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SOME TOPOLOGICAL PROPERTIES OF THE SET OF
LINEAR PRESERVERS OF MAJORIZATION*

F. BAHRAMI! AND A. BAYATI ESHKAFTAKI'

Abstract. It is shown that the set of all bounded linear preservers of majorization on ¢P(I),
for p > 1 and an infinite set I, is closed under the norm topology. Therefore, if (Th)nen is a
sequence of linear preservers of majorization on ¢P(I) which converges to some bounded linear map
T :¢P(I) — ¢P(I), then T is also a preserver of majorization.
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1. Introduction. The theory of majorization which was introduced in the be-
ginning of the 20th century as a kind of comparison between two vectors z and y of
R™, arises in different topics of mathematics such as matrix theory [I], graph theory
[l [7], operator theory [6], frame theory [2, [11], and combinatorics [12]. We also refer
to the excellent text in this subject by Marshall and Olkin [9] for more applications.

For two vectors ¢ = (21,...,2,) and y = (y1,...,yn) in R, z is majorized
by vy, denoted =z < 1y, if Zle :L';L < Zle yf forall k = 1,...,n and >, :431l =
22;1 yj Here, (:c%, e ,:cfl) represents the non-increasing rearrangement of a vector
(1,...,2pn). There are several equivalent statements for the relation x < y among
which the expression according to the doubly stochastic matrices is of special im-
portance for us. A n x n real matrix D of non-negative entries is called doubly
stochastic if all its row sums and column sums are equal to 1. Let DS(R™) denote
the set of all n x n doubly stochastic matrices. It is known that x < y for two
vectors z,y € R”, if and only if # = Dy for some D € DS(R™). We refer the
reader to [9] for its proof and also other equivalent statements of majorization. This
equivalent condition for the majorization relation makes it possible to extend this
relation to other spaces such as the space of all m x n real matrices, or the space of
) ={f: 1T —=>R|> . 1f(i)]P < +oo} for a non-empty set I and p > 1. See, for
example, [3] and [4] [10].
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In this paper, we consider the majorization relation on ¢?(I) and investigate some
topological properties of the set of all bounded linear preservers of this relation. Let us
first consider the definition of majorization on the real Banach space ¢7(I), according
to [3].

For a non-empty set I and a real p > 1, a bounded linear operator D : ¢P(I) —
¢P(I) is doubly stochastic if it is positive, in the sense that Df > 0 for all f > 0, and

Viel, Y Dej(i)=1 and VjelI, » De;(i)=1.
jeI el
Here, for each i € I, e; € (P(I) represents the function e;(k) = 0 if k¥ # ¢ and
e;(i) = 1. The set of all doubly stochastic operators on ¢F(I) is denoted by DS (¢7(1)).
A bounded linear map P : ¢P(I) — ¢P(I) is a permutation if there exists a bijection
0 : I — I such that

Vfer(I), Yiel, (Pf)i)=f(0(i).
Clearly, every permutation is a doubly stochastic operator.

For f,g € ¢?(I), f is majorized by g, denoted f < g, if f = Dg for some D €
DS(K”(I)). Hence, for example, if f = Pg for some permutation P : ¢P(I) — ¢P(I),
then f < g. Note that in this special case, since a permutation is invertible and its
inverse is also a permutation, we have also the reverse relation, i.e., g < f. For f and
g in ¢P(I), we use the notation f ~ g whenever f < g and g < f. It is known that
f ~ g if and only if there exists a permutation P for which f = Pg [3, Theorem 3.5]
or, equivalently, if there is a bijection § : I — I for which f(i) = g(6(i)) for all i € I.

A bounded linear map T : ¢P(I) — ¢P(I) is called a preserver of majorization
if whenever f < g, for f,g € ¢P(I), then Tf < Tg. The set of all bounded linear
preservers of majorization on ¢7(I) is denoted by M, (¢7(I)). Our aim is to prove
that this set is a closed subset of B(ﬁp(l )), the set of all bounded linear operators on
¢P(I), under the norm topology.

