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Abstract. This paper proposes the definition of the generalized Schur complement on nonstrictly
diagonally dominant matrices and general H—matrices by using a particular generalized inverse, and
then, establishes some significant results on heredity, nonsingularity and the eigenvalue distribution
for these generalized Schur complements.
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1. Introduction. As a useful tool, the (generalized) Schur complements have
various important applications in many aspects of matrix theory, applied math, and
statistics. A great deal of work on the topic has been done by a number of authors (see
e.g. |12, 5, [ 8] 9L 1T, 13, [14] 15, 20} 211 221 251 33]). Recently, considerable interest in
the work on Schur complements of strictly or irreducibly diagonally dominant matrices
and generalized strictly diagonally dominant matrices (nonsingular H —matrices) has
been witnessed and some properties such as diagonal dominance and the eigenvalue
distribution on Schur complements of these matrices have been proposed. Readers
are referred to |7, 10, [12] 16| [1'7, [I8], 19, 24, 26| 28, 291 B0, 31, B2, B4, 35]. But,
little attention is paid to the work on generalized Schur complements of nonstrictly
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diagonally dominant matrices and general H—matrices. Does the generalized Schur
complement of these matrices have the same properties?

This paper proposes the definition of the generalized Schur complement on non-
strictly diagonally dominant matrices and general H —matrices by using a particular
generalized inverse, and devotes to study heredity, nonsingularity and the eigenvalue
distribution of these generalized Schur complements. Furthermore, the following re-
sults are established:

Let an n x n matriz A be a nonstrictly diagonally dominant matriz (or a general
H—matriz) and the subset « C N = {1,2,...,n}, and define the matric A = (a;;) €
C"*™ and the matriz Ay = (d;5) € C"*™ by

Goi— Re(aii), if 9= j,
E aij, otherwise

Re(ay), i=j€ N —a,

and a;; = .
! { aij, otherwise,

respectively.

(i) Then the generalized Schur complement matrix A/oa of the matriz A is di-
agonally dominant (or a general H—matriz) and A/oa is nonsingular if and
only if dim[N(A(«))] = dim[N(4)];

(i) Ifﬁ is nonstrictly diagonally dominant (or a general H—matriz) and
dim[N (A(a))] = dim[N(A)], then the Schur complement matriz A/oo of the
matriz A has |Jr, (A)| — |J§, (A)| eigenvalues with positive real part and
[Jr_(A)| — |J% (A)| eigenvalues with negative real part;

(i) If A, is nonstrictly diagonally dominant (or a general H—matriz) and
dim[N(A(«))] = dim[N(A,)], then the Schur complement matriz A/oa of
the matriz A has |Jr, (A)| — |J3, (A)| eigenvalues with positive real part and
|[Jr_(A)| — |J% (A)| eigenvalues with negative real part.

The paper is organized as follows. Some notations and preliminary results about
special matrices are given in Section 2. The definition of generalized Schur com-
plement for nonstrictly diagonally dominant matrices and general H—matrices is
proposed in Section 3. Some results on heredity and nonsingularity on the gener-
alized Schur complement of nonstrictly diagonally dominant matrices and general
H —matrices are then presented in Section 4. The main results of this paper are given
in Section 5, where we give the different conditions for the matrix A with complex
diagonal entries and the subset @« C N such that the generalized Schur comple-
ment matrix A/oa has [Jr, (A)| — [Jg, (A)| eigenvalues with positive real part and
|[Jr_(A)| — |J% (A)| eigenvalues with negative real part.

2. Preliminaries. In this section, we give some notation and preliminary results
about special matrices that are used in this paper. The set of all m x n complex
(real) matrices is denoted by C™*™ (R™*™). Let |a| denote the cardinality of the set
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a C(ny=1{1,2,...,n}. For nonempty index sets «, 5 C (n), A(«, ) is the submatrix
of A € C"*™ with row indices in « and column indices in 8. The submatrix A(q, a)
is abbreviated to A(«). Let A € C™*" N(A) = {x € C" | Az = 0} is the null space
of A. The dimension of the null space N(A) is denoted dim[N(A)].

