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RESULTS AND OPEN PROBLEMS IN MATCHINGS IN REGULAR

GRAPHS∗

SHMUEL FRIEDLAND†

Abstract. This survey paper deals with upper and lower bounds on the number of k-matchings in

regular graphs on N vertices. For the upper bounds we recall the upper matching conjecture which is known

to hold for perfect matchings. For the lower bounds we first survey the known results for bipartite graphs,

and their continuous versions as the van der Waerden and Tverberg permanent conjectures and its variants.

We then discuss non-bipartite graphs. Little is known beyond the recent proof of the Lovász-Plummer

conjecture on the exponential growth of perfect matchings in cubic bridgeless graphs. We discuss the

problem of the minimum of haffnians on the convex set of matrices, whose extreme points are the adjacency

matrices of subgraphs of the complete graph corresponding to perfect matchings. We also consider infinite

regular graphs. The analog of k-matching is the p-monomer entropy, where p ∈ [0, 1] is the density of the

number of matchings.
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1. Introduction. Let G = (V,E) be an undirected graph with no loops but possibly

with multi-edges. We will identify V with [N ] := {1, 2, . . . , N}, where N = |V |. A subset

of edges M ⊂ E is called a match if no two edges in M have a common vertex. In physics

literature e := (i, j) ∈ E is called a dimer. M is called a k-match if #M , the number of

edges in M , is k. Denote by Mk the set of all k-matches of G. Let M ∈ Mk. So M consists

of k-dimers, and M covers 2k vertices, which the vertices of the induced graph G(M) by M .

M is called a monomer-dimer cover of G, i.e. it consists of dimers which cover 2k vertices,

while other vertices are called monomers. M is called a perfect matching if M covers all

vertices of G. (So V has to be even for G to have a perfect matching.) We will usually

assume that |V | = 2n unless stated otherwise. Let φ(k,G) := #Mk(G) be the number of

k-matchings in G. Define φ(0, G) := 1.
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Denote by G(2n, r) ⊃ Gco(2n, r) ⊃ Gbi(2n, r) the set of simple r-regular graphs on

2n vertices, the subset of r-colorable graphs, and the subset of bipartite r-regular graphs

respectively. Similarly denote by Gmult(2n, r) ⊃ Gco,mult(2n, r) ⊃ Gbi,mult(2n, r) the set of

r-regular graphs on 2n vertices, the subset of r-colorable graphs, and the subset of bipartite

r-regular graphs respectively, where we allow multiple edges.

The purpose of this survey paper is to report mostly on the following maximal and

minimal problems

Θ(k, n, r) := max{φ(k,G), G ∈ G(2n, r)},(1.1)

Λ(k, n, r) := max{φ(k,G), G ∈ Gbi(2n, r)},(1.2)

θ(k, n, r) := min{φ(k,G), G ∈ Gmult(2n, r)},(1.3)

ω(k, n, r) := min{φ(k,G), G ∈ Gco,mult(2n, r)},(1.4)

λ(k, n, r) := min{φ(k,G), G ∈ Gbi,mult(2n, r)}.(1.5)

It is known that for any simple graph G = (V,E), with |V | = 2n an no isolated vertices,

one has the following upper bound for the number of perfect matchings [1, 12]

(1.6) φ(n,G) ≤
∏

v∈V

((deg v)!)
1

2 deg(v) ,

where deg(v) is the degree of the vertex V . Equality holds if and only if G is a disjoint union

of complete bipartite graphs. For a graph G and q ∈ N denote by qG the disjoint union

of q copies of G. Let Kr,r ∈ Gbi(2r, r) be a complete bipartite graph on 2k vertices. (1.6)

yields that Θ(qr, qr, r) = φ(qr, qKr,r) = (r!)q . The upper matching conjecture, abbreviated

as UMC, states [23]

(1.7) Θ(k, qr, r) = φ(k, qKr,r) for k = 1, . . . , qr.

This conjecture holds in the following cases: k = 1, 2, 3, 4, qr, for r = 2 and for r = 3 and

q = 1, 2, 3, 4 [23].

We know a lot about the lower bounds on the number of k-matchings in regular bipartite

graphs. The main reason is the validity of the van der Waerden and Tverberg permanent

conjectures [37, 35, 17, 11, 15]. The lower matching conjecture, abbreviated here as LMC,

states [23]

(1.8) λ(k, n, r) ≥
(

n

k

)2 (
nr − k

nr

)rn−k (
kr

n

)k

for k = 1, . . . , n.

For k = n the above conjecture follows from the lower bounds of [36] for r = 3 and from

[33] for any r. Weaker type of lower bounds can be found in [24, 21, 27]. A stronger version

of the LMC is stated in [23, (7.1)]. For r = 2 it is shown in [23] that

(1.9) λ(k, n, 2) = φ(k, C2n) for k = 1, . . . , n,

Electronic Journal of Linear Algebra  ISSN 1081-3810 
A publication of the International Linear Algebra Society
Volume 24, pp. 18-33, February 2012



ELA

20 S. Friedland

where Cm is a cycle of length m.

