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WEAK MONOTONICITY OF MATRICES AND SUBCLASSES OF
PROPER SPLITTINGS*

AGARWAL N. SUSHAMAT, K. PREMAKUMARI' , AND K.C. SIVAKUMAR*

Abstract. This article concerns weak monotonicity of matrices, with specific emphasis on its
relationship with a certain class of proper splittings. The matrix A € R™*" is weak monotone
provided Az > 0 = z € R} + N(A), where N(A) is the nullspace of A. In particular, the following
extension of well known characterizations for M -matrices is obtained. Suppose that int(R7")NR(A) #
¢. Then the statements

(a) A is weak-monotone.
(b) R N R(A) C AR
(c) There exists z° > 0 such that Az® > 0.

satisfy (a) < (b) = (c). Suppose further that A can be written as A = U — V, where A and U have
the same range space and null space, U and V are nonnegative, VU t>0 (where U t denotes the
Moore-Penrose inverse of U), and Az > 0, Uz > 0 = = € R} + N(A). Then each of the above
statements is equivalent to the statement

(d) p(vUt) <1.
Key words. Proper splittings; Weak monotonicity; Nonnegativity; Moore-Penrose inverse.
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1. Introduction. A real square matrix A is a Z-matriz if the off-diagonal entries
of A are nonpositive. A Z-matrix A is an M -matriz if A can be written as A = s — B,
where B > 0 (meaning that all the entries are nonnegative) and s > p(B), where p(+)
denotes the spectral radius. There are several characterizations for nonsingular M-
matrices (see [3]). The following result is a sample of such a characterization. In
the rest of the article, the notation x > 0 (z > 0) means that all coordinates of
x are nonnegative (strictly positive). R’i denotes the nonnegative orthant of the
real Euclidean space R*, u > 0 denotes that u € Rﬁ_, whereas u > 0 denotes that
u € int(RY).

THEOREM 1.1. Let A be an n X n Z-matriz. Then the following are equivalent:
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(a) A is invertible and A=1 > 0;
(b) There exists x > 0 such that Az > 0;
(c) A can be written as A = sI — B, where B > 0 and s > p(B).

Let us briefly discuss real square matrices satisfying the first condition of Theorem
[CLIl A square real matrix A is monotone if Az > 0 implies z > 0. The concept of
monotonicity was first proposed by Collatz [7], who showed that a real square matrix
A is monotone if and only if it is invertible and A=! > 0. Mangasarian [9] extended
the notion to rectangular real matrices using the same implication Az > 0 implies
x > 0. He showed that a real rectangular matrix A is monotone if and only if A has
a nonnegative left inverse.

Berman and Plemmons extended the notion of monotonicity to more general
classes of matrices, using generalized inverses. We shall be particularly concerned
with the following two types.

DEFINITION 1.2. Let A € R™*"™, Then

(a) A is row monotone if Az > 0 and z € R(AT) implies that z > 0;
(b) A is weak monotone if Az > 0=z € R} + N(A).

It is clear that if A is monotone then A is row monotone, which in turn implies
that A is weak monotone. The implications in the reverse direction are not true. It
can be seen that if A is weak monotone and Az > 0, then there exists y > 0 such
that Ax = Ay. Stated informally, weak monotonicity is equivalent to the statement
that for any consistent linear system Ax = b, where the requirement vector b is
nonnegative, there is always a nonnegative solution.

In the literature, several results deal with relationships between the notion of
inverse positivity and splittings of the matrix under consideration. In what follows,
we mention those most relevant to the present work.

DErFINITION 1.3. Let A € R™*™. A decomposition A = U — V is a positive
splitting if U > 0 and V' > 0; a proper splitting if R(A) = R(U) and N(A) = N(U);
a regular splitting if U is invertible, U~! > 0 and V > 0; a positive pseudo sub-proper
splitting if U > 0, V > 0 and R(U) C R(A); and a semi-positive pseudo sub-proper
splitting if U > 0 and R(U) C R(A).

It was proved that for any regular splitting A = U — V', A is inverse positive if
and only if U~V has spectral radius strictly less than 1. It is well known that this
latter condition ensures convergence of iterative schemes defined in terms of U and V.
For more details see [15]. In this context, we would also like to point out the notion
of a B-splitting, introduced and studied by Peris [12]. More pertinent to the present
work is the notion of a generalized B-splitting, again considered by Peris [13], given
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as follows:

DEFINITION 1.4. Let A € R™*™. A positive splitting A = U — V of A is
a generalized B-splitting of A if it satisfies Uz > 0 = Va > 0 and Ax > 0,
Ur>0= xR} + N(A).