Let A= (a;;) € R™*™ and B = (b;;) € R™*", we write A > B, if a;; > b;; holds
for all i = 1,2,...,m, j = 1,2,...,n. A matrix A = (a;;) € R"*" is a Z—matriz
if a;; < 0 for all 7 # j. We use Z, to denote the set of all n x n Z—matrices. A
matrix A = (a;;) € Z,, is an M —matrizif A can be expressed in the form A = sI — B,
where B > 0, and s > p(B), the spectral radius of B. If s > p(B), A is a nonsingular
M —matriz; if s = p(B), A is a singular M —matriz. M,,, M2 and M? will be used to
denote the set of all n x n M —matrices, the set of all n x n nonsingular M —matrices
and the set of all n X n singular M —matrices, respectively. It is easy to see that

(2.1) M, =M2UM? and M:N M =0.

The comparison matriz of a given matrix A = (a;;) € C*"*", denoted by u(A) =
(i), is defined by

o |a“-|, if 1= j,
Mj_{ —laigl, if i # g
It is clear that pu(A) € Z, for a matrix A € C**". A matrix A = a;; € C"*"
is a general H—matriz if u(A) € M, (see [3]). If u(A) € M2, A is an invertible
H—matriz, if p(A) € M? with a;; = 0 for at least one i € (n), A is a singular
H—matriz; if p(A) € M2 with a; # 0 for all i € (n), A is a mived H—matriz. H,,
HI HS and HM will denote the set of all n x n general H—matrices, the set of all
n X n invertible H—matrices, the set of all n x n singular H—matrices and the set of
all n X n mixed H—matrices, respectively (see [6]). Similar to (ZI]), we have

H,=HUHSUHM and HNnHSNHM =0

For n > 2, an n X n complex matrix A is reducible if there exists an n x n
permutation matrix P such that

PAPT: |: All A12 :|

0 A

where A7 is an r X r submatrix and A is an (n — r) x (n — r) submatrix, where
1 < r < n. If no such permutation matrix exists, then A is called irreducible. If A is a
1 x 1 complex matrix, then A is irreducible if its single entry is nonzero, and reducible
otherwise.

Given a matrix A = (a;;) € C™*" and a set @ C (n), we define the matrix
A= (Zim) € C"*" and the matrix A, = (dij) e Ccnxn by
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Re(ai;), if i=14, and & Re(ai;), i=j€(n)—aq,
@i, otherwise a5, otherwise,

(2.2) @;; = {
respectively.

DEFINITION 2.1. A matrix A € C"*™ is diagonally dominant by row if
(2.3) |aii| > Z |ai;]
Jj=1,g#1
holds for all ¢ € (n). If inequality in (23] holds strictly for all i € (n), A is strictly
diagonally dominant by row. If A is irreducible and the inequality in (Z3]) holds
strictly for at least one i € (n), A is irreducibly diagonally dominant by row. If (23]
holds with equality for all ¢ € (n), A is diagonally equipotent by row.

D, (SD,, ID,) and DE, will be used to denote the sets of all n x n (strictly, irre-
ducibly) diagonally dominant matrices and the set of all n x n diagonally equipotent
matrices, respectively.

DEFINITION 2.2. A matrix A € C"*" is generalized diagonally dominant if there

exist positive constants «;, i € (n), such that
n
(24) alau| > Y ajlayl
j=1.j#i

holds for all i € (n). If inequality in (Z4) holds strictly for all i € (n), A is gener-
alized strictly diagonally dominant. If (24 holds with equality for all ¢ € (n), A is
generalized diagonally equipotent.

We will denote the sets of all n x n generalized (strictly) diagonally dominant
matrices and the set of all n x n generalized diagonally equipotent matrices by
GD,(GSD,,) and GDE,, respectively.

DEFINITION 2.3. A matrix A is nonstrictly diagonally dominant, if either ([23])
or ([24) holds with equality for at least one i € (n).

REMARK 2.4. Let A = (a;;) € C"*" be nonstrictly diagonally dominant and a =
(ny — o C (n). If A(a) is a (generalized) diagonally equipotent principal submatrix
of A, then the following hold:

o Ala,a) =0;
o A(i1) = (a4, ) being (generalized) diagonally equipotent implies a;,;, = 0.