We do not know much about θ(k, n, r) and ω(k, n, r), except the case r = 2 [23]. It is

straightforward to see that Gco,mult(2n, 2) = Gbi,mult(2n, 2). Hence ω(k, n, 2) = λ(k, n, 2) for

k = 1, . . . , n. Furthermore [23]

θ(k, n, 2) = φ(k, qC3) for k = 1, . . . , n, if 2n = 3q,(1.10)

θ(k, n, 2) = φ(k, qC3 ∪ C4) for k = 1, . . . , n, if 2n = 3q + 4,(1.11)

θ(k, n, 2) = φ(k, qC3 ∪ C5) for k = 1, . . . , n, if 2n = 3q + 5.(1.12)

It is well known that non-bipartite r-regular graphs on an even number of vertices may

not have a perfect matching for r ≥ 2. For example, a simple 2-regular graph that have

exactly even number of odd cycles does not have a perfect matching. Hence there exists

2r-regular graphs with multiple edges with 2n vertices, for n ≥ 4, which do not have perfect

matches. We will show that for any graph G ∈ Gmult(2n, r) φ(k,G) ≥ 1 for 1 ≤ k ≤ 2n
3 .

Assume that G is a bridgeless 3-regular graph on 2n vertices. Petersen’s theorem implies

thatG has a perfect matching. The Lovász-Plummer conjecture states that there exists ε > 0

such that [31, §8.7]

(1.13) φ(n,G) ≥ 2ε2n.

The Lovász-Plummer conjecture was proved in [14] with ε = 1
3656 .

Conjecture 1.1. ω(n, n, r) has an exponential growth in n for a fixed r ≥ 3.

For an infinite graph G = (V,E), with a countable number of vertices, match M ⊂ E is

a match of density p ∈ [0, 1], if the proportion of vertices in V covered by M is p. Then the

p-matching entropy of G is defined as

hG(p) = lim sup
k→∞

logφ(mk, Gk)

#Vk

,

where Gk = (Ek, Vk), k ∈ N is a sequence of finite graphs converging to G, and

lim
k→∞

2mk

#Vk

= p.

See [22] for details. Denote by ∞Kr,r a countable union of disjoint copies of Kr,r. One

can compute h∞Kr,r
(p) for any p ∈ [0, 1] using the thermodynamics formalism [22]. Assume

that G is an infinite r-regular graph. The asymptotic matching conjecture, abbreviated as

AUMC, states that G satisfies

(1.14) hG(p) ≤ h∞Kr,r
(p) for all p ∈ [0, 1].
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For bipartite r-regular graphs infinite graphs G the AUMC was stated in [22]. Since the

UMC holds for perfect matchings it follows that (1.14) holds for p = 1. (See for details the

arguments in [22].)

Let

(1.15) f(p, r) :=
1

2

(

p log r − p log p− 2(1− p) log(1− p) + (r − p) log(1− p

r
)
)

.

The asymptotic lower matching conjecture, abbreviated ALMC, claims that for any r-regular

bipartite infinite graph G the following inequality holds [23].

(1.16) hG(p) ≥ f(p, r) for all p ∈ [0, 1].

This inequality follows straightforward from the LMC. For r = 2 holds this conjecture holds

in view of (1.9). Equality holds if G is an infinite path, i.e. the monomer-dimer lattice on Z.

For r ≥ 3 the conjecture holds for all p of the form r
r+s

, s = 0, 1, . . . , [21]. A weaker version

of the ALMC is proved in [22]. For r = 2d the ALMC holds for the monomer-dimer model

on Zd for d = 2, 3, . . . , [16]. The complete proof of the ALMC is given in [27]. There should

bex a similar inequality for infinite r-regular graphs, at least for p ∈ [0, 23 ] as we explain in

§7. However we do not have the precise version of such inequality.

We now survey briefly the contents of this paper. In §2 we discuss the notions of

matching polynomials, haffnians and permanents. In §3 we give the known upper bounds

for matchings in regular graphs. In §4 we discuss the proved van der Waerden and Tverberg

conjectures, their discrete analogs and their relation to the lower estimates on the number of

k-matchings in multi r-regular bipartite graphs. In §5 we give a brief introduction to positive

hyperbolic polynomials which yield short elegant proofs to lower bounds discussed in §4. In
§6 we discuss matching in non-bipartite graphs. Here we mostly have open problems. In

§7 we bring the known results and conjectures on the entropy of bipartite infinite r-regular,

and similar open problems for infinite non-bipartite r-regular graphs.