In the case where [ is a finite set of, for example, n elements there is a natural
isomorphism L : (¢2(I),]-|l,) = (R™, |- ||l1), where ||-||; : R — R is defined for each
z = (21,...,2,) € R" by [lz|ls = D1, |x;|. It is easily seen that this isomorphism
preserves majorization, i.e.,

Vf,ge’(I),  f=<g<= L(f)=<L(g).

Thus, one may define a one-to-one homeomorphism between the two sets M, (¢7(I))
and M,, (R") given by T — LTL™*, for each T € M, (¢?(I)). Hence, in order to
prove that MPT(EP(I)) is closed, it suffices to consider the same problem for MPT(R”).

It is easily seen that if D : (R™,] - |l1) = (R™,|| - |]1) is a doubly stochastic
operator then || D|| = 1, and that the set DS(R"™) is closed in B(R™). Since the unit
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ball of B(R™) is compact, the set DS(R™) is also compact. Now suppose (T%)xen is
a sequence in MPT(R") which converges to a linear map 7' : R® — R". For = and
y in R™ with « < y, Tpz < Ty for each k € N. Hence, there exists D € DS(R™)
such that Tpx = Dy Try. According to the previous argument, the sequence (Dy)ren
contains a convergent subsequence in DS(R™). Therefore, there exists D € DS(R™)
and a subsequence (D, )men such that Dy~ — D. Using the fact that

Vm € N, Tk, x = Dy, Tk,. ¥,

and passing to the limit, we obtain the relation Tx = DTy which shows that Tz < T'y,
ie., T € M, (R"). This proves our claim in the case where I is finite.

Clearly, in this argument the compactness of the set DS(R™) plays a crucial
role. As the following example shows, in the case where I is an infinite set, the set
DS (¢P(I)) is not closed.

EXAMPLE 1.1. Let I be an infinite set and J = {i;, | K € N} C I be an infinite
countable subset. For each 4, j € I and n € N, let the real number d;;,, be defined as

follows.
% if i=4yandje€ {i1,...,in},
0 if i=dandjel\{i,...,in},
1—% if ¢ =14, for some k > 2, and j = ix_1,

dijn = % if ¢ =1, for some k > 2, and j = ip4x—1,

0 if i=1dg, forsome k >2, and j € I\ {ik—1,%ntk—1},
1 if i¢Jandj=1,
0 if i¢Jandj#i.

Then a simple calculation shows that for each n € N,
Viel, Y dijn=1 and VjeI, Y dijn=1.
jeI iel
By Proposition 2.6 of [3], for each n € N there exists a doubly stochastic operator

D,, : £P(I) — ¢P(I) such that D,e;(i) = d;jn, for every i,j € I. For each f € ¢?(I),
we have

1 - L. ,
= (= Z ix))ei, + Z (1= =) (k) + —F(insn)) €ipn + > flides
k=1 ieI\J
If the bounded linear operator D : £P(I) — ¢P(I) is defined by
Vfe (), Df= Zfzk € + Y Fli)es,

ieI\J
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then for each f,

p

1007 =Dl =+ 37 f@w)| + == S| liniw) = £Gin)
k=1 k=1

Wl 2 i
- n n - n

Therefore, || D,,—D|| < in, which shows that D,, — D. However, since ., De;(i1)
=0, D is not a doubly stochastic operator.

As the previous example indicates, the above mentioned proof for the closedness
of M, (¢7(I)) cannot be used in the case where I is an infinite set. In the next section,
we give a proof of this property based on the characterization of linear preservers of
majorization obtained in [3].

2. Closedness of M, ((P(I)). Throughout this section, we assume that I is an
infinite set. For f € ¢P(I), the support of f, i.e., the set {i € I | f(i) # 0}, and its
range are denoted, respectively, by supp(f) and Im(f). The following lemma plays a
crucial role in this paper.

