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ON GRADED MATRIX HOM-ALGEBRAS*

MARIA J. ARAGON PERINANT AND ANTONIO J. CALDERON MARTIN}

Abstract. Consider an (associative) matrix algebra M;(R) graded by means of an abelian
group G, and a graded automorphism ¢ on Mj(R). By defining a new product by zxy := ¢(x)¢(y)
on M;(R), (M(R),*) becomes a hom-associative algebra graded by a twist of G. The structure
of (M1(R), *) is studied, by showing that M(R) is of the form

MI(R)=U+>73,
J

with U an R-submodule of the 0-homogeneous component and any J; a well described graded ideal
of M;(R), satisfying J; * I = 0 if j # k. Under certain conditions, the graded simplicity of an
arbitrary graded hom-associative algebra M is characterized and it is shown that M is the direct
sum of the family of its simple graded ideals.

Key words. Hom-associative algebra, Matrix algebra, Graded algebra, Structure theory.

AMS subject classifications. 16W50, 16535, 16S80.

1. Introduction and first definitions. We begin by recalling the fundamental
concepts of hom-associative algebras and graded algebras theory. We note that, under
otherwise stated, our algebras will be consider over an arbitrary commutative ring of
scalars R.

DEFINITION 1.1. An R-module M endowed with a bilinear product

*x: MxM — M
(,y) = xxy

is called a hom-associative algebra if there exists a module homomorphism
¢: M —= M,
called the twisting map of M, such that the following identity holds for all z,y, z € M:
(2 ) % 6(2) = d(x) * (y * 2).

*Received by the editors on November 11, 2011. Accepted for publication on May 25, 2012.
Handling Editor: Shmuel Friedland.

TDepartamento de Mateméticas, Universidad de Céadiz, 11510 Puerto Real, Céadiz, Spain
(mariajesus.aragonperin@alum.uca.es).

tUniversidad de Cadiz, 11510 Puerto Real, Cédiz, Spain (ajesus.calderon@uca.es). Supported
by the PCI of the UCA ‘Teoria de Lie y Teoria de Espacios de Banach’, by the PAI with project
numbers FQM298, FQM7156 and by the project of the Spanish Ministerio de Educacién y Ciencia
MTM2012-15223.

45



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 24, pp. 45-65, June 2012

46 M.J. ARAGON and A.J. CALDERON

The concept of hom-algebra, (over a base field K), was introduced in [22], where
a notion of hom-Lie algebra appeared in the study of deformations of Witt and Vi-
rasoro algebras. Later, this notion was transferred to other categories like the ones
of hom-associative algebras, hom-alternative algebras, hom-Leibniz algebras, hom-Lie
superalgebras, etc. (see [1], [II], [26], [27], [28], [30], [24], [35]). Hom-associative al-
gebras has been recently studied by different authors like Fregier, Gohr, Makhlouf,
Silvestrov or Yau who have been interested, in particular, in establishing conditions
under which a hom-associative algebra is a twist of an associative algebra or in de-
veloping a deformation and homology theory of hom-associative algebras, ([I7], [18],
[210, [29], [34]). A subalgebra of a hom-associative algebra (M, «) is an R-submodule
N of M closed under % and the twisting map ¢. A subalgebra J of (M, %) is called
an ideal if Ix M C J and M 3T C J. Finally, it should be noted that in all of the
above references the base ring of scalars R is always a field K. So the concept of
hom-associative algebra given in Definition [[.1]is, in this sense, more general.

Now consider a (non-necessarily associative) algebra (A4,-). That is, A is just an
R-module endowed with a bilinear product -: A x A — A, (z,y) = z - y.

DEFINITION 1.2. Let (4, ) be a (non-necessarily associative) algebra and (G, +)
a set together a binary operation +. It is said that A is a graded algebra, by means
of G, if

A=A,

geG

where any Ay is an R-submodule satisfying A, - Ay, C Ag4p for any h € G.

The study of gradings on different classes of algebras has been remarkable in
recent years, especially those gradings in which (G, +) is an abelian group, (see [0}
141 23,31, 82]). In particular, graded matrix algebras have been considered in [3, 5] 9]
13|, 15} 20, 25], not only for the interest by themselves but also because we can derive
from them many examples of graded Lie algebras, which play an important role in
the theory of strings, color supergravity, Walsh functions or electroweak interactions
[10, 12 33].

Consider the set M (R) of all of the I x [-matrices over an arbitrary commutative
ring R with finitely many nonzero entries, endowed with its natural structure of
associative algebra (whose product will be denoted by juxtaposition), and

¢: Mr(R) = Mi(R)

an (associative) algebras automorphism. Then, if we endow the R-module M;(R)
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with a new product
zxy = p(x)(y)
for x,y € M;(R), we have that
(M1(R), %)

is a hom-associative algebra, which is also called a twist of M(R) by ¢, (see [18[21]).
Observe that, as consequence, we also have

(1.1) Pz *y) = d(z) x p(y)

for z,y € M(R).