2. Preliminary results. Denote by S0(N,R+) the set of all N×N symmetric matrices

W = [wij ]
N
i=j=1 with zero diagonal and nonnegative entries. Let G = (V,E) be a simple

undirected graph, where N = |V | is an arbitrary positive integer. W (G) = [wij ]
N
i=j=1 ∈

S0(N,R+) is called a weighted adjacency matrix if wij = 0 if (i, j) 6∈ E. The adjacency

matrix A(G) is the maximal 0 − 1 matrix which a weighted adjacency matrix of G. Note

that any W ∈ S0(N,R+) is a weighted adjacency matrix of KN , the complete graph on

N vertices. The multivariate matching polynomial of KN is a multilinear polynomial in N

complex variables z = (z1, . . . , zN ) ∈ C
N :

(2.1) Ψ(z,W ) := 1 +

⌊N
2 ⌋

∑

k=1

∑

M∈Mk(KN )

∏

(i,j)∈M

wijzizj
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The fundamental result of Heilmann and Lieb [28] claims that Ψ(z,W ) is nonzero if either

ℜ(zi) > 0, i = 1, . . . , N or ℜ(zi) < 0, i = 1, . . . , N . (We call this property the left-right

half plane property.) Another proof of this fact is given in [6], where it is observed that the

following polynomial has the left-right half plane property:

(2.2) Υ(z,W ) =
∏

1≤i<j≤N

(1 + wijzizj).

From this fact it is deduced in [6] that Ψ(z,W ) has the left-right half plane property.

Recall that the k-haffnian of W is given by

(2.3) hafkW :=
∑

M∈Mk(KN )

∏

(i,j)∈M

wij .

Then a matching polynomial of Φ(t) is given by

(2.4) Φ(t,W )) = 1 +

⌊N
2 ⌋

∑

k=1

hafkWtk.

Clearly Ψ((z, . . . , z),W ) = Φ(z2,W ) holds. The left-right hyperplane property yields that

Φ(z2,W ) = 0 implies that ℜ(z) = 0. Hence Ψ(t,W ) has only real negative roots. Apply the

Newton inequality to deduce

(2.5) (
haf lW
(⌊N

2 ⌋
l

)

)2 ≥ hafpW
(⌊N

2 ⌋
p

)

hafqW
(⌊N

2 ⌋
q

)

for 1 ≤ p < l < q ≤ ⌊N
2
⌋.

Let W = A(G) is the adjacency matrix of a simple graph on G on N vertices. Then

hafkA(G) is the number of k-matchings in G. Denote by S0(N,Z+) the set of symmetric

matrices with nonnegative integer entries and zero diagonal. Then A = [aij ] ∈ S(N,Z+) is

the adjacency matrix of a multigraph G(A). i.e. aij is the multiplicity of the edge (i, j). So

hafkA is the number of k-matches in G(A).

Let Km,n be a complete bipartite graph G = (V1 ∪ V2, E) where V1 = [m], V2 = [n].

Then

A(Km,n) =

[

0m×n 1m×n

1n×m 0n×m

]

,

where 1m×n is an m×n matrix whose entries are 1. Then W (Km,n), the weighted adjacency

matrix of Km,n has the form

W =

[

0m×n B

B⊤ 0n×m

]

, B ∈ R
m×n
+ .
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B is called the weighted bipartite adjacency matrix of Km,n. Similary, for a bipartite graph

G = ([m] ∪ [n], E), the matrix B = [bij ] ∈ R
m×n
+ is called the weighted bipartite adjacency

matrix of G if bij = 0 for i ∈ [m], j ∈ [n]. Assume that m = n. Then hafnW is equal to the

permanent of B, denoted by perm B or permnB. For any B ∈ R
m×n
+ and a positive integer

k ≤ min(m,n) denote by permkB the sum of the permanents of all k× k submatrices of B.

Then hafkW = permk B.

3. Upper bounds on matchings. Denote by Z
n×n
+ ⊃ {0, 1}n×n the set of all n× n

matrices with nonnegative integer entries, and the subset of all 0 − 1 matrices. Each B ∈
Z
n×n
+ represents a bipartite multigraph G = ([n] ∪ [n], E), where B is a bipartite adjacency

matrix of G. G is simple if and only if B ∈ {0, 1}n×n. Let ri(B) the i-th row sum of B, i.e.

the degree of the vertex i ∈ V1 = [n]. Bregman’s inequality [4], conjectured by Minc [32],

states

(3.1) permB ≤
n
∏

i=1

(ri(B)!)
1

ri(B) , B ∈ {0, 1}n×n.

Equality holds if and only if B the bipartite adjacency matrix of union of complete bi-

partite graphs. Let G = ([2n], E) be a simple graph, with the adjacency matrix A(G) ∈
S0(2n, {0, 1}) ⊂ {0, 1}n×n. Consider the bipartite graph G′ = (V1 ∪ V2, E

′) on 4n vertices

whose bipartite adjacency matrix is A(G). The square of the number of perfect matchings

of G counts ordered pairs of such matchings. We claim that this is the number of spanning

2-regular subgraphs H of G consisting of even cycles (including cycles of length 2 which

are the same edge taken twice), where each such H is counted 2s times, with s being the

number of components (that is, cycles) of H with more than 2 vertices. Indeed, every union

of a pair of perfect matchings M1,M2 is a 2-regular spanning subgraph H as above, and

for every cycle of length exceeding 2 in H there are two ways to decide which edges came

from M1 and which from M2. The permanent of A(G) also counts the number of spanning

2-regular subgraphs H ′ of G, where now we allow odd cycles and cycles of length 2 as well.