We remark that first condition in Definition 1.4 is equivalent to the existence of
a matrix T € R™*™ guch that V = TU with T > 0. If m = n and U is invertible,
it follows that VU~! > 0. The second condition can be interpreted as a joint weak
monotonicity condition involving A and U. With the aid of such a generalized B-
splitting, Peris characterized weak monotonicity as follows:

THEOREM 1.5. (Theorem 1, [13]) Let A € R™*™ and A =U -V be a generalized
B-splitting. Suppose that int(R?") N R(A) # ¢. Then the following conditions are
equivalent:

(a) A is weak monotone.
(b) There exists x > 0 such that Az > 0.
(c) p(T) <1, where T is as given above.

The existence of a generalized B-splitting for a class of matrices was also settled,
as stated next.

THEOREM 1.6. (Theorem 8, [13]) Let A € R™*™ such that R N N(A) = {0}.
Then the following conditions are equivalent:

(a) A is weak monotone.
(b) A allows a generalized B-splitting A = U —V such that V = TU with p(T) <
1.

Next, we turn our attention to three generalizations of B-splittings. The first
was introduced and studied in [I0], the second in [I1], while the third is proposed
in this article. In what follows and in the rest of the article, we use the notion of
the Moore-Penrose inverse of a matrix. Briefly, given A € R"™*™ the Moore-Penrose
inverse of A denoted by AT is the unique matrix G € R™"*™ that satisfies the matrix
equations AGA = A, GAG = G, (AG)T = AG and (GA)T = GA.

DEFINITION 1.7. (Definition 3.6, [I0]) A positive proper splitting A = U —V
of A € R™*™ is a By-splitting if VUT > 0, and Az, Uz € R + N(A") and z €
R(AT) = x > 0.

DEFINITION 1.8. (Definition 2.6, [11]) A positive proper splitting A =U — V of
A € R™X" is a Byoy-splitting if VUT > 0, and Az, Uz > 0 and = € R(AT) implies
x>0

DEFINITION 1.9. A positive proper splitting A = U —V of A € R™*" is a
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Byear-splitting of A if VUT >0 and Az >0, Uz >0 =2z € R? + N(A).

It is clear that if A has a Bj-splitting, then the same splitting is also a Biow-
splitting, which in turn is a Byeak-splitting. The condition VU f > 0 is an obvious
extension of the condition VU~ > 0 for the rectangular case. It can be shown that
VU > 0 implies Uz > 0 = Va > 0. It then follows that any Byeak-splitting of a
matrix is a generalized B-splitting, while the converse is not true.

Let us now summarize the contents of the article. The next section gives addi-
tional preliminaries. In the third section, we prove the main results of the paper.
The first important result viz., Theorem B3] is an extension of Theorem 1.1 for weak
monotone matrices. The existence of a Byeax-splitting for a class of matrices is es-
tablished in Theorem [3.4l In Theorem B8], we prove that any pair of matrices U and
V' giving rise to a splitting of a particular class of weak monotone matrices, satisfies a
certain generalized eigenvalue property. Theorem 3.0 studies the converse of Theorem
Theorem B.8] provides a decomposition for the Moore-Penrose inverse of weak
monotone matrices and answers a partial converse in the affirmative.

2. Preliminary Notions. Let A € R"*". If A is nonsingular, then A~! = Af.
Let K and L be complementary subspaces of R”, i.e., K@ L = R". Then Pk j denotes
the projection of R™ onto K along L. So, we have Pk ; = Pk, R(Pk ) = K and
N(Pk,) = L. If, in addition, K L L, then Pk j will be denoted by Px. In such
a case, we also have Pg = Pg. Some of the well known properties of AT which
will be frequently used in this paper are: R(AT) = R(AT); N(AT) = N(A"); and
AAt = Pr(ay; AtA = Pgary. In particular, if z € R(AT) then x = At Az. We refer
to [2] for more details.

Let A € R™*" with r = rank(A) > 0. Then a full rank factorization of A is a
factorization A = F'G where rank(F') = rank(G) = r. Full rank factorizations have
proven to be a useful tool in the study of generalized inverses. A full rank factorization
A = FG of a nonnegative matrix A is said to be nonnegative if in addition F' and G
are nonnegative.

We will also make use of the following results.