Now suppose that the associative algebra M;(R) is graded by means of an
abelian group (G,+), M1(R) = @ M;(R),, and that the algebra automorphism ¢
geG

of M1(R) is graded in the sense that there exists a group automorphism o : G — G
such

(1.2) ¢(M1('R)g) C Mi(R)

a(g)

for each g € G, (see [25]). Taking into account equation (L2)), it is easy to check that
(M1(R),*) becomes a hom-associative algebra graded by the twist (G, +,) of (G, +),
(the set G endowed with the binary operation g1 +, g2 := 0(g1) + 0(g2)). That is, we
can express (M(R), ) as the direct sum of the R-submodules

M(R) = P M(R),,

geG

in such a way that

Mi(R)y, * Mi(R),, € Mi(R)

g g1+to92

for g1,92 € G.

The present paper is devoted to the study of the structure of the graded, by
means of (G, +,), hom-associative algebra (M;(R),*). In §2 we develop connections
in the support techniques which becomes the main tool in our study of graded matrix
hom-algebras. In §3 we apply the machinery introduced in the previous section to
show that M;(R) is of the form M;(R) = U + >3, with U an R-submodule of

J
the 0-homogeneous component and each J; a well described graded ideal of M(R),
satisfying J; xJp = 0if j # k. Finally, in §4, and under certain conditions, the graded
simplicity of an arbitrary graded hom-associative algebra M is characterized and it
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is shown that M is the direct sum of the family of its simple graded ideals. These
results extend the ones for graded associative algebras in [5].

As it is usual in the theory of graded algebras, the regularity concepts will be
understood in the graded sense. That is, a graded ideal of the hom-associative algebra

(M1(R),*) graded as above by M;(R) = @ M;(R)
geG
M (R) satisfying I x M;(R) + M;(R)*J C J and ¢(J) = J, and such that splits

as J = @ J, with each 3, = 3N M;(R). The graded hom-associative algebra
geG

(M;(R),*) will be called graded simple if M;(R)* M(R) # 0 and its only graded
ideals are {0} and M;(R).

g i an R-submodule J of

Throughout the paper, N will denote the set of non-negative integers and Z the
set of integers.

2. Connections in the support techniques. We recall that (M;(R),*) de-
notes the twist by the automorphism ¢ of the associative matrix algebra M;(R).
That is, the hom-associative algebra with product

zxy = d(x)p(y)

for z,y € M;(R), graded by means of (G,+,), (the twist by an automorphism o of
(G, +), that is, g1 +¢ g2 := 0(g1) + (g2) for g1, g2 € G). That means that we have an
associative algebras automorphism ¢ : M(R) — M(R), an abelian group (G,+)
and a groups automorphism ¢ : G — G such that we can decompose

(2.1) Mi(R) = P Mi(R),,
geG
as the direct sum of R-submodules satisfying ¢(M;(R),) C M;(R)

g o(9)
direct sum decomposition ([ZT]) lets us assert

(2.2) pM1(R),) = Mi(R)

actually the

a(g9)
and
(2.3) M(R)y+ Mi(R) g € Mi(R)o(g)10(gr)
for g,¢' € G.

DEFINITION 2.1. We call the support of the grading ([2.1) the set
Y:={geG\0: M;(R), #0}.
The support of the grading is called symmetric if g € ¥ implies —g € .
REMARK 2.2. Observe that equation (2.2)), lets us assert that if g € ¥, then

{o"(g) : n e N} C X.
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In this section we are going to develop connections in the support of the grading
techniques as the main tool to the study of the structure of the graded hom-associative
algebra (Mj(R),*). In the following, we will suppose that the grading of (M(R), *)
has a symmetric support X and will denote by

M(R) = P M1(R), = Mi(R), & (D M1(R),)

geG geS
the corresponding decomposition.

DEFINITION 2.3. Let g and ¢’ be two elements in ¥. We shall say that g is
connected to ¢’ if there exists {g1,92,...,9x} C X such that:

k=1,
1. g1 € {0"(g) : n e N} N {£o™(¢') : m € N}.
It k> 2,
1. g1 € {o"(g) : n € N}.
2. 0(g1) +o(g2) €X
a*(g1) +0%(g2) +0(g3) € 2
a*(g1) +0°(g2) +0°(g3) + o(g4) € X

"2 (g) + 02 (g2) + 0" (gs) + -+ M g) + o+ (g
3. 0" g1) + 0" g2) + 0" 2(gs) + oo+ T g) +
€ {x£o™(¢’) : m € N}.

€X

1)
+ o(gk)

We shall also say that {g1,...,gr} is a connection from g to ¢'.