REMARK 2.5. Definition 2.2 and Definition 2.3 show that

D, c GD,, and GSD,, C GD,,.
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The following properties of diagonally dominant matrices and H—matrices will
be used in the rest of the paper.

LEMMA 2.6. [29,B1] A matriz A € D, (GD,,) is singular if and only if the matriz
A has at least either one zero principal submatriz or one irreducible and (generalized)
diagonally equipotent principal submatriz Ax = A(i1,i2,...,ik),1 < k < n, which
satisfies the condition that there exists a k X k unitary diagonal matrix Uy such that

(2:5) U Dyt ApUi = (D3 Ap),
where D4, = diag(@i iy, Qigigs - - -5 Qigiy, ) -

LEmMMA 2.7. [29/[30] Let A € D,,(GD,,). Then A is singular if and only if A has
at least one singular principal submatriz.

LeEvMMA 2.8. [27, 29, 30, 31] Let A € D,(GD,,)). Then A € HE if and only if
A has no (generalized) diagonally equipotent principal submatrices. Furthermore, if
A€ D,NZ,(GD,NZ,), then A € M2 if and only if A has no (generalized) diagonally
equipotent principal submatrices.

LEMMA 2.9. [3] H! =GSD,
LEMMA 2.10. [6] GD, C H,.

The following counterexample example shows that H,, C GD,, is not true. Let

0 0 100 100
A— 0 0 100 100
0 0 10 10
0 0 10 10

It is obvious that A is an H—matrix. But there is not a positive diagonal matrix D
such that AD € Dy4. Thus, A ¢ GD,4. Consequently, in general, GD,, = H,, doesn’t
hold. But, under the condition of “irreducibility”, the equality holds.

LEMMA 2.11. [0] Let A € C™™" be irreducible. Then A € H, if and only if
A€ GD,.

Under the condition of “reducibility”, we have the following conclusion.
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LEMMA 2.12. Let A € C™*™ be reducible. Then A € H, if and only if in the
Frobenius normal from of A

Rin Rz -+ Ris
(2.6) pAPT — ? R_22 - R?s 7
0 0 --- R,

each irreducible diagonal square block R;; is generalized diagonally dominant, where
P is a permutation matriz and R;;, i = 1,2,...,s, is either a 1 X 1 zero matiz or an
irreducible square matriz.

The proof of this theorem follows from Lemma [ZT1] and Theorem 5 in [6].

3. Generalized inverse and generalized Schur complement. In this sec-
tion, the notion of x—generalized inverse is introduced and used to propose a definition
of generalized Schur complement for some matrices.

DEFINITION 3.1. A generalized inverse X of a matrix A € C™*" is a matrix
X € C™*™ which satisfies one or more of the equations: (1) AXA = A4; (2) XAX =
X; (3) (AX)* = AX; (4) (XA)* = XA, where A* denotes the conjugate transpose
of A. If {i,j, k} is a subset of {1,2,3,4}, then any matrix satisfying (7), (j), and (k)
will be called an (i, j, k)—inverse of A, denoted by M%) - Similarly, we define an
(i,7)—inverse of A, denoted by M) and an (i)—inverse of A, denoted by M.
For each A, there is a unique matrix satisfying (1), (2), (3), and (4), which is called
the Moore-Penrose inverse of A and is denoted by A™T.

DEFINITION 3.2. Let A € Cm+m)x(m+n) and assume that there exists an (m +

B
P g }, where PT
denotes the transpose of the matrix P, B € C™*™ is singular and D € C"*" is

nonsingular. The x— generalized inverse of the matriz A is defined by

n) x (m + n) permutation matrix P such that PTAP = [

Bt 0
A*=P PT
-D~'CB* D! ] ’

where BT denotes the Moore-Penrose inverse of B.

THEOREM 3.3. Let A € CUntm)x(m+n) sutisfies the conditions of Definition B2
Then the following conclusions hold:

1. A* is a (1,2,3)—generalized inverse of A;
2. A* = A" if and only if either the matriz equation YB = C(where Y is
unknown) is solvable or the order of the matriz D is zero.
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Proof. The first conclusion follows from the direct computations. Again, the
second conclusion follows Corollary 2.6 in [23]. O

Based on the notion of the x—generalized inverse, the definition of generalized
Schur complement is introduced.