LEMMA 2.1. Let p > 1 and suppose the two sequences (frn)nen and (gn)nen in
eP(I) converge, respectively, to f and g. If for each n € N, f,, ~ g, then there exists
a bijection 0 : supp(f) — supp(g) such that

vi € supp(f),  f(i) = 9(0)).

Proof. Since Im(|f|) UIm(|g|) is a countable subset of R with 0 as the only
possible limit point, we can choose a sequence (Ap)nen of real numbers which is
strictly decreasing with A,, — 0 and such that

VneN, An ¢ Im(|f[) UIm(|g]).

For a function h € ¢P(I), let I (h) :== {i € I | Ay < |h(i)| < Ag—1} for each k € N,
with the convention that Ay = +00. Then for each h € ¢2(I), {I;.(h) | k € N} form a
partition of supp(h) with each I (h) at most a finite set.

Let £ € N be fixed and suppose i € I;(f). Then Ay < |f(i)] < Ag—1. But
Ak & Im(|f|). Therefore, there exists r > 0 such that |f(i)| € (Ax +7, Ag—1 —7). Using
the convergence f, — f, there is Ny € N with ||f,, — f||, < r for all n > N;. Hence,
|frn(i) — f(7)] < r from which it follows that

(@)l € (LF@] =7 [f(@)] +7) e, Ar—r).
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Thus, i € Ix(fn). Therefore, I(f) C Ix(fn) for each n > N;. On the other hand,
using the fact that Ag, \g—1 ¢ Im(|f|), there exists € > 0 with (A\y — €, \p—1 + €) N
{|fG@)| |2 € I\Ix} =0. Again by the convergence f,, — f, there exists Ny € N such
that || f, — fll, < §, and therefore,

FO =5 < [F6)] < |6+ 5

for all n > Ny. Hence, if i € I\ Ip(f) then [f,,(4)] € (M — 5, A1+ 5), Le., i & In(fn).
Therefore, I (f) = Ix(fn) for each n > max{Ny, Na}. By a similar argument, there
exists V € N such that

Ii(f) = I(fn) and  Ix(g) = Ix(gn),

for all n > N. Let ¢ := min{|f (i) —g(j)| | i € Ix(f) , 7 € Ix(g) and f(i) # g(j)}.
Then 6 > 0 and there exists ng > N with

. , o , , 4]
(21) Fra®) = F@I < 5 and lgani) 95 < 3 |
for each i € I. Since f,,, ~ gn, there is a bijection 6y : I — I for which

(22) Ve L, fuylD) = guy (6:(0)).
Hence, for each i € I (f) = Ix(fno)

Ino (ek(l)) = fno (1) € [k Ak—1).

Therefore, 05(i) € It(gn,) = Ir(g). A similar argument shows that 0y : I (f) — I (g)
is onto. Thus, 0y : I(f) — Ix(g) is a bijection for every k € N. Note that, by (21
and (22), for each i € I.(f),

£ (@) = g(0k ()| < 1) = fao (D) + [ fo (1) — 9 (0k(0))]
= [£(0) = fao ()] + |gne (01:(2)) — 9(0k(2))]
< 6,

which, by the definition of ¢, implies that f(i) = g(@k(i)).

In short, we have shown that for each k € N, there exists a bijection 6 : I, (f) —
I1,(g) for which f(i) = g(6x(i)) for all i € I;(f). Since for each h € £2(I), supp(h) =
UkenIk(h), and the family {Ix(h) | & € N} is pair-wise disjoint, one can define a
bijection 6 : supp(f) — supp(g) such that f(i) = g(6(i)), for each i € supp(f). O

It should be noted that under the conditions of the Lemma [Z1] it does not
necessarily follow that f ~ g. As an example, let (f,)nen and (gn)nen be defined as
follows.