We note that the concept of connection from g to ¢’ given in Definition for
the case k =1 is equivalent to the fact ¢’ = eo*(g) for some z € Z and € € {£}.

Our next goal is to show that the connection relation is an equivalence relation.
First, we need to state a series of preliminary results.

LEMMA 2.4. For each g € X, we have that oP(g) is connected to ea?(g) for all
p,q €N and e € {£}.

Proof. Taking into account Remark 2.2, we have that o?(g),0%(g) € . Let
r = max{p, ¢} be, then we have that {o"(g)} is a connection from o?(g) to ec?(g). O

LEMMA 2.5. Let {g1,...,9k} be a connection from g to g' satisfying g1 = o"(g),
n € N. Then for all r € N such that r > n, there exists a connection {g1,...,Jk}
from g to g’ such that g1 = o"(g).

Proof. By Remark 2.2 we have {c"""(g1),...,0" "(gx)} C . By defining g; :=
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0" "™(g:),i=1,...,k, Remark[2Z2llets us easily verify that {g, ..., Jx} is a connection
from g to ¢’ which clearly satisfies g1 = o" " (0" (g)) = 0" (g). O

LEMMA 2.6. Let {g1,...,gr} be a connection from g to g’ satisfying g1 = ea™(g’)
i case k=1 or

" Mg1) + 0" g2) + 0 (g3) + -+ olgr) = ea™(g')

in case k > 2, with m € N and € € {£}. Then for each r € N such that r > m, there
exists a connection {gi,...,gr}t from g to g’ such that g1 = ea”(¢') in case k =1 or

oM (g1) + " Ng2) + 0" (Gs) + -+ o(gr) = €a”(9)
in case k > 2.

Proof. Remark [22] lets us assert that

{o""™(g1)y..., 0" (gr)} C X.

By defining g; := ¢"""™(¢;), ¢ = 1,...,k, Remark gives us that {g1,...,0x}
is a connection from g to ¢’. It is clear that g3 = eo”(¢’) in case k = 1, and also
o* 1 (g1) +0* 1 (G2) + 0" 2 (g3) + - +0(gk) = 0" (0" (g1) + oM (g2) +0 M2 (gs) +
<-4 0o(gr)) =eo"(¢') in case k > 2. 0

PROPOSITION 2.7. The relation ~ in ¥ defined by g ~ ¢’ if and only if g is
connected to ¢’ is an equivalence relation.

Proof. For each g € X, Lemma 2.4] gives us g ~ ¢g and so ~ is reflexive.

Let us see the symmetric character of ~. If g ~ ¢’, there exists a connection

(2.4) {91,92,93,- - gr—1, 9k} C Z
from g to ¢'.

If k =1, we have g1 = 0"(g) and g1 = ec™(¢’) with n,m € N and € € {£}. From
here, it is clear that {€g1} is a connection from ¢’ to g and so ¢’ ~ g.

If & > 2, we have that the connection ([2:4)) satisfies conditions 1, 2 and 3 of
Definition 2.3l Observe that condition 3 let us distinguish two possibilities. In the
first one

(2.5) 0" Hg1) + 0" g2) + 0 P (gs) -+ 0 (gr—iv1) + -+ olgr) = ™ (),
and in the second one

(2.6) 0" Mg1) + 0" Ng2) + 0" 2 (gs) + -+ 0 (Ghmiv1) + o+ o(gk) = —0"(g)
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for some m € N.

Suppose we have the first possibility (2.5). By Remark [Z2] and the symmetry of
3., we can consider the set

(27) {Um(g/)7 _0(gk)7 _03 (gk—l)u _05(916—2)7 ERE _U2i+1 (gk—i)u R _02/9—3(92)}

(@I

Let us show that this set is a connection from ¢’ to g. It is clear that (Z77) satisfies
condition 1 of Definition 23] so let us verify that the set (277) satisfies condition 2.
We have

a(0™(g") — alo(gr)) = o(c™(g') — o(gr)) =

a(0"Hg1) + o g2) + 0" 2 (ga) + -+ T (gi) + -+ 0P (gr-1)),
where the last equality is a consequence of equation (2.1H), and so

a(0™(g") —o(o(gr)) =

(0" (g1) + 0" P (g2) + 0" P gs) + -+ 0" (gi) + -+ o(gk-1))-

Since 0*2(g1) +0%"2(ga) + 0¥ 3(g3) +- - -+ % (g;) +- - +0(gk—1) € ¥ by condition
2 of Definition 23] applied to the connection (2.4)), Remark lets us conclude

a(0™(g') —olo(gr)) € =.