DEFINITION 3.4. Let A€ C"*" o« C N ={1,2,...,n} and o = N — « in which
indices in both «a and o’ are arranged in increasing order. If A(«) is nonsingular, the
matrix

Afa = A() = Ald/, a)[A(e)] 7" Ao, o)
is called the Schur complement with respect to A(); if A(«) is singular, the matrix
(3.1) Aloa = A(d) — A/, @)z A, &)

is called the generalized Schur complement with respect to A(a), where z = [A(a)]"
when A(«) is irreducible and = = [A(a)]* when A(a) is reducible. We shall confine
ourselves to the singular A(«) as far as A/pa is concerned.

If the generalized Schur complement of a nonstrictly diagonally dominant matrix
or general H—matrix exists, we have the following conclusions.

THEOREM 3.5. Let A € D, (GD,,) and assume that A/ya exists for some a C N.
Then, A is singular.

Proof. Since A/pa exists for some o C N, A(«) is singular. Thus, Lemma [2.7]
shows that A is singular. O

THEOREM 3.6. Let A € H,, and assume that A/o« exists for some « C N. Then,
A is singular.

Proof. Since A/pa exists for some o« C N, A(«) is singular. If A(«) is generalized
diagonally dominant, then it is either one of diagonal square blocks in (2.6) or the
principal submatrix of the diagonal square block. Thus, Lemma 2.7 and Lemma [2.12]
show that A is singular. If A(«) isn’t generalized diagonally dominant, A(a) must
have at least one singular generalized diagonally equipotent principal submatrix A(/3)
for B C a since A(a) € H|, for A € Hy,. It follows from Lemma 2.7 and Lemma 212
that A is singular. O

4. Some properties of generalized Schur complements of nonstrictly
diagonally dominant matrices and general H—matrices. It is well known that
Schur complements of diagonally dominant matrices are diagonally dominant (see,
e.g., [10] [16l [I7, 28]); the same is true of generalized diagonally dominant matrices
and H—matrices (see, e.g., [7, 12 17| 19, [30]). This property is called the heredity of
the Schur complement. In [7, 10, 12} 16, 17, 18, 191 28] 29] B0} 32, [34], some properties
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such as heredity and nonsingularity of the Schur complement of nonstrictly diagonally
dominant matrices and general H—matrices are studied and some significant results
have been presented. However, a problem arises, i.e., do these properties still hold for
the generalized Schur complements of nonstrictly diagonally dominant matrices and
general H—matrices?

In what follows, we will present some interesting results on heredity and non-
singularity of the generalized Schur complements for nonstrictly diagonally dominant
matrices and general H —matrices.

THEOREM 4.1. Let A € D,,(GD,,), « C N and &/ = N — a. If A(«) is singular
and irreducible, then A/oa = A(Q') € Dy o) (GDp_|a))-

Proof. Since A € D,,(GDy,), A(a) € D|o)(GD\qo)) and A(a') € Dy o|(GDp—ja))-
Again, since A(a) is singular and irreducible, it follws from Remark24that A(«) is an
irreducible (generalized) diagonally equipotent principal submatrix and A(«, o’) = 0.
Thus, B1)) gives the conclusion of this theorem. O

THEOREM 4.2. Let A€ H,, « C N and o/ = N —«a. If A() is singular and
irreducible, then Ajoa = A(a') € Hy,_|qo-

Proof. Since A € H,, and A(«) is irreducible, it follows from Lemma that
A() is one of irreducible diagonal square blocks in the Frobenius normal form (2:6l)
of A. Obviously, we have A/oa = A(a) € Hy,—|o)- O

LEMMA 4.3. [16} 29, 30] Let A € D,, (GD,,) and o C N. If A(«) is nonsingular,
then A/Oé S Dn—\a| (GDn—|oz\)

THEOREM 4.4. Given a matrix A € D,(GD,,) and a set « = N — o' C N, if
A(a) is singular and A(y) is the largest (generalized) diagonally equipotent principal
submatriz of A(a) for v = a —+' C a, then A/oa = A(a’ UY')/y" € Dio|(GD\or)),
where

(41) Ao’ Uy) = A(Y)  AK,a)

Proof. If v = «, i.e., A(«) is diagonally equipotent and singular, then it follows
from Remark that A(a, ') = 0. As a result,

A/O(Jé = A(O/) - A(O/7 a)[A(a)]"‘A(a, O/) = A(Oél) S D|a/‘(GD‘a/|).