THEOREM 2.1. (Theorem 3, [§l]) Let A € R™*™. Then the following are equiva-
lent.

(a) A is row monotone;
(b) AX >0 implies ATAX >0 for every X;
(c) There exists Y >0, such that ATA =Y A.

The existence of a Byow-splitting was proved in [11]. We state this next, and give
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a short proof for the sake of completeness and ready reference.
THEOREM 2.2. (Theorem 2.12, [11]) Suppose that A is row monotone and
R(A) Nint(R7Y) # ¢ for A € R™*™.

Furthermore, if ATA > 0 then A possesses a Brow-splitting A = U —V with p(VU') <
1.

Proof. Let p € R(A) Nint(R7T) and g € int(R™). Set E = pg” € R™*". Let y =

Afp. Tt can be shown that y # 0. For o > 0, define W = mEAT € R™*™ Then
T

it can be shown that the non-zero eigenvalue A of W satisfies 0 < A = (;Zi-qi’l% <1.

Hence p(W) < 1. So (I —W)~ ! exists and (I -W)~! = Z W*. By choosing a and 7

k=0
such that < > 7 > max|a;;|, where A = (a;;), it can be shown that (I — W)~*4 > 0.
Set U= (I —W) A and V = WU. Then U > 0. It follows that R(A) = R(U) and
N(A) = N(U). It can be shown that ATU > 0andso V = WU = mEATU > 0.
Thus, A = (I — W)U = U — WU = U —V is a positive proper splitting. Also,
R(WT) C R(A) = R(U) gives UUTWT = WT. So, W = WUUT = VUT > 0. Since
A is row monotone, Az > 0 and x € R(AT) implies > 0. So the second condition of
Birow-splitting trivially holds. Finally, since W = VUT it follows that p(VUT) < 1. O

LEMMA 2.3. Let A € R™*"™ and b € R™. The system Ax = b has a solution if
and only if AAT = b. In that case, the general solution is given by x = ATb+ z for
some z € N(A).

The next result is part of the well known Perron-Frobenius theorem.
THEOREM 2.4. Let A € R"*"™. If A >0, then

(a) A has a nonnegative real eigenvalue equal to its spectral radius.
(b) There exists a nonnegative eigenvector for its spectral radius.

The next result is well known as Farkas’ Lemma.

LEMMA 2.5. Let A € R™*" and b € R™. Then, exactly one of the following two
statements 1s true:

(a) Az =b and x > 0 has a solution for x € R™.
(b) ATy >0 and bTy < 0 has a solution for y € R™.

The next two results are finite dimensional versions of corresponding results which
hold in Banach spaces.

THEOREM 2.6. (Theorem 3.15, [15])
Let X € R™™ and X > 0. Then p(X) < 1 if and only if (I — X)~! exists and
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(=X =3 X" =0.
k=0

THEOREM 2.7. (Theorem 25.4, [§])
Suppose that C, B € R™™ with C < B, B™! exists and B~* > 0. Then C~! exists
and C~1 > 0 if and only if CR: Nint(R7) # ¢.

3. Main Results. In this section, we discuss various aspects of weak mono-
tonicity and prove new results. Let us observe that if A € R™*" is such that AT >0,
then A is weak monotone. Let us recall the following characterization for AT > 0,
proved in Theorem 3.8, [10].

THEOREM 3.1. Let A € R™*". Consider the following statements.

(a) AT >0.

(b) Az € R + N(AT) and x € R(AT) = z > 0.

(c) RT C AR7 4+ N(AT).

(d) There exists 2° € R and 2° € N(AT) such that Az° + 20 € int(R7).

Then (a) < (b) = (c) = (d). Assume further that A = U —V is a Bi-splitting.
Then each of the above is equivalent to the following:

(e) p(VUT) < 1.

Our first main result is an extension of Thereom B.1] to a class of weak monotone
matrices. In proving this result, the following properties of a proper splitting will be
used.

THEOREM 3.2. (Theorem 1, [5]) Let A=U —V be a proper splitting. Then

(a) AAT = UUT, AtA = UtU, VUTU = V;
(b) A= (I —vUHU;

(c) I — VU is invertible; and

(d) AT =UT(I - vUh)-L.

We are now in a position to prove our first main result.

THEOREM 3.3. Let A € R™*". Suppose that int(R7") N R(A) # ¢. Consider the
following statements:

(a) A is weak-monotone;
(b) RN R(A) C AR} ;
(c) There exists x° > 0 such that Az > 0.