Here, too, each such H ′ is counted 2s times, where s is the number of cycles of H ′ with

more than 2 vertices, (as there are 2 ways to orient each such cycle as a directed cycle and

get a contribution to the permanent). Thus the square of the number of perfect matchings

is at most the permanent of A(G). Use (3.1) to deduce (1.6). Equality holds if and only if

G is a disjoint union of complete bipartite graphs [1]. Hence

(3.2) φ(n,G) ≤ (r!)
n
r for G ∈ G(2n, r).

Equality holds if n = qr and G = qKr,r. The above inequality imply the following inequali-

ties:

Θ(k, n, r) ≤ min(

(

2n

2k

)

(r!)
k
r , 2−k

(

2n

k

)

rk) for k = 1, . . . , n(3.3)

Λ(k, n, r) ≤ min(

(

n

k

)2

(r!)
k
r ,

(

n

k

)

rk) for k = 1, . . . , n.(3.4)
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Since the inequalities (3.4) are shown in [23], we give only a simple proof of (3.3). Let

G ∈ G(2n, r). Fix k ∈ [1, n] and choose a subgraph H of G on 2k vertices. Use (1.6) to

deduce that φ(k,H) ≤ (r!)
k
r . Hence φ(k,G) ≤

(

2n
2k

)

(r!)
k
r . The second inequality is obtained

as follows. Choose k vertices v1, . . . , vk in G and consider the maximum number of k matches

of the form (v1, w1), . . . , (vk, wk). Since the degree of each vi is r the number of such k-

matches is at most rk. The number of choices of k vertices in G is
(

2n
k

)

. Note that a k-match

of the form (v1, w1), . . . , (vk, wk) is counted exactly 2k times. Hence φ(k,G) ≤ 2−k
(

2n
k

)

rk.

4. Van der Waerden and Tverberg conjectures and their discrete analogs.

Let Ωn ⊂ R
n×n be the convex set of doubly stochastic matrices. The Birkhoff-von Neumann

theorem claims that the set of the extreme points of Ωn is the set of permutation matrices

Pn ⊂ Ωn. Note that if G ∈ Gbi,mult(2n, r) then 1
r
B(G) ∈ Ωn. Birkhoff’s theorem yields

that G(B) is a sum of r-permutation matrices for each G ∈ Gbi,mult(2n, r). So each G ∈
Gbi,mult(2n, r) is r-colorable. Thus

(4.1) min{permk(C), C ∈ Ωn} ≤ λ(k, n, r)

rk
for k = 1, . . . , n.

It is known that

(4.2) µ(k, n) := min{permk(C), C ∈ Ωn} = permk(
1

n
1n×n) =

(

n

k

)2
k!

nr
for k = 1, . . . , n.

For k = n this equality was the celebrated van der Waerden conjecture [37]. An inequality

µ(n, n) ≥ e−n was given in [17]. This inequality proved the Erdős-Rényi conjecture that the

number of matchings in 3-regular bipartite graphs grows exponentially. The van der Waerden

conjecture was proved by Egorichev [11] and Falikman [15]. The Tverberg conjecture was

proved by the author in [18].

It was shown by Schrijver [33] that

(4.3) λ(n, n, r) ≥ (
(r − 1)r−1

rr−2
)n.

The case r = 3 was shown by Voorhoeve [36], which also gave another proof to the above

Erdös-Rényi conjecture. Gurvits [26] gave an improved continuous version of the above

inequality. Assume that B ∈ Ωn has in each column has at most r nonzero entries. Then

(4.4) permB ≥ r!

rr

( r

r − 1

)r(r−1)(r − 1

r

)(r−1)n
.

Hence

(4.5) λ(n, n, r) ≥ r!

rr

( r

r − 1

)r(r−1)
(
(r − 1)r−1

rr−2
)n.
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See [30] for a simple exposition of Gurvits’s result. In the joint work with Gurvits we give

the following lower bound [21, Theorem 4.5]

(4.6) λ(k, n, r) ≥ max
s∈[n−r]

(sn)!
(

n
k

)

sn−k(n− k)!((s − 1)n+ k)!

rk(r + s)!

(r + s)r+s

(r + s− 1

r + s
)(r+s−1)(n−r−s).

5. Positive hyperbolic polynomials and lower bounds on permanents. In this

section we review briefly the main ideas and techniques to show (4.2), (4.5) and (4.6). This

exposition relies on the papers [20, 21].