For each 1 <1¢ < k — 2 we also have that,

o' (0"(g") — o' (o(gr)) — "0 (ge=1)) =+ = o (@* T (gh—(i-1))) =
o'(a™(g") = o(gr) = o*(ge—1) =+ = o' (gr—i-1))) =

o' (" g1) + 0" M (g2) + - + T (gr-i)),
with the last equality being a consequence of equation (ZI]). From here,

a'(a™(g") =o' (o(gr)) = 0" (0 (gr-1)) = -+ = o (0¥ gh—(i-1))) =

o? (o™ (gr) + 0" (g2) + -+ o (gr—i))-
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Taking into account that, by condition 2 of Definition applied to (24,
o* 1 g) + o T (go) + -+ o(gr—i) €5,
we get as consequence of Remark that
o' (0c™(g") — o' (o(gr)) — 0" (0% (gr-1)) — - — 0 (6* N (gr—(i-1))) € =

We have showed that the set (21) satisfies condition 2 of Definition 23] It just
remains to prove that this set also satisfies condition 3 of this definition. We have as
above that

"N o™(g) = " o(gr) — 0" (0 (gr-1)) — -+ — 0 (07 P (g2)) =
" o™ (g") — o(gr) — 0% (gr—1) — -+ — 0" (g2)) =

" (" ().

Condition 1 of Definition applied to the connection (24]) gives us that g1 = 0™ (g)
for some n € N and so

oo™ (g") — " Ha(gr)) — 0" (0 (gr-1)) — - — o (0P 3 (g2)) =

o2t n=2(g) € {o"(g) : h € N}.
We have showed that the set (7)) is actually a connection from ¢’ to g.

Now suppose we are in the second possibility given by equation (2.0). Then we
can prove as in the above first possibility, given by equation (2.5), that

{Um(g/)v U(gk)v Ug(gkfl)a 05(916*2)’ s ,0_2i+1(gk71_), s a02k73(92)}

is a connection from ¢’ to g. We conclude g’ ~ g and so the relation ~ is symmetric.

Finally, let us verify that ~ is transitive. Suppose g ~ ¢’ and ¢’ ~ ¢”, and write
{g1,...,gx} for a connection from g to ¢’ and {h1,...,h,} for a connection from ¢’
to g”’. From here, we have

(2.8) g1 =edm(¢g)if k=1
or

(29) " Hg) + 0" Hg2) + 0" (gs) + -+ olgr) = e0a™(g') if k> 2,
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for some m € N, e € {£}; and
(2.10) by = o"(g)
for some r € N. Lemmas and let us suppose m = r.

In the case p = 1, we have hy = 70'(¢g”) with t € N and 7 € {£}. Since m =r,
then g1 = ec™(g') = ehy = erol(¢”) if k =1, and

o Hg1) + 0" (g2) + 0" 2 (g3) + -+ olgr) = ea™(¢) = el = eTo'(g")
if kK > 2. From here, we get that {g1,...,gx} is also a connection from g to g”.

In the case p > 2, it is straightforward to verify, taking into account equations

Z3), 29), and 2I0); and the fact m = r, that {g1,..., gk, h2,...,hp} is a connec-
tion from g to g” if e = + in (28] or (Z9)); and taking also into account the symmetry

of 3, that {¢1,...,9k, —h2,...,—hp} it is if e = — in [2.8) or (Z.9). We have showed
the connection relation is also transitive and so it is an equivalence relation. O

3. Decompositions. Proposition 2.7 let us consider the quotient set

¥/ ~={lg]: g€ X}

Our next goal is to associate an (adequate) graded ideal Jjg of the graded hom-
associative algebra (M(R),*) to each [g]. For each [g], g € X, we define (see equation

@3)),
Jo,lg) := SpCLTLR{M[(R)g/ *M[(R)_g, 19 € g} C Mi(R),

and

V[Q] = @ MI(R)Q"

g'€lg]

Finally, we denote by J, the following (graded) R-submodule of M;(R),

Jig) 7= Jo,1g]  Vig]-

PROPOSITION 3.1. Let g € ¥. Then the following assertions hold:

L. Jig * Jjg C Jjg and ¢(Jg))

=Jig-
2. If g’ ¢ [g] then Ty x TJjg = 0.

Proof. 1. We have

(3.1) (30,[9] ® V[g])* (307[91 ® V[g]) C 307[91 *307[91 + jO,[g] *V[g] + V[g] *307[91 + V[g] *V[g]'
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Let us consider the last summand in equation (B.I)), that is, Vi xVjg. Given g’,g" € [g]
such that M;(R), x M[(R),. # 0, if g” = —g' then clearly

M](R)g/ *MI(R)g// = M[(R)g/ *M[(R)_g/ C jO,[g]'

Suppose then g” # —g'. Taking into account that the fact M(R), * Mi(R),, # 0
joint with equation (2.3 ensure o(g')+0(g9”) € 3, we have that {¢’, ¢"'} is a connection
from ¢’ to o(g’) + o(g”). The transitivity of ~ gives that o(g’) + o(¢”) € [g] and
so M(R), * Mi(R),, C Mi(R) iy € Vig. Consequently ( € M (R),)*

o(g')+o(g
g'€lg]