Then (a) < (b) = (c).
Assume further that A = U —V is Byeak-splitting. Then, each of the above statements
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is equivalent to the following:
(d) p(VUT) < 1.

Proof. (a) = (b): Let p € RT* N R(A). Then p = Az > 0 for some x € R". Then
x € R} + N(A) so that Az € A(R} + N(A4)) = AR%. Thus R N R(A) C AR".

(b) = (a): Let z = Az > 0. Then z € R N R(A). So there exists y € R, y >0
such that Ay = z = Az. This is weak monotonicity of A.

(b) = (c): Let u® € int(R)NR(A). Then there exists z° > 0 such that v = Az°.
Thus Az > 0.

(¢) = (d): Next, we suppose that A has a Byeax splitting A = U — V. By
definition, U > 0, V. > 0, VU' > 0, R(A) = R(U) and N(A) = N(U). Set C =
I —-VUYand B =1. Then C < B, B! exists and B~' > 0. Next we show that
there exists a vector w® > 0 such that Cw® > 0.

By (c), there exists z° > 0 such that Az® > 0. Set w® = Ux®. Then w® =
Az + V0. Since V > 0 and z° > 0, Vz° > 0 which in turn implies that w® > 0.
Also Cu® = (I = VUNuw® = (I = VUNU2° = (U - V)2® = A2° > 0.

It now follows from Theorem 7] that C~1 exists and (I — VUT)~! = C~1 > 0. By
Theorem [2.6] we then have p(VUT) < 1.

(d) = (a): Once again, suppose that A = U —V is a Byeak-splitting. Let Az > 0.
We show that Uz > 0. It would then follow from the definition of a Byeak-splitting
that = € R} + N(A). Since p(VUT) <1 and VUT > 0, it follows from Theorem
that I —VUT is invertible and that (I—VUT)~! > 0. Then Uz = (I-VU")"1Az > 0.
Hence A is weak monotone. [

Theorem B3] is a generalization of Theorem 1.1 as explained below. Let A €
R™ ™ be a Z-matrix. Let us first observe that conditions (a), (b) (trivially) and (c)
(guaranteeing that A is nonsingular) imply that int(R’") N R(A) # ¢. This ensures
that the hypothesis of Theorem [3.3] holds. First suppose that A is nonsingular and
A7t > 0 (so that condition (a) of Theorem 1.1 holds). Then A is weak monotone.
So, (¢) of Theorem holds, and there exists z° > 0 such that Az® > 0. Then
2% = A71Az° > 0. Thus condition (b) of Theorem 1.1 holds. Next, if (b) of Theorem
1.1 holds, then (c) of Theorem B3] is applicable. Also, since A is a Z-matrix, A
could be decomposed as A = sI — B where B > 0 and s > p(B). Clearly, this is a
Byeax-splitting with U = sI and V = B. So, condition (d) of Theorem [3.3] becomes
p(B(sI)™') < 1, ie., p(B) < s, which is condition (c) of Theorem 1.1. Finally, if
(c) of Theorem 1.1 holds, then A is invertible and since A is weak monotone (due to
the fact that A now has a Byeax-splitting with condition (¢) of Theorem being
satisfied), it follows that A=' > 0. This is condition (a) of Theorem 1.1.
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In view of the remark given earlier that any Byeax-splitting is a generalized B-
splitting, it also follows that Theorem is a particular case of Theorem

In the next result, it is shown that a Byeax-splitting exists for those weak mono-
tone matrices that have a nonnegative full rank factorization.

THEOREM 3.4. Let A € R™*"™ such that

(a) A is weak monotone,
(b) A has a nonnegative full rank factorization, and

() R(4) Nint(RY) # 6.
Then A possesses a Byeax-splitting A = U —V with p(VUT) < 1.

Proof. Let A = FG be a nonnegative full rank factorization of A. Then F' is
monotone and hence row monotone. Also, R(A) = R(FG) = R(F) so that,

R(F) N int(RY) #

by (c). Since F is of full column rank, we have FTF = I > 0. By Theorem 22} F has
a Biow splitting, which we denote by F' = X —Y. Then X >0, Y > 0, R(X) = R(F),
N(X)=N(F)and YXT > 0. We also have Fx > 0, Xo > 0andz € R(FT) = 2 > 0.
Further, p(YXT) < 1. Set U = XG and V = YG. Then A = FG = (X - Y)G =
XG-YG=U-V.