A polynomial p = p(x) = p(x1, . . . , xn) : Rn → R is called positive hyperbolic if the

following conditions hold

1. p is a homogeneous polynomial of degree m ≥ 0.

2. p(x) > 0 for all x > 0.

3. φ(t) := p(x+ tu), for t ∈ R, has m-real t-roots for each u > 0 and each x.

Assume that p is positive hyperbolic. Then the coefficient of each monomial in positive hy-

perbolic polynomial is nonnegative. Moreover p(x1, . . . , xn−1, 0) and ∂
∂xn

p(x1, . . . , xn−1, 0)

are either positive hyperbolic or zero polynomials. The following examples are most useful

for positive hyperbolic polynomials.

Example 1 : Let A = [aij ]
m,n
i=j=1 ∈ R

m×n
+ , where each row of A is nonzero. Then pk,A(x) :=

∑

1≤i1<...<ik≤m

∏k

j=1(Ax)ij ,x ∈ Rn is positive hyperbolic.

Example 2 : Let A1, . . . , An ∈ Cm×m be hermitian, nonnegative definite matrices such that

A1 + · · ·+An is a positive definite matrix. Let p(x) = det
∑n

i=1 xiAi. Then p(x) is positive

hyperbolic.

Example 3 : B ∈ R
m×m
+ symmetric. Then x⊤Bx is positive hyperbolic if and only if B has

exactly one positive eigenvalue.

Let p(x) : Rn → R positive hyperbolic polynomial of degree m ≥ 1. Define the capacity

of p as follows

(5.1) Cap p := inf
x>0,x1···xn=1

p(x).

Since log t is a concave function of t, use Birkhoff’s theorem for doubly stochastic matrices

to deduce that

(5.2) Cap pk,A =

(

n

k

)

for each A ∈ Ωn.

Let B = D1AD2, D1, D2 positive definite diagonal matrices and A doubly stochastic matrix.

Let pn,B be defined as above. Then Cap pn,B = 1
detD1D2

. Recall that any positive square

matrix B has the above decomposition [34, 5].
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Let A ∈ R
n×n
+ and consider the hyperbolic polynomial p(x) := (x1 + . . .+ xn)

n−kpk,A.

Then its mixed partial derivative is given by

(5.3)
∂n

∂x1 . . . ∂xn

p(0) = (n− k)!permkA, p(x) := (x1 + . . .+ xn)
n−kpk,A.

This to estimate from below the mixed partial derivative of a positive hyperbolic poly-

nomial p we need to give a lower bound on the capacity of

∂p

∂xi

(x1, . . . , xi−1, 0, xi+1, . . . , xn)

in terms of the capacity of p. Denote by degi p the highest degree of xi in all nonzero

monomials that appear in p. The following lemma is the precise form of the lower bound

explained above [21, Lemma 2.4.].

Lemma 5.1. Let p : Rn → R be a positive hyperbolic of degree m ≥ 1. Assume that

Cap p > 0. Then degi p ≥ 1 for i = 1, . . . , n. For m = n ≥ 2

Cap
∂p

∂xi

(x1, . . . , xi−1, 0, xi+1, . . . , xn) ≥ (
degi p− 1

degi p
)degi p−1Cap p for i = 1, . . . , n,

where 00 = 1.

Combine the above lemma with (5.2) to deduce the Tverberg conjecture (4.2). The

inequality (4.4) for any doubly stochastic matrix, which has in each column has at most r

nonzero entries, follows from the observation that degi pn,B ≤ r for i = 1, . . . , n [26].

The inequality (4.6) is obtained in the following way. Assume B ∈ Ωn in each column

has at most r nonzero entries. Fix a positive integer s ∈ [n − k]. Choose a bipartite graph

G ∈ Gbi,mult(2n, s). Let B(G) be the bipartite adjacency matrix of G. Now form the

positive hyperbolic polynomial p = pn−k,B(G)pk,B . Note that Cap pn−k,B(G)pk,B ≥
(

n
k

)2
,

and degi p ≤ r+ s for i = 1, . . . , n. Hence the mixed derivative of p is bounded below by the

right-hand side of (4.4), where r is replaced by r+ s. Now sum over all G ∈ Gbi,mult(2n, s).

This will yield the inequality

(5.4) permkB ≥ (sn)!
(

n
k

)

sn−k(n− k)!((s− 1)n+ k)!

(r + s)!

(r + s)r+s

(r + s− 1

r + s
)(r+s−1)(n−r−s),

for s = 1, . . . , n− k. This implies (4.6).

6. Non-bipartite graphs. Let Ωn,s ⊂ Ωn be the convex subset of all symmetric

doubly stochastic matrices. The extreme points of Ωn,s were determined by M. Katz [29].

Theorem 6.1. F ∈ Ωn,s is an extreme point of Ωn,s if and only if the following

condition holds. There exists a permutation matrix P ∈ Ωn such that PFP⊤ is a block
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diagonal matrix diag(F1, . . . , Fm) where each Fi is one of the following three possible forms.