( EB[]M[(R)Q/) C 307[91 D V[g]. That is,
g'€lg

(3.2) Vigl * Vig) € Jo,1g) & Vig)-

Consider the first summand Jy (4 % Jo,[g in equation ([B.1). By hom-associativity, (and
taking also into account equation ([2.2)), given ¢’, ¢” € [g] we have

(M1(R)y x Mi(R)_y) % (M1(R) g0 * M(R)_gr) =
(M1(R), x MI(R)_,) % $(¢~ (Mr(R) jy x Mi(R)_ ) C
¢(M1(R)g’) * (MI(R)fg’ * (b_l(MI(R)gN * MI(R),gu)) C

MI(R)U(g’) * MI(R)fa'(g’) C 307[9]’

where last inclusion is a consequence of the fact that ¢’ € [g] implies o(g’) € [g] by
Lemma 2.4l Hence,

(3.3) j07[91 * jO,[g] - jO,[g]'
In a similar way we can show
(3.4) 0,19 * Vig) + Vig) * Jo,[g) € Vig]-
From equations B.1)), 3:2), B3)) and B4) we get
i1 * It = o191 © Vig)) * (Jo,19) @ Vig)) C Tpg)-

Finally, observe that equation (2Z2]) and the above mentioned fact that ¢’ € [g] implies
a(g’) € [g] give us ¢(Jp,1g) = Jo,[g and ¢(Vig) = V}g. Hence, we conclude ¢(Jj4)) =
Ig)-

2. We have

(Jo,19) ® Vig)) * (Jo,1)  VIg)) €
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(35) Jo,191 * Jo,191 + Jo,1g) * Vg1 + Vig) * Jo,[g] + Vig) * Vg1)-

Consider the fourth summand Vg * V], above and suppose there exist g1 € [g]
and g2 € [¢] such that M[(R), * M;(R),, # 0. As necessarily g1 # —go, then
o(gn) + o(g2) € . So {g1,92,—0(g1)} is a connection between ¢g; and g2. By
the transitivity of the connection relation we have g € [¢'], a contradiction. Hence
Mi(R),, * Mi(R),, =0 and so

g

(36) ‘/[g] * Vv[g/] =0.

Now consider the first summand Jy (g * Jo,[¢ in equation ([B.5) and suppose there
exist g1 € [g] and g2 € [¢'] such that

(Mr(R)g, * Mi(R)_y,) % (Mr(R),, * Mi(R)_,,) # 0.

g

By hom-associativity, we have as in item 1 that

HM1(R)y,) * (Mr(R)_g, %~ (M1(R)y, * M1(R)_,,)) # 0

—g
and so, taking into account equation (I.1I), that

0# M(R)_, *¢ " (Mi(R),, *x Mi(R)_, ) =

g g

Mi(R)_g, * (67 (M1(R),,) x ¢~ (M1(R)_,,))-
Finally, hom-associativity gives
(@7 (M1(R)_y,) * ¢~ (M1(R),,) * Mr(R)_,, #0.
From here, ¢~ (M[(R)_, ) x ¢~ (M1(R),,) # 0 and by equation (L),
Mi(R)_,, * Mi(R),, #0,
what contradicts equation ([B.6]). Hence
Jo,1g1 * Jo,g1 = 0.
Finally, we note that the same above arguments also show
Jo,1g1 * Vg1 + Vigt ¥ Jo,[g1 = 0-

By equation (B8] we get

(Jo,191 ® Vig)) * (Jo,1g) © Vig)) =0

and so j[q] *j[g/] =0.0
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Proposition B.I}H lets us assert that for each g € X, the graded R-submodule Jy
is closed under the product in (M;(R),*) and under ¢. That is, Jjy is a graded
subalgebra of (M;(R),x). Now we show that each Jj, is actually a graded ideal of

(M1 (R), %).
THEOREM 3.2. The following assertions hold.
1. For each g € %, the graded R-submodule

Il = Jo,19) © Vg

of (M1(R),*) associated to [g] is a graded ideal of (M(R),*).
2. If  M1(R),*) is graded simple, then there exists a connection from g to ¢
for each g,g" € ¥ and M[(R), = > (M1(R),* Mr(R)_,).

gex

Proof.

1. For each g’ € [g] we have M[(R),, * M[(R)y C Mr(R),(, C Vg and so
(3.7) V[g] *MI(R)O C V[g].
By hom-associativity, we also have

(Mr(R)g * Mi(R)_y) * M1(R), =
(M1(R) g x M1(R)_y) % d(6~ (M1(R),)) =
(M1(R)y) * (M1(R)_y %~ (M1(R),)) C

MI('R) *M](R)ig(g/) C 307[9]

a(g’)
and then

(3.8) Jo,ig) * M1(R)o C Jo,[g]-

From equations (8.7)) and (3.8]) we get

j[g] * MI(R)O C j[g].