We prove that A = U — V is a Byeak-splitting. Clearly, U > 0 and V > 0.
Also, since the rows of G are linearly independent, it follows that R(U) = R(XG) =
R(X) = R(F) = R(FG) = R(A). Further, N(A) = N(G) C N(U). If Uz = 0 then
XGz =0, so that Gx € N(X) = N(F). Thus Az = FGx = 0, so that z € N(A).
Thus, N(A) = N(U).

Next, we prove that VUT > 0. Recall that F = X — Y is a Biow-splitting. So,
rank F' = rank X and X is of the same order as F. Thus, X is a full column rank
matrix and hence (XG)! = GTXT. Now VU = YG(XG) = YGGTXT =Y XT > 0.
It follows that p(VUT) < 1. This completes the proof that A = U — V is a Byeak-
splitting. O

The next result shows that for a subclass of weak monotone matrices, every
positive proper splitting satisfies a specific generalized eigenvalue property.

THEOREM 3.5. Let 0 £ A € R™*" be weak monotone. Assume that AtA > 0.
If A =U -V is a positive proper splitting with U # 0, then there exist 0 # x €
R? N R(AT) and p € [0,1) with Vo = pUz.

Proof. First we prove that ATU > 0. Let 2 > 0 and y = ATUz. Then AATUz =
Ay, ie., Ur = Ay (since R(U) C R(A)). This implies that Ay > 0, as U > 0.
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Since A is weak monotone, there exists u > 0 such that Au = Ay = Uz. Now,
y = AUz = ATAu > 0, so that ATU > 0.

So, by the Perron-Frobenius theorem, there exist A = p(ATU) > 0 and 0 # p € R}
such that ATUp = Ap. Suppose that A = 0. Then A'U is nilpotent. Let k be the
least positive integer such that (ATU)* = 0.

If k = 1, then ATU = 0 so that U = AATU = 0, a contradiction. Hence k > 2.
Set T = (ATU)*~L. Then, R(T) C R(AT) = R(AT) = R(UT). Also, for every z € R",
we have 0 = A(ATU)*2 = AATU(ATU)*~12 = UTz. This means that R(T) C N(U).
This can happen only if 0 = T = (ATU)*~!, contradicting the minimality of k. Thus
A >0 and so p € R(AT). Pre-multiplying ATUp = \p by A, we get AATUp = \Ap,
ie.,, Up= AAp. Thus, Vp = %Up.

If A <1, then Vp < 0. Since V> 0 and p > 0, this implies that Vp = 0.
Consequently, Up = 0 so that Ap = 0. So, p € N(A) N R(AT), a contradiction, since
p # 0. Thus A > 1. By setting u = %, the conclusion follows. O

The next result shows that a certain type of converse of Theorem holds for
nonnegative matrices. Specifically, if for every semi-positive pseudo subproper split-
ting (being more general than a positive splitting) of a nonnegative matrix A there
exists a generalized eigenvalue, then A is weak monotone.

THEOREM 3.6. Let 0 # A € R™*™ with A > 0. Suppose that for every semi-
positive pseudo sub-proper splitting A = U —V, there exist 0 #y € R} N R(AT) and
w € [0,1) such that Vy = pUy. Then A is weak monotone.

Proof. The proof is by contradiction. Suppose that A is not weak monotone. Then
there exists 2° such that Az® > 0 and 2° ¢ R + N(A). Set p = Az°. So p € R(A),
0#p€ R and ATp = ATA20. If ATAzO € R} + N(A), then AATA2? € AR";
that is Az° = Az for some z > 0. This implies that 2° = 2 + w where w € N(A), a
contradiction. Hence ATAz® ¢ R + N(A). Since R} + N(A) is closed, we can find
r > 0 such that the closed ball B(A'p;r) does not intersect R? + N(A). Then for
any a > 0, aB(Afp;r) N (R} 4+ N(A)) = ¢.

Consider a decomposition of the form A = U;—V; with U; > 0 and R(U;) C R(A).
(such a decomposition does exist, as A could be taken to be U;.) Define the operator
W :R™ — R™ by

W(z) = l(e"z)p,

where e = (1,1,...,1)T € R" and [ is a fixed number such that [ > M, where
the operator norm used here is induced by the 1-norm (for vectors) defined for z € R™

by [zl = llzlls = 325y [l
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Clearly, W > 0 and R(W) C R(A), since p € R(A). Setting U = Uy + W and
V=Vi+W, wehave U > 0, R(U) C R(A) and A = U — V. By the hypotheses,
there exist 0 # y° € R N R(AT) and p € [0, 1) such that Vy° = uUy". Without loss
of generality we may assume that e7y? = 1 (by replacing y° by ﬁyo, if necessary)
so that W (y°) = Ip. Note that ||3°|| < 1. Then

Ay’ =Uy° = Vy’ = (1 - p)Uy".