=1 "1 =1
VneN, f,= Z Q—kekH and g, = Z Q—kek + Z Q_kEk+1 .
k=1 k=1 k=n-+1
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Then, for each n € N, there is a permutation P, for which f,, = P,g,, and therefore
fn ~ gn- We have

1 1
f:limfn:z:—ek_,_l and g:limgnzzﬁek.

92k
k=1 k=1

Now, if f = Dg for some doubly stochastic operator D € DS (6”([)), then

0= (1) = 3 gtk Des(1) = 30 2L,

2k
k=1 k=1

Therefore, Dey (1) = 0 for each k € N, which contradicts the fact that D is a doubly
stochastic operator. Hence, f £ g.

In the next lemma, we add a condition to Lemma [2.I] under which the relation
f ~ g is guaranteed.

LEMMA 2.2. If the sequences (fn)nen and (gn)nen satisfy the assumptions of
Lemma 2] and

VneN, Viel, fu(i)gn(i) =0,
then f ~ g.

Proof. According to the previous lemma, there exists a bijection 6; : supp(f) —
supp(g) which satisfies f(i) = g(61(¢)) for all i € supp(f).

If supp(f) Nsupp(g) # @ then there exists ig € I with f(ig)g(io) # 0. But then,
using the facts that f, — f and g, — g, one finds n € N for which both f, (i) and
gn(io) are non-zero, and this contradicts our assumption. Hence, supp(f)Nsupp(g) =
(). Therefore, there exists a bijection between the two sets IJ(Z := I\ supp(f) and

Ig := I\ supp(g). Let 6 : IJ(Z — I_g be a bijection and define 6 : I — I by
01(2) if ¢ € supp(f),
Viel, 0(i)=
Oo(i) ifie IJQ.

It is now easily seen that f(i) = g(@(z)) for each ¢ € I, which completes the proof. O

The following theorem collects the necessary characterizations of bounded linear
preservers of majorization on 7 (I) and will be used to prove our claim. For the proof
of different parts of it, we refer the reader to Theorem 4.9 (ii) and Proposition 5.9 (iv)
of [3].

THEOREM 2.3. Let I be an infinite set, p > 1 and T : ¢P(I) — (P(I) be a bounded
linear map.
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(i) For the case p > 1, T is a preserver of majorization if and only if for all
Ji1,32 € I, Tej, ~ Tej,, and for each i € I there is at most one j € I with
(Te;)(i) # 0.

(ii) In the case p = 1, T is a preserver of majorization if and only if for all
Ji1,32 € I, Tej, ~ Tej,, and for each i € I, either there exists exactly one
j €I with (Tej)(i) # 0, or the set {(T'e;)(i) | j € I} is a singleton.

According to this theorem, the proof of our claim depends on the value of p. We
begin with the case p > 1.

THEOREM 2.4. For each p > 1, the set M, (¢*(I)) is a norm closed subset of
B(er(I)).

Proof. Let (T,)nen be a sequence in M, (¢P(I)) converging to some bounded
linear map T : ¢P(I) — ¢P(I). On the one hand, for distinct j1,j2 € I, since e;, ~ e,

Tnejl ~ Tn€j2a
for each n € N. On the other hand, according to part (i) of Theorem 23]
(2.3) Viel, Typej(i)Thej,(i)=0.

Hence, by Lemma [Z2] Tej, ~ Tej,. If there exists ¢ € I and distinct ji,jo € I
such that Tej (i) # 0 and Te;,(¢) # O then, since T,, — T, there exists n € N
with both Tye;, (1) and Tyej, (i) non-zero which contradicts (Z3)). Therefore, for each
i € I, there is at most one j € I such that Te;(i) # 0. By part (i) of Theorem [2.3]
T € M, (¢7(I)). O

We now turn our attention towards the case p = 1. We begin with the following
lemma.

LEMMA 2.5. If the bounded linear map T : ¢*(I) — £1(I) belongs to the closure
of the set M, (€*(I)) then for each i € I, either there exists exactly one j € I with
Te;(i) # 0, or the set {Te;(i) | j € I} is a singleton.