(i) Fi = [1] ∈ Ω1; (ii) Fi =

[

0 1

1 0

]

∈ Ω2; (iii) Fi =
1
2A(C2j−1) ∈ Ω2j−1, where C2j−1 is

an odd cycle of length 2j − 1 for j ≥ 2.

Corollary 6.2. Let Ωn,s,0 be the convex set of symmetric doubly stochastic matrices

with zero diagonal. Then each extreme point F of Ωn,s,0 corresponds to a spanning graph

subgraph G of Kn which is a union of k-match M and odd cycles. F is a weighted adjacency

matrix of G, where the weight of each edge in M is 1, and the weight of each edge in an odd

cycle is 1
2 .

Since C2j−1 has a j-match we deduce

Theorem 6.3. Let G be r-multi-regular graph on n vertices with no selfloops. Then

G has ⌈n
3 ⌉-match. Equality holds if r = 2l, n = 3q, and G is a union of q 2l-multigraphs on

three vertices without selfloops. In particular ω(k, n, r) > 0 for k ∈ [⌈ 2n
3 ⌉].

It is natural to conjecture that for any p ∈ (0, 23 ) and an integer k ∈ [pn, 2n
3 ] ω(k, n, r)

has an exponential growth in n for a fixed r ≥ 2. (For r = 2 this follows from [23].) The

real challenge is to give a good lower bound for the exponential growth.

In the rest of this section we discuss the analogous problem to the van der Waerden and

Tverberg permanent conjecture. Most of our exposition are from [19]. Let Ψ2n ⊂ Ω2n,s,0 be

the convex set of symmetric doubly stochastic matrices with zero diagonal, whose extreme

points are the adjacency matrices of perfect matches in K2n. Ψ2n was characterized by

Edmonds [10], see [7, Theorem 6.3, 2nd Proof, page 209] for a simple proof. Namely, it is

the set of all B = [bij ] ∈ Ω2n,s,0 that satisfy the conditions

(6.1)
∑

i,j∈S

bij ≤ |S| − 1, for each S ⊂ 1, . . . , 2n, |S| odd and 3 ≤ |S| ≤ 2n− 3.

Our problem is to find or give a good lower bound for

(6.2) min
B∈Ψ2n

hafk(B) = µk,n for k = 2, . . . , n.

It is tempting to state, as in the case of the van der Waerden and Tverberg’s conjectures

that

(6.3) µk,n = hafk(
1

2n− 1
A(K2n)) for k = 2, . . . , n.

Equality holds if and only if B = 1
2n−1A(K2n). (According to an e-mail from Leonid Gurvits,

he stated this conjecture for k = n in correspondence with E. Lieb on September 21, 2005.)

It is easy to show that this conjecture is true for k = 2. However for k = n and n big enough

(6.3) is wrong as explained below.
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[19, Lemma 2.1] states:

Lemma 6.1. For positive integers 2 ≤ k ≤ n we have

hafk(
1

2n− 1
A(K2n)) =

1

(2n− 1)k

(

2n

2k

)

1

k!

k−1
∏

j=0

(

2k − 2j

2

)

,(6.4)

hafk(
1

n
A(Kn,n)) =

1

nk

(

n

k

)2

k!.(6.5)

In particular

(6.6) e−n
√
2 < hafn(

1

2n− 1
A(K2n)) =

(2n)!

(2n− 1)n2nn!
< hafn(

1

n
A(Kn,n)) =

n!

nn

For n ≫ 1 we have the following approximations

(6.7) hafn(
1

2n− 1
A(K2n)) ≈ e−n

√
2e, hafn(

1

n
A(Kn,n)) ≈ e−n

√
2πn.

Observe next that if G = (V,E) is a r-regular graph without loops on an even number

of vertices, then 1
r
A(G) is in Ψ|V | if and only if any vertex cut S ⊂ V with an odd number of

vertices, 3 ≤ |S| ≤ |V | − 3, has at least r edges. Hence if Conjecture (6.3) holds, then (6.7)

implies that such a regular graph has at least ( r
e
)

|V |
2 perfect matchings. In [8] the authors

construct an infinite family of cubic 3-colored connected graph G = (V,E), for which the

number of matchings is less then cF |V |(1+
√
5

2 )
|V |
12 . (Here |V | = 12k + 4 and k = 1, 2, . . ..)

As (1+
√
5

2 )
1
12 < 1.017 <

√

3
e
≈ 1.05 we must have that µn,n < haf( 1

2n−1A(K2n)) for n ≫ 1.

(I would like to thank S. Norin for pointing out to me this fact.)

Since µn,n is the minimum of the haffnian function, it follows that

µn+m,n+m ≤ µn,nµm,m.

Hence the sequence logµn,n is subadditive. In particular the following limit exists

(6.8) µ := lim
n→∞

logµn,n

n
.