Now we consider the case when v C «. Since A € D,, and A(vy) is diagonally
equipotent, we have with Remark 25 that A(v,~') = 0 and A(y,a’) = 0. Thus, there
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exists an || X |a| permutation matrix P, such that

A(y) 0 ]
PAaPTz[ ,
A A7) AW
correspondingly

Al )Py = (A(e,7), A(d,7")) and

P A(o, o) = ( ;14((3/,,2//)) ) - < A('y(’), o) )

Since A(7) is the largest (generalized) diagonally equipotent principal submatrix of
the singular matrix A(a) for v = o — ' C «a, A(y/) has no diagonally equipotent
principal submatrices, it follows from Lemma [Z8 that A(y") € H, |17,|. Hence, A(v') is
nonsingular. However, A(7) is singular. Therefore, we have

(4.2)

et AT 0
w9 e = 0 e e ] P

e AW 0 T
bet 7 [MWNRM%WMMF Mwwl}%"“ A" = Fo BFo.

As a consequence, it follows from (£2]) and (£3) that

Alpa = A(d) — A/, a)[A(a)]T A, o)
= A(d) - A(d,a)PT %P, A(a, )
= A) - (@A @|
A(e') = Ao’ )A(Y)] ALY o)
= Al Uy)/A

Since A € D,,(GDy,), A(/ UY') € Djoruy|(GDjaruyr). Again, A(y') is nonsingular.
Lemma 4.3 yields that A/pa = A(a’ UY')/y" € D)o|(GD)o). O

THEOREM 4.5. Given a matrivr A € H,, and a set « = N — o' C N, assume
that A(a) is singular and A(B;), j = 1,2,...,t with t < |a|, are all generalized
diagonally equipotent principal submatrices of A(a), let v = U§‘=1 By =a—7v Ca,
then A/oa = A(a' U®') /v € Hqr|, where A(a/ U~') is defined by (&I).

Proof. Similar to the proof of Theorem 4, we can obtain the conclusion of this
theorem by Lemma 2.12] O

Theorem [£4] and Theorem not only show the heredity of generalized Schur
complements of nonstrictly diagonally dominant matrices and general H —matrices,
but also reveal the relationship between generalized Schur complements and Schur
complements of nonstrictly diagonally dominant matrices and general H—matrices.
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In the following, we study nonsingularity of generalized Schur complements of
nonstrictly diagonally dominant matrices and general H —matrices. We will need the
following lemma.

LEMMA 4.6. Let A € D,(GD,,) and @« = N — &' C N, assume that A(«) is
singular and A(v) is the largest (generalized) diagonally equipotent principal submatrix
of A(a) for vy = a—«" C a. Then A(c/ U%') in (&) is nonsingular if and only if
dim[N (A(«))] = dim[N(A)].

Proof. A € D,(GD,,) indicates A(a) € D||(GD|,|). Again, A(«) is singular and
A(7) is the largest singular (generalized) diagonally equipotent principal submatrix of
A(a) for vy = a—+' C a. Assume that dim[N(A(a))] = dim[N(A)], all singular prin-
cipal submatrices of A are all singular principal submatrices of A(y). Thus, A(a/U~’)
is nonsingular. Conversely, assume that A(a’ U~’) is nonsingular. Since A(«) is sin-
gular and A(vy) is the largest (generalized) diagonally equipotent principal submatrix
of A(a) for vy = a — 4’ C . This implies that all singular principal submatrices of A
are all singular principal submatrices of A(«). Thus, dim[N (A(«))] = dim[N(A)]. O

THEOREM 4.7. Given a matrix A € Dp(GDy,) and a set o« C N, if A(a) is
singular, then A/oc is nonsingular if and only if dim[N(A(«))] = dim[N(A)].