Proof. Let (Ty)nen be a sequence in M, (¢*(I)) with converges in the norm
topology to T'. For i € I, suppose there are distinct ji, jo € I with Tej, (i) # 0 and
Tej,(i) # 0. Since Tpej, (1) — Tej, (i), for k = 1,2, the values Tye;, (1) and Tyej, (i)
are both non-zero for n large enough. But then, according to part (ii) of Theorem
23 T,hej, (i) = Thej, (i) = The;j(i), for all j € I, and for these values of n. Hence,
Tej, (i) = Tej, (i) = Te;(i) for all j € I, and therefore, the set {Te;(i) | i € I} is a
singleton. O

THEOREM 2.6. The set M, (¢*(I)) is closed in the norm topology of B(¢*(I)).
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Proof. Let T : £*(I) — ¢*(I) be in the closure of the set M,, (¢*(I)). According to
the previous lemma and part (ii) of Theorem 23] it suffices to prove that Te;, ~ Te;,
for all j1,j2 € I. Suppose (Ty)nen is a sequence in M, (¢*(I)) with T;, — T and let
fni=Thej,, gn :="Tnej,, f:=Te; and g :=Te;,. Then, f, = f, g» = g and f,, ~
gn for each n € N. Hence, by Lemma 2] there is a bijection 67 : supp(f) — supp(g)
with f(i) = g(61(i)) for each i € supp(f). This shows that Im(f)\ {0} = Im(g) \ {0},
and that for each z € Im(f)\ {0}, the two finite sets f~!({x}) and g~ ({z}) have the
same cardinality. Hence, the two sets f~1({z})\ ¢ '({z}) and g~ '({z}) \ f~1({z})
are in one-to-one correspondence. Let 0, : f~'({z})\g '({z}) = ¢ *{z)\f({z})
be a bijection. Note that if i € f~'({z})\ g~ ({z}) then Te;, (i) = f(i) = z, while
Tej, (i) = g(i) # = which, according to Lemma 27 indicates that g(i) = T'e;, (i) = 0.
Hence, the map 6 : 1]9 — Ig given by

. N 9(1) =0,
Vi € Iy, 90(1)—{9;1(2') g(i) =z #0.

is well-defined and f(i) = 0 = g(6(i)) for each i € I}). It is easily proved that
o is also a bijection. Now, using the two bijections 67 : supp(f) — supp(g) and
0o : IJQ — Ig with the above mentioned properties, one can easily define a bijection
0:1 — I with f(i) = g(6(i)) for each i € I. Hence, f =Tej, ~g=Tej,. O

REMARK 2.7. The proofs of Theorem 2.4, Lemma and Theorem remain
valid if we replace the operator norm topology of B (ﬁp (I )) with the strong operator
topology. Therefore, for each p > 1, the set MPT(KP(I )) is still a closed subset of
B(ﬁp(l )) in this coarser topology.

There is another notion of majorization on £!(N) which generalizes naturally this
notion on R™. See, for example, [6] and [8]. In [6], where this notion has been called
strong majorization and has been denoted by =, it is proved that for non-negative
sequences f,g € ¢}(N), if f < g then there is an orthostochastic infinite matrix Q
such that f = Qg [0, Theorem 3.9]. A matrix @ = (g;;) is called orthostochastic if
there exists a unitary matrix with real entries L = (l;;) for which ¢;; = |l;;]* for all
1,7 € N. Hence, every orthostochastic matrix is doubly stochastic. The converse is
also true, even for a wider case, i.e., for non-negative f, g € ¢}(N), if f = Qg for some
column stochastic matrix @, then f < g (Lemma 2.10, ibid). Therefore, in the case
of non-negative sequences in £*(N) this notion of majorization coincides with that of
us. However, the authors of this paper do not know whether these two notions agree
on all sequences in /!(N). Thus, the results of this paper are not known to be true
for this notion of majorization.
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