A weak analog of the van der Waerden conjecture is the claim that µ > −∞. Note that the

above example in [8] implies that µ ≤ log 1+
√

5
2

6 − log 3. Other generalizations of the van der

Waerden conjectures for perfect matchings in hypergraphs are considered in [2].

We close this section with a lower bound of permnB for B is a corresponding neighbor-

hood of A = 1
2n−1A(K2n) [19, Theorem 2.2].
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Theorem 6.4. Let B ∈ Ψ2n. Assume that B ∈ Ψ2n has exactly one positive

eigenvalue. Then

(6.9) hafn(B) ≥ (
n− 1

n
)(n−1)n ≈ e−n

√
e.

Moreover, for each k = 2, . . . , n− 1

(6.10) hafk(B) ≥ (2n)2n−2k(2n− k)!(2n)k

(2n− 2k)!(2n− k)2n−k2kk!
(
(2n− k − 1)

2n− k
)(2n−k−1)k.

The proof of the theorem follows from the fact that from Example 3 in §5, which stated

that x⊤Bx is positive hyperbolic polynomial.

7. Infinite regular graphs. Let αn,r be a probability measure on Gbi,mult(2n, r).

There are two simple natural measures on Gbi,mult(2n, r) [23]. We describe one that easily

generalizes to Gco,mult(2n, r). For each G ∈ Gbi,mult(2n, r) the adjacency matrix A(G) is

the sum of r-permutation matrices P1 + · · · + Pr. Let N(G) be the number of all possible

representation of A(G), viewed as (P1, . . . , Pr). Then αn,r(G) = N(G)
(n!)r . Let E(m,n, r) the

expected number of m-matchings on Gbi,mult(2n, r) with respect to αn,r. [23, Theorem 4.4]

claims

(7.1) lim
k→∞

logE(mk, nk, r)

2nk

=
1

2
(p log r − p log p− 2(1− p) log(1− p) + (r − p) log(1− p

r
)).

We assume here that 1 ≤ mk ≤ nk, k = 1, ..., are two strictly increasing sequences of

integers such that the sequence mk

nk
, k = 1, ... converges to p ∈ [0, 1]. The above equality is

the motivation for the ALMC (1.16).

Figure 1 gives the graphs of the AUMC, ALMC, the 20 points of hZ2(p), and the lower

bound FT given by the Tverberg permanent conjecture for r = 4. (Z2 is the infinite graph,

whose vertices are the integer points on R2, and there is an edge between the points the

integer points (i, j), (p, q) if and only of |i − j| + |p − q| = 1.) The 20 points of hZ2(p)

we first computed by Baxter [3] using his famous corner transfer matrix, and reconfirmed

in [25] using upper and lower bounds for hZ2(p). The value h2 := maxp∈[0,1] hZ2(p) is the

2-dimensional monomer-dimer entropy of Z2 computed in [24].
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B

FT

h2

AUMC

ALMC

0.6 0.80.40

0.5

p

10.2

0.2

0.6

0.1

0

0.3

0.4

Figure 1

Monomer-dimer tiling of the 2-dimensional grid: entropy as a function of dimer

density. FT is the Friedland-Tverberg lower bound, h2 is the true monomer-

dimer entropy. B are Baxter’s computed values. ALMC is the Asymptotic Lower

Matching Conjecture. AUMC is the entropy of a countable union of K4,4, con-

jectured to be an upper bound by the Asymptotic Upper Matching Conjecture.

Figure 2 gives the graphs of the AUMC, ALMC, and the lower bound FT given by

the Tverberg permanent conjecture for r = 6. The value h3 := maxp∈[0,1] hZ3(p) is the

3-dimensional monomer-dimer entropy of Z3 computed in [24].
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FT

h3Low

AUMC

h3High

ALMC

0.8

0.6 0.8 1

0.2

0.4

0

p

0.4

0.6

0 0.2

Figure 2

Monomer-dimer tiling of the 3-dimensional grid: entropy as a function of dimer

density. FT is the Friedland-Tverberg lower bound, h3Low and h3High are the

known bounds for the monomer-dimer entropy. ALMC is the Asymptotic Lower

Matching Conjecture. AUMC is the entropy of a countable union of K6,6, con-

jectured to be an upper bound by the Asymptotic Upper Matching Conjecture.

Note that hl are very close to maxp∈[0,1] f(p, 2l)(p) for l = 2, 3, where f(p, 2l) is given

by (1.15), which is the graph corresponding to the ALMC. The inequalities (4.6) yield the

proof of the ALMC for p = r
r+s

for s ∈ N and r ≥ 3 [21]. It is shown in [16] that the ALMC

holds for hZd(p) for d ≥ 2 and p ∈ [0, 1]. The proof of the ALMC is given in [27].