Proof. Assume that A € D,, then A(a) € Dj,. Since A(«a) is singular, it
follows from Lemma that A(a) has some singular diagonally equipotent principal
submatrices. Let A(v) be the largest diagonally equipotent principal submatrix of
A(a) for v = a—+" C a and A(y’) is nonsingular. Theorem 4.4 and Lemma 3.13 in
[30] show that A/pc is nonsingular if and only if A(e/ U~’) in [@I) is nonsingular
for = N — a. Lemma shows that A(a/ U~’) is nonsingular if and only if
dim[N(A(a))] = dim[N(A)]. If A € GD,, the proof can be obtained by a similar
approach. [0

LEMMA 4.8. Let A€ Hy, and oo = N —o/ C N, assume that A(«) is singular and
A(Bj), 3=1,2,...,t witht < |a|, are all generalized diagonally equipotent principal
submatrices of A(«), let v = U;Zl B =a—~" Ca. Then Al U') in (&I) is
nonsingular if and only if dim[N(A(«))] = dim[N(A)].

Proof. The proof is similar to the proof of Lemma O

THEOREM 4.9. Given a matrix A € H,, and a set a« C N, if A(«) is singular,
then A/oa is nonsingular if and only if dim[N (A(a))] = dim[N(A)].

Proof. The proof is similar to the proof of Theorem .7l O

5. The eigenvalue distribution of the generalized Schur complement.
The eigenvalue distribution of the Schur complements of some special matrices in-
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cluding strictly diagonally dominant matrices and nonsingular H —matrices has been
studied and there several significant results to be proposed in [12| [17, [I8], 19} 24} 26,
29, [3T], B5]. Later these results were extended to Schur complements of nonstrictly
diagonally dominant matrices and general H —matrices with complex diagonal entries.

THEOREM 5.1. [32] Given a matriz A = (a;;) € C™*™ and a set « C N, if
A € D,(GD,) and is nonsingular, where A = (a;;) € C™™™ s defined by [2.2),
then A/ has |Jr, (A)| — |Jg, (A)| eigenvalues with positive real part and |Jr_(A)| -
|Jg (A)| eigenvalues with negative real part, where Jr, (A) = {i | Re(az) > 0, i €
N}, Jr_(A) = {i| Re(ai;) <0, i € N}, Jg (A) = {i | Re(ai;) > 0, i € a}, and
J% (A) ={i| Re(as) <0, t € a}.

THEOREM 5.2. [32] Given a matriz A = (a;;) € C™*™ and a set « C N, if
A € H, and is nonsingular, where A = (@i;) € C*™™ s defined by (22)), then A/«
has |Jr, (A)| — |J§, (A)| eigenvalues with positive real part and |Jr_(A)| —[Jg_(A)]
eigenvalues with negative real part.

THEOREM 5.3. [32] Given a matric A € C"™ and a set « C N, if A, €
D,(GD,,) and is nonsingular, where Ay = (a;;) € C"*™ is defined by (Z2)), then A/«
has |Jr, (A)| — |J§, (A)| eigenvalues with positive real part and |Jr_(A)| —[Jg_(A)]
eigenvalues with negative real part.

THEOREM 5.4. [32] Given a matric A € C™™" and a set « C N, if Ay €
H, and is nonsingular, where A, = (d;;) € C™*™ is defined by (22), then A/«
has |Jr, (A)| — |J§, (A)| eigenvalues with positive real part and |Jr_(A)| —[Jg_(A)]
eigenvalues with negative real part.

In the rest of this paper, the results on the eigenvalue distribution are extended
to generalized Schur complements of nonstrictly diagonally dominant matrices and
general H—matrices.

THEOREM 5.5. Given a matriz A = (a;;) € C™*" with A € D,(GD,,), where
A= (@;;) € C™ is defined by (Z2)), and a subset o« C N, if A(a) is singular and
dim[N(A(a))] = dim[N(A)], then the generalized Schur complement matriz A/go
of the matriz A has |Jr, (A)| — |Jg, (A)| eigenvalues with positive real part and
|[Jr_(A)| — |J3_(A)| eigenvalues with negative real part.