Taking into account the above observation and Proposition 3.l we have

j[g]*MI( ) g]* MI @ M (R @ M (R Cj[g

g'€lg] 9" ¢l9]
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In a similar way we get M(R)xJg C Jjg and, since ¢(Jj4)) = Ty by Proposition
B.IH, we conclude Jp, is a graded ideal of 1.

2. The graded simplicity of (M;(R),«) implies Jj5) = M;(R). From here, it is
clear that [g] = ¥ and M[(R), = >, (M(R), * M;(R)_,). O
geES

THEOREM 3.3. We have

MIR)=U+ Y 3y,

lglex/~

where U is an R-submodule of M1(R), and each T4 is one of the graded ideals of
(M1(R), ) described in Theorem 321, satisfying Jig * Tjg1 = 0 if [g] # [¢'].

Proof. We have J, is well defined and, by Theorem B.2H1, a graded ideal of
M;(R). By considering an R-submodule U of M;(R), such that M;(R), = U +
spanr{Mi(R),* Mi(R)_, : g € X}, we have

Mi(R)=Mi(R)y& (P Mi(R),)=U+ > Iy

geD [glex/~
Finally Proposition B.1}2 gives us Jg « I = 0 if [g] # [¢]. O

Let us denote by Z(M;(R)) = {ve M;(R) : vx M(R) + M;(R)xv =0} the
center of M(R).

COROLLARY 3.4. If Z(M;(R)) =0 and M;(R), = > (M1(R), * Mi(R)_,).
geED
Then (M7(R),*) is the direct sum of the graded ideals given in Theorem [B.2,

MI(R) = @ j[g]7

lglex/~

being Jjg) * Jpg1 = 0 if [g] # [9'].

Proof. From M;(R), = ;E(MI(R)Q * M(R)_,) it is clear that M (R) =
g
> Jlg)- The direct character of the sum follows from the facts Jjg x Jjg) = 0, if
lglex/~

[9] # [¢'], and Z(M(R)) =0. 0

4. The simple components. In this section we consider an arbitrary graded
hom-associativity algebra over an arbitrary base field. We are interesting in studying
the conditions under which such an algebra decomposes as the direct sum of the family
of its simple graded ideals. Hence, from now on (M, %) will denote a hom-associativity
algebra of arbitrary dimension and over an arbitrary base field K, graded by means
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of (G, +,), the twist by an automorphism ¢ of an abelian group (G, +). That is,

M =P M, =Moo (P M,)

geG geY

with
(4.1) Mgx Mg C Mgy,g = Mo(g)4a(g)

for each g,¢’ € G, and where ¥ := {g € G\ 0 : My # 0} denotes the support of
the grading. Furthermore, the twisting map ¢ : M — M, (see Definition [[T)), is a
graded automorphism of (M, ) with respect to o. That is,

(4.2) P(My) C Mgy

for each g € G. Note that if 0 = Idg and ¢ = Idpq, then we are dealing with the
particular case of an associative algebra graded by means of an abelian group. Hence
the results in this section extend those in [5]. We recall, see §1, that a graded ideal
of M is a linear subspace J of M satisfying Tx M + M %xJ C J and ¢(J) = J; and
such that splits as = @ J, with each J; = IN M. We also recall that M is called

geG
graded simple if M x M # 0 and its only graded ideals are {0} and M.
As usual, we will denote by Z(M) = {v € M : vx M+ M *v = 0} the center of
(M, %).

LEMMA 4.1. Suppose Mo = > (Mygx M_,). If T is a graded ideal of (M, *)
geEY

such that 3 C My, then I3 C Z(M).

Proof. Let J be a graded ideal of (M, x) such that J C My. By equation (.1,
we have

Ix (P M) c (@B M) N Mo=0

geES geES
and so I (€ M) = 0. In a similar way (€ M,) T = 0. Hence,
geEX geD
(4.3) Ix (P M) = (M) x3=0.
geED geED

Taking into account ¢(J) = 7, the hom-associativity of the product and equation

E3) give us
Tk (Mgx M_g) = d(¢1(3) x (Mg r M_y) =

(Qb_l(j) * Mg) x p(M_y) =0
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for each g € ¥. In a similar way we get (Mg x M_,4) 3T = 0 and so, since My =
> (Mg * M_y), we obtain

geES

(4.4) TJx Mo+ Mo*xT=0.

From equations [@3)) and [@4) we finally get J C Z(M). O

Let us introduce the concepts of ¥-multiplicativity and maximal length in the
framework of graded hom-associative algebras, in a similar way to the ones for graded
associative algebras, graded Lie algebras, split Lie color algebras and split Leibniz
algebras (see [4, [5] [7, 8] for these notions and examples).