Figure 3 gives the continuous version of (3.4). The green graph corresponds to the

AUMC, i.e. the entropy of countable union of K4,4. The blue line, the graph of upp4,1

corresponds to the continuous version of
(

n
k

)2
(r!)

k
r in (3.4). The orange line, the graph off

upp4,2 corresponds to the continuous version of
(

n
k

)

rk in (3.4). Note that [0, 1] is divided in

two regions, in for which one the upper bounds upp4,j is better than the other one.
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0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

r=4

Figure 3: hK(4)-green, upp4,1-blue, upp4,2-orange

We close this section with open problems for infinite regular non-bipartite graphs. First

one, find an analog of the LAMC for any infinite r-regular infinite graph for p ∈ [0, 2
3 ].

Second, what is the analog of the ALMC for infinite cubic connected graphs with no bridges?
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[13] P. Erdős and A. Rényi, On random matrices, II, Studia Math. Hungar. 3 (1968), 459-464.

[14] L. Esperet, F. Kardos, A.D. King, D. Král and S. Norine, Exponentially many perfect matchings in

cubic graphs, Adv. Math. 227 (2011), 1646-1664.

[15] D.I. Falikman, Proof of the van der Waerden conjecture regarding the permanent of doubly stochastic

matrix, Math. Notes Acad. Sci. USSR 29 (1981), 475–479.

[16] P. Federbush and S. Friedland, An Asymptotic Expansion and Recursive Inequalities for the Monomer-

Dimer Problem, J. Stat. Phys. 143 (2011), 306-325.

[17] S. Friedland, A lower bound for the permanent of doubly stochastic matrices, Ann. of Math. 110 (1979),

167-176.

[18] S. Friedland, A proof of a generalized van der Waerden conjecture on permanents, Lin. Multilin.

Algebra 11 (1982), 107–120.

[19] S. Friedland, Analogs of the van der Waerden and Tverberg conjectures for haffnians, arXiv:1102.2542.

[20] S. Friedland and L. Gurvits, Generalized Friedland-Tverberg inequality: applications and extensions,

arXiv:math/0603410v2.

[21] S. Friedland and L. Gurvits, Lower bounds for partial matchings in regular bipartite graphs and

applications to the monomer-dimer entropy, Combin. Probab. Comput. 17 (2008), 347-361.

[22] S. Friedland, E. Krop, P.H. Lundow and K. Markström, Validations of the Asymptotic Matching

Conjectures, J. Stat. Phys. 133 (2008), 513-533.

[23] S. Friedland, E. Krop and K. Markström, On the Number of Matchings in Regular Graphs, Electron.

J. Combin. 15 (2008), Research Paper 110, 28 pp.

[24] S. Friedland and U.N. Peled, Theory of Computation of Multidimensional Entropy with an Application

to the Monomer-Dimer Problem, Adv. in Appl. Math. 34 (2005), 486–522.

[25] S. Friedland and U.N. Peled, The pressure, densities and first order phase transitions associated with

multidimensional SOFT, jointly with U.N. Peled, the Borcea memorial volume, series Trends in

Mathematics, Birkhauser-Verlag, 2011, arXiv:0906.5176.

[26] L. Gurvits, Hyperbolic polynomials approach to van der Waerden/Schrijver-Valiant like conjectures,

STOC’06: Proceedings of the 38th Annual ACM Symposium on Theory of Computing, 417–426,

ACM, New York, 2006.

[27] L. Gurvits, Unharnessing the power of Schrijver’s permanental inequality, arXiv:1106.2844.

[28] O.J. Heilmann and E.H. Lieb, Theory of monomer-dimer systems., Comm. Math. Phys. 25 (1972),

190–232.

[29] M. Katz, On the extreme points of a certain convex polytope, J. Combinatorial Theory 8 (1970)

417-423.

[30] M. Laurent and A. Schrijver, On Leonid Gurvitss proof for permanents, Amer. Math. Monthly 117

(2010), 903-911.

[31] L. Lovász anf M.D. Plummer, Matching Theory, North-Holland, 1986.

[32] H. Minc, Upper bounds for permanents of (0, 1)-matrices, Bull. Amer. Math. Soc. 69 (1963), 789–791.

[33] A. Schrijver, Counting 1-factors in regular bipartite graphs, J. Comb. Theory B 72 (1998), 122–135.

[34] R. Sinkhorn, A relationship between arbitrary positive matrices and doubly stochastic matrices, Ann.

Math. Statist. 35 (1964), 876–879.

[35] H. Tverberg, On the permanent of bistochastic matrix, Math. Scand. 12 (1963), 25–35.

[36] M. Voorhoeve, A lower bound for the permanents of certain (0, 1)-matrices, Neder. Akad. Wetensch.

Indag. Math. 41 (1979), 83–86.

[37] B.L. van der Waerden, Aufgabe 45, Jber Deutsch. Math.-Vrein. 35 (1926), 117.

Electronic Journal of Linear Algebra  ISSN 1081-3810 
A publication of the International Linear Algebra Society
Volume 24, pp. 18-33, February 2012


