the
path P,1s. So if we consider the vertex subset F = {0,1,...,d — 1}, the vector
B=(0,...,0,a,b) € R such that

Bi' = aug_1 + bug, for any U € R

is a linear one side boundary condition on F with coefficients a, b € R, wherever
la| + |b] > 0. Moreover, an one side boundary value problem on F consists in finding
% € R such that

(6.1) Loi" = f on F, Bi=yg,

for a given f € R%1 and g € R. The problem is called semi-homogenous when g = 0
and homogeneous if, in addition, f =0 € R%"!. Again, the one side boundary value
problem is regular if the corresponding homogeneous problem has the null function as
its unique solution; equivalently, (6.1)) is regular if and only if for any data f € Ra+1
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and g € R it has a unique solution. In this case, the Green function for the one side
boundary value problem (G.1)) is the function Gg(v) € M, 5 characterized by

(6.2) Lo(Go(x).s =es on F,  B(Go(x)).. =0, foranysekF.

The analysis of one side boundary value problems can be easily derived from the
study of two side boundary value problems by observing that (G.I)) can be re-written
as a two side Sturm—Liouville problem as follows

(6.3) EQﬁT = fon F, (x—ap)up — crur = ko fo, Bii = g.

COROLLARY 6.1. Given the one side boundary value problem (G1l), then
Py(z)= % [(:1: —ag — c1p1(a)) (arg—1(z) + bra(z))
— (2 —ap — c1r1(2)) (apa—1(z) + bpd(ar))} )

and the Green function is

Go(x)ks = [”(z) (1-p2()) ~ps (x)}

p1(z) [(m (w)—l) (brd(w)-l-ardfl(1))+bpd(w)+apd71(w)}

x| (bra(@) + ara-1(@))ps () = (3pa(@) + apa-1(@))rs(2)]
for any 0 < k < s < n; whereas
|:7‘s($) (1_P1($))_PS($):|

p1 () {(m(m)ﬂ) (bra(e)tara_i(2)) +bpd<x>+apd71<z>]
X [(brd(:c) + ard,l(:c))pk(:zr) - (bpd(:zr) + apd,l(:c))rk (x)}

gQ (x)ks =

foranyd>k>s>0ands<d-—1.
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