DEFINITION 4.2. We say that a graded, by means of (G,+,), hom-associative
algebra (M, ) is X-multiplicative if given g,¢’ € ¥ such that g+, ¢’ € X U {0}, then
Mg x Mg #0.

DEFINITION 4.3. Tt is said that a graded hom-associative algebra (M,*) is of
mazimal length if dim M, = 1 for each g € ¥. We note that the above concepts
appear in a natural way in the study of gradings of algebras. In fact, one may expect
that there are problems which are naturally and more simply formulated exploiting
bases dictated by Y-multiplicative and of maximal length gradings. Let us illustrate
this fact by considering the particular case of the (associative) matrix algebra M,, (K),
in which the gradings induced by the Pauli matrices have been fundamental in the
study of the mathematical physics problems in [16] and [19], (see also [25]), as con-
sequence of being ¥-multiplicative and of maximal length. The general reason for
that is the fact that such gradings decompose M,,(K) into the direct sum of n? sub-
spaces of dimension 1 (i.e. defines a basis of M,,(K) ), and that the generators are all
semisimple generators of the algebra. Let us describe these gradings in detail. Given
the matrix algebra M = My (C), we can consider a Zs X Zs-grading on M associated
to the Pauli matrices

w (40 (0 0) e (0,
s ={( 2} wem={(2 %))
s ={(2 )} mo={( % 4))

with «, 8,7, € C.

given by
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If K contains a primitive n-th root of unit, then the Pauli matrices —o3 and oy
can be generalized to

en1 0 0 0 0 0 1 0 0 0
0 €2 0 --- 00 0 0 1 0 0
X, = e and X, =
0 0 0 e 0 0 0 0 0 1
0 0 0 0 1 1 0 0 0 0

Since XXy = eXp X, and X = X' = I, we get the Z,, X Z,-grading on the matrix
algebra M = M,,(K) given by My = KX¥X] for all (k,l) € Zy X Zn, being easy
to verify that the above grading on M = M,,(K) is X-multiplicative and of maximal
length. We note that in the paper [I0] the term fine is used for each grading on
M = M,,(K) such that dim M, < 1 for each g € G and it is justified the interest of
its study, being clear that each grading of maximal length is fine in the above sense.
In fact, it is proved in [2] for the zero characteristic case, (and extended later to
arbitrary characteristic), that each grading on M, (K) can be obtained by combining
elementary gradings and YX-multiplicative and of maximal length gradings.

REMARK 4.4. Observe that the definitions, arguments and results given in Sec-
tions 2 and 3 for graded hom-associative algebras of the type M;(R) also hold for
our graded hom-associative algebras (M, *).

THEOREM 4.5. Let (M, *) be a graded hom-associative algebra of maximal length
and X-multiplicative. Then (M, x) is graded simple if and only Z(M) =0, Mg =
S (MgxM_y) and X has all of its elements connected.
geS

Proof. Suppose (M, %) is graded simple. It is easy to verify that Z(M) is a graded
ideal of M and so Z(M) = 0. Now, Theorem B.212. and Remark 4] complete the

proof of the first implication. To prove the converse, consider 7 = € J,, where
geG

Jy =3 N My, anonzero graded ideal of (M, ). By the maximal length of (M, ), if

we denote by X5 :={g € ¥ : J, # 0}, we can write T =Ty @ ( @ M,), being also
g9€Ls
Y5 # () as consequence of Lemma [£1l Hence, we can take gg € X5 being so

0# Mg, CT.
Since the fact ¢(J) = J and equation [£2) give us that
(4.5) if g € X5 then {0*(g9) : z € Z} C X3,
we get

(46) {Mo-z(go) 1z e Z} C 3.
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Now consider a g’ € 3 such that ¢’ ¢ {£0*(go) : 2 € Z}. The fact that go and ¢’ are
connected gives us a connection {g1,g2,...., gk}, k > 2, from go to g’ such that

g1 = 0"(go) for some n € N.
o(g1) +o(g2) € X
0%(g1) + 0°(g2) +0(g3) € X

o'(g1) + 0" (g2) + 0" 1(gs) + -+ 0(giy1) €X

"2 (g1) + 0" 2 (g2) + 0¥ 3 (g3) + -+ 0T gi) + -+ o(gr-1) €T
" g1) + 05 Hg2) + 072 (gs) + - + 0" (gy) + -+ + o(gr) = e0™(9)
for some m € N and € € {£}.