Proof. Since A € D,(GD,), A € D,(GD,). Again, since A(a) is singular, it
follows from Lemma that A(a) has (generalized) diagonally equipotent principal
submatrices. Assume that A(7y) is the largest (generalized) diagonally equipotent
principal submatrix of A(a) for v = o — 4" C «. Thus, Theorem 4] shows that
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Ao = A(a' UY')/y" € Djo|(GD\qo)), where

/ no_ A('Vl) A('Y,aal)
Furthermore,
(5.2) [Ta " (A)] = [T%, (A)] = e, (A)] - |J5, (A)] and

17827 ()] — 1Ty (A)] = [Tr_(A)] - T (A)].

Because of A € D,,(GD,,) and dim[N(A(a))] = dim[N(A)], it follows from Lemma
[4.36] that 121\(0/ U7') € Djaruy|(GD)oruy)) and is nonsingular. Following Theorem [5.11
the Schur complement matrix A(a’U~%’)/4" of the matrix A(o/ U~’) has |Jg;u7/(A)| —
|J}’l:+ (A)| eigenvalues with positive real part and |J§:U’Y/(A)| - |J}z{l, (A)| eigenvalues
with negative real part. As a result, the generalized Schur complement matrix A/g«
of the matrix A has |Jr, (A)| — [J, (A)| eigenvalues with positive real part and
|Jr_(A)| — |J5_ (A)| eigenvalues with negative real part. O

THEOREM 5.6. Given a matric A = (a;;) € C" " with A € H,, where A =
(@i;) € C™™ s defined by 22), and a subset o C N, if A(a) is singular and
dim[N (A(a))] = dim[N(A)], then the Schur complement matriz A/oa of the matriz
A has |Jr, (A)|—[Jg, (A)| eigenvalues with positive real part and |Jr_(A)|—[Jg_(A)|

eigenvalues with negative real part.

Proof. Similar to the proof of Theorem [5.5] we can obtain the proof by Theorem
43 Lemma and Theorem O

THEOREM 5.7. Given a matriz A = (a;;) € C™*™ with Ay € Dn(GD,,), where
Aq = (a55) € C"™ is defined by 22), and a subset o« C N, if A(a) is singular and
dim[N (A(«))] = dim[N (A, )], then the Schur complement matriz A/oa of the matriz
A has |Jr, (A)|—|Jg, (A)| eigenvalues with positive real part and |Jr_(A)|—[Jg_(A)|
eigenvalues with negative real part.

Proof. Similar to the proof of Theorem B35 by Theorem Ed, A/pa = A(a/ U
v')/¥" € Djo|(GD\o), where A(a/ U~') is as in (B.I) and A(7y) is the largest (gen-
eralized) diagonally equipotent principal submatrix of A(a) for v = a — ' C a.
Furthermore, (52) is true. Since A, € D, (GD,) and dim[N(A(a))] = dim[N(Aq)],
it follows from Lemma 6] that A, = A,(o/ UY') € D\ |(GD)oruy|) and is non-
singular. Theorem B3] shows that the Schur complement matrix A(a/ U~")/v" of the
matrix A(a/ U+’) has |J§I+w (A)| — |J]%/+ (A)| eigenvalues with positive real part and
|Jg:u7/ (A)|- |Jg:’7 (A)| eigenvalues with negative real part. As a result, the generalized
Schur complement matrix A/oa of the matrix A has |Jr, (A)| — |J, (4)| eigenvalues
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with positive real part and |Jr_(A)|—|J5_(A)| eigenvalues with negative real part. O

THEOREM 5.8. Given a matric A = (a;;) € C™*" with A, € H,, where
Ay = (Gij) € C" s defined by 22), and a subset &« C N, if A(«) is singular and
dim[N (A(«))] = dim[N (A, )], then the Schur complement matriz A/oa of the matriz
A has |Jr, (A)|—|Jg, (A)| eigenvalues with positive real part and |Jr_(A)|—[Jg_(A)|
etgenvalues with negative real part.

Proof. Similar to the proof of Theorem [5.7] we can obtain the the proof by
Theorem .5, Lemma .8 and Theorem [5.41 O
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