Setting z = Uy®, we have ATz = AUy = At (ﬁAyO) = ﬁyo € R} C R} +
N(A).

On the other hand, ATz = ATUy® = ATU;9y° + [ATp. Thus, ||ATz — 1ATp|| =
|ATU 0| < ||AT|| [|[UL]||9°]] < 7. Thus ATz € B(IATp;rl) = IB(A'p;7), so that
Atz ¢ R" + N(A), a contradiction. 0O

REMARK 3.7. Theorem includes the result that under certain conditions
on a weak monotone matrix A, a generalized B-splitting for A exists. In a similar
spirit, Theorem [3.4] provides conditions under which a weak monotone matrix admits
a Byeak-splitting.

In the next result the concept of the dual cone of a convex cone will be used. A
subset K of R™ is a cone if z +y € K for all z,y € K and ax € K for all & > 0.
For a cone K C R™, let K* = {y € R" : (z,y) > 0 for all x € K}. K* is the dual
cone of K. If K** = (K*)*, then K** = clK, where clK denotes the closure of K.
If K = R%, then K™ = K* = R}. If K = R} N M for some subspace M of R",
then K* = R%} + M+, where M+ denotes the orthogonal complement of M in R™. It
follows that in this case also, K** = K. For details, we refer to [I].

THEOREM 3.8. Let A € R™*™. Suppose that AT has a decomposition At = K—L,
where K > 0 and R(A) C N(L). Then A is weak monotone. The converse holds if
ATA> 0.

Proof. Suppose that AT = K — L, where K > 0 and R(A) C N(L). Let y = Az >
0. Then, x = Ay + z, for some z € N(A). Now, Ay = AT(Az) = (K — L)Ar =
KAr — LAr = KAz > 0, since K > 0. Thus, z € R} + N(A), proving that A is
weak monotone.

Conversely, suppose that A is weak monotone. Let € R™ be such that Az > 0.
Then z € R% + N(A). Since R? + N(A) = (R? N R(AT))*, it follows that Az >0 =
(z,w) > 0 for all w € R N R(AT). By Farkas’” Theorem, the system ATu =w, u >0
has a solution for all w € R N R(AT). This means that the system ATu = Afz,
u > 0 has a solution for all z € R™ whenever Atz € R%.

Let @' denote the i-th column of A for i = 1,2,...,n. Then, Afa’ > 0 holds
for i = 1,2,...,n. Then the system ATu = Afa’,u > 0 has a solution for each
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i=1,2,...,n. Let 2 be a solution of this system for each i. Let X be the matrix
whose i-th column is #*. Then X > 0 and ATX = A'A, so that XTA = ATA.
Thus, (X7 — AT)A = 0. Now, set K = X7 and L = X7 — A", Then K > 0,
At =K —Land R(A) C N(L). O

REMARK 3.9. We show by an example that the condition AT A > 0 is indispensable

1 0 1
in the above result. Let A = 0 1 1 |. It can be shown that A is weak monotone.
1 1 2
5 —4 1
Then At = % -4 5 1 so that ATA # 0. Suppose that At = K — L, with
1 1 2

K >0 and R(A) C N(L). Then ATA=KA— LA=KA >0, a contradiction.

4. Conclusions. In this article, a classical notion of splittings of matrices,
namely a regular splitting employed in iterative methods for obtaining the unique
solution of nonsingular linear systems, is extended to include singular matrices be-
longing to a very general class. This splitting is a Byeak-splitting. This concept is
motivated by the idea of weak monotonicity of matrices and derives its name from
there. The important result that has been shown here is a characterization of weak
monotone matrices (similar to the one for M-matrices), which includes a statement
on the existence of a Byeak-splitting of the matrix concerned. Results discussing the
relationship between a Byeak-splitting and a certain generalized eigenvalue property
being satisfied by the components of the splitting are also presented. Finally, a con-
nection between weak monotonicity of a matrix and the existence of a splitting of a
particular type for the Moore-Penrose inverse of the matrix, is established.
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