Since g1, g2 € ¥ and also g1 +, g2 = 0(g1) + 0(g2) € X, the X-multiplicativity
and maximal length of M give us 0 # My, * My, = Mg (g,)+0(g,)- Now taking into
account that 0 # Mg, C J as consequence of equation (L.0) we get

0 # Mo(g))+o(g2) C I

We can argue in a similar way from o(g1) + 0(g2), g3 and (o(g1) + 0(g2)) +o g3 =
o%(g1) + 0*(g2) + o(gs) to get

0 # Moz2(g1)+02(g2)+o(gs) € I-

Following this process with the connection {g1, ga, .. .., gx} we obtain that

07 Mor-1(g) 4ok~ (g2) 4052 (gs)++ok=i+1(gi)++a(gr) © I
and so either Mgm gy C T or M_gm gy C J.

Now taking into account equations (L3 and (LH), we get
(4.7)  either {M,=(g): 2 € Z} C T or {M,=(_g : 2 € Z} C J for each g € X.

Observe that equation (@) can be reformulated by asserting that given any g € 3
either {o%(g) : z € Z} or {6*(—g) : z € Z} is contained in ¥5. Since My =

> (Mg xM_,) we have as a consequence that
geD

(4.8) Mgy C 3.

We also have that in case g, —g € 35 for some g € ¥, then ¥5 = ¥. Indeed, given
any g’ € X, ¢ ¢ {+0*(g) : z € Z}, there exists a connection

{91.92,.. .. gx} C X,
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k > 2, from ¢’ to g. So
g1=0"(g"),
for some n € N and
o Hg1) + 0" g2) + 0" (gs) + o+ T (i) + -+ o(gr) = €™ (g)
for some m € N and € € {£}. From here, we have that the set
{o™(eg), —o(gr), = (gr-1), ..., =02 gx_i),...,—0?*3(gx)} C B

is a connection from eg to ¢’, (see equation ([Z7) in the proof of Proposition 2.7 and
Remark [4.4), and by arguing with the X-multiplicativity and maximal length of M
as above we get that

(- . ((Ma-m(eg) * Mfd(gk)) * Mfda(gkfﬂ) N ) * M,U%fs(gz) = Mg2k+7172(g/).

From here, taking into account My, &M _, C J and so, by equation [3]), {M1s=(g) :
z € L} C J we get Myarin—2(y) C J and, taking again into account equation (@3,
that My C J. Hence, 35 = 3. This fact joint to equation (L) let us assert:

(4.9) If g, —g € X5 for some g € X, then J = M.
Since 0 # Mo = >, (M, * M_,) and Z(M) = 0, and taking also into account the
geES

hom-associativity of M, there exist g, g’ € ¥ such that

(4.10) either (Mg x M_g) * Mg # 0 or Mg * (Mg*x M_g4) # 0.

From here, equation (£71) and the maximal length of M give us
0# Mg CT.

This fact, joint with equation (£I0) and the hom-associativity and maximal length
of M, implies that

(4.11) either 0 # My (_g)4gr CTor 0 # My 55 CT.

We also know that either g € X5 or —g € X5, (equation (7). Suppose we have the
case g € ¥5. Equation [@II]) and the Y-multiplicativity and maximal length of M
give us either

or
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(the last equality uses the fact that g € X5 implies o(g) € X5). From here, equation
(@3) gives us either M_, C J or M_, C J. Now, equation (£3) let us conclude
J = M. In the case —g € X5, we have in a similar way that either M_;x M _;(,)
Mo2(_gy CTor Myioigy x M_g = Mg2(g C T and so equation (3] let us also
conclude J = M. Consequently M is graded simple. O

THEOREM 4.6. Let (M, %) be a graded hom-associative algebra of mazimal length,
E-multiplicative, with Z(M) = 0 and satisfying Mo = > (Mgx M_,). Then

geES
M= P 3,

lglex/~

where each Jig) is a graded simple (graded) ideal having its support, Y5, with all of
its elements 23[9] -connected.

Proof. By Corollary B4 and Remark [4.4]

M= P Ty

lg]ex/~

is the direct sum of the ideals

Jig) = Jo.1q) ® Vig) = spang{My x M_y : g € [gl} & P My,
g'€ld]

having any J, as support Y5, = [g]. In order to apply Theorem to each Jig,
observe that the ¥-multiplicativity of M and Proposition [3.1}2 show that Yy, has
all of its elements Y3, -connected, that is, connected through connections contained
in ¥5,,. We also have that each of the Jj ;) is X-multiplicative as consequence of the
Y-multiplicativity of M. Clearly Jjy is of maximal length, and finally 25, (Jj,) =0,
(where Z3,,(J(4)) denotes de center of J, in Jg), as consequence of Jjg) * T, = 0 if
l9] # [9'], (Theorem[3.3]), and Z(M) = 0. We can apply Theorem [4.5to any J, so as

to conclude Jpg is graded simple. It is clear that the decomposition M = @ Ty
lglex/~
satisfies the assertions of the theorem